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Michael’s selection theorem for lower semicontinuous multifunctions is a famous result used i
the solution of differential inclusions. In this paper the authors attempt to extend this idea to lowe
semicontinuous multivalued stochastic processes. The first of the main results is as follows:

Assume the following hold:

(1) For arbitraryn, ¢ € (DQFE), the map(t, x) — G(t,z)(n, &) is lower semicontinuous with
respect to a seminorm.

(2) g: I x A — sesq(D®E) is continuous.

(3)e: A— R, is lower semicontinuous.

Then the magt, x) — ®(¢, z)(n, &) defined by

O(t,x)(n,§) = Beay (9(t, 2) (0, £)) N G(t, 2) (1, €)

is lower semicontinuous with respect to the seminorm. Héris the completion of a certain
locally convex space.

The above result and another proposition are used to establish the main theorem below, whicl
a noncommutative extension to Michael’s selection theorem.

Theorem: Suppose thét: [ x A — 25e4(D2E) js g multivalued stochastic process such that for
arbitrary elements, € € (DQFE),

(1) (t,x) — V(t,x)(n, &) is lower semicontinuous with respect to a seminorm,

(2) ¥ is closed and convex-valued.

Then there existg: I x A — sesq(D®FE)?, which is a continuous selection froin

A corollary provides an application to quantum stochastic evolution inclusions which require:
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an understanding of hypermaximal monotone multifunctions.
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Ogundiran, M. O. [Ogundiran, Michael O.] (WAN-IFE); Ayoola, E. O.(WAN-IBAD)
Upper semicontinuous quantum stochastic differential inclusions via Kakutani-Fan fixed
point theorem. (English summary)

Dynam. Systems Apfd1(2012),no0.1,121-132.

The existence and uniqueness of solutions of quantum stochastic differential equations was fi
obtained, in the case of bounded coefficients, by Hudson and Parthasarathy and later extenc
to unbounded coefficients, by Franco Fagnola. Existence was extended to quantum stocha:
differential inclusions by Ekhaguere. The authors extend the results to discontinuous quantu
stochastic differential inclusions with upper semicontinuous coefficients. In the process, the
prove a noncommutative generalization of the Kakutani-Fan fixed point theorem.

Reviewed byAndreas Boukas
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Ogundiran, M. O. [Ogundiran, Michael O.] (WAN-IFE); Ayoola, E. O.(WAN-IBAD)

Directionally continuous quantum stochastic differential equations. (English summary)
Far EastJ. Appl. Math57 (2011),n0. 1,33-48.

The authors show that the following Hudson-Parthasarathy type quantum stochastic different
equation with directionally continuous coefficients:

dX(t)=E(t,X(t))dA:(t)+ F(t, X (t)) dAs(t) + G(t, X(t)) dA;(t) + H(t, X (t))dt,
with initial condition
X (to) = o,

admits a solution in the sense of Cagthbory. They also show that, under certain regularity
conditions, the solution of the directionally continuous quantum stochastic differential equation

d
%O?v X(t)§> - P(tv X(t)>(777 5)
coincides with the solution set of the upper semicontinuous quantum stochastic differential inclt

sion
d

7, X(£)€) € P(t, X (1)) (n, €)-

Reviewed byAndreas Boukas
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MR2605072 (2011d:81180)81S25(81Q93)
Ogundiran, M. O. [Ogundiran, Michael O.] (WAN-IFE); Ayoola, E. O.(WAN-IBAD)

Mayer problem for quantum stochastic control. (English summary)
J. Math. Phys51 (2010),n0. 2,023521, §p.1089-7658

Motivated by Ekhaguere’s multi-valued analog of Hudson-Parthasarathy quantum stochastic ¢
culus, the authors study quantum stochastic control via set-valued analysis. In particular, th
study the regularity properties of the value function inherited from the multi-valued stochasti
processes involved, and they show that, under the assumption of directional differentiability
the value function, the associated Mayer problem has at least one optimal solution. The autho
theory covers earlier work on quantum stochastic control by Belavkin and by the reviewer.

10.

11.
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MR2510253 (2010d:60153)60H35 (60H15 65C30 65M15 65M60)
Njoseh, Ignatius N, Ayoola, Ezekiel O.(WAN-IBAD)

Maximum-norm error estimate for a strongly damped stochastic wave equation. (English
summary)

J. Math. Sci. (Dattapukur20 (2009),n0. 1,21-30.

Summary: “We discuss the finite element analysis of a strongly damped stochastic wave equati
driven by space-time noise. Maximum-norm error estimates are proved for solutighandU"
of semidiscrete and fully discrete schemes, respectively.”
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MR2569523 (2011d:81177)81S25(60H10)
Ayoola, E. O. (WAN-IBAD)

Further results on the existence of continuous selections of solution sets of quantum
stochastic differential inclusions. (English summary)

Dynam. Systems Apdl7 (2008),no. 3-4,609-624.
Quantum stochastic differential inclusions (QSDI) are adapted operator-valued prakesses
isfying
X(t) € Xo+ /t E(s,X(s))dAx(s)+ F(s, X(s))dA;(s)
: +G(s, X (s))dA; (s)+ H(s,X(s)), te[0,T],

whereFE, I, G, H are maps endowed with some regularity, the integral is in the sense of Hudsor
Parthasarathy an@ > 0. For more details on the domains of linear operators and their ad-
joints, see [E. O. Ayoola, Internat. J. Theoret. PR&(2004), no. 10, 2041-2058JR2107450
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In the paper under review, the author proves the existence of a selection of solution sets of QSI
which is continuous from a compact set of initial values (included in the locally convex space o
stochastic processes) into the locally convex space of adapted and weakly continuous quant
stochastic processes.

The main result is in the spirit of [op. cit.], in which the author established the existence o
continuous selections of solution sets of QSDI from the set of the matrix elements of initial point
to the set of matrix elements of solutions.

Reviewed byitonofrio Crismale
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Ayoola, E. O.(WAN-IBAD)

Quantum stochastic differential inclusions satisfying a general Lipschitz condition. (English
summary)

Dynam. Systems Apdl7 (2008),no. 3-4,487-502.

The quantum stochastic differential inclusions (QSDI) studied here are adapted operator-valu
processe« satisfying

(2) X(t)€ Xo+ /O (s, X ())dA(s) + F (s, X (s))dAs(s)
+G(s, X (s))dA, (s)+ H(s, X(s)), te[0,T],
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where E, F, G, H are maps endowed with some regularity, the integrahita Hudson-
Parthasarathy anfl > 0. For more details on the domains of linear operators and their adjoints,
see [E. O. Ayoola, Internat. J. Theoret. Phy8. (2004), no. 10, 2041-205%1R2107450
(2005i:81076).

According to the author’'s motivations, QSDI are involved in quantum stochastic control theon
and quantum dynamical systems. Some results on the existence and non-uniqueness of solut
for a class of QSDI (2) had been given in a previous paper by G. O. S. Ekhaguere [Internat.
Theoret. Phys31(1992), no. 11, 2003-202KjR1186301 (93k:81120)Here the author extends
them by means of a more general Lipschitz condition.
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MR2438149 (2009e:6501665C30(60H15 60H35)

Njoseh, Ignatius N, Ayoola, Ezekiel O.(WAN-IBAD)

Finite element method for a strongly damped stochastic wave equation driven by space-time
noise. (English summary)

J. Math. Sci. (Dattapukur).9 (2008),no. 1,61-72.

The authors extend the works of B. Li [‘Numerical method for a parabolic stochastic partia
equation”, Masters thesis, Chalmers Univ. Tech./Unittgborg, ®teborg, 2004, available at
http://www.md.chalmers.se/EM-Masters/theses/archive/pdf/2004-03.pdf] and Y. B. Yad4{BIT
(2004), no. 4, 829-84NIR2211047 (2007¢:6006p)

The authors propose a finite element method for the strongly damped stochastic wave equat
using low-order approximations (piecewise linear finite elements in space and backward Eul
approximations in time).

Under the assumption the domain is bounded with a smooth border, the authors pose the probile
its finite element analysis, and close with error estimates ol theorm.

Reviewed byGoncalo Dos Reis
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Atonuje, A. O.; Ayoola, E. O.(WAN-IBAD)

Onthe complementary roles of noise and delay in the oscillatory behaviour of stochastic
delay differential equations. (English summary)

J. Math. Sci. (Dattapukur).9 (2008),no. 1,11-20.

Summary: “We study a scalar linear stochastic delay differential equation (SDDE) with constar
delay term and multiplicative noise. We analyze the effect that noise can have on the oscillato
behaviour of the solution of the SDDE. We prove that in the absence of the noise term, not
oscillatory solutions can occur for the deterministic case, but with the presence of the noise, ¢
solutions of the SDDE oscillate almost certainly whenever the feedback intensity is negative
Hence delay and noise play complementary roles in the oscillatory behaviour of the solution
the SDDE.”
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MR2434230 (2009h:60114)60H15 (35K55 35R60 65C30)

Njoseh, Ignatius N, Ayoola, Ezekiel O.(WAN-IBAD)

On the finite element analysis of the stochastic Cahn-Hilliard equation. (English summary)
J. Inst. Math. Comput. Sci. Math. S&4 (2008),no. 1,47-53.

Summary: “We discuss the finite element analysis for the stochastic Cahn-Hilliard equation. Err
estimates are established.”
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MR2366386 (2008k:81174)81S25(34A60 34F05)

Ayoola, E. O.(I-ICTP-MS)

Topological properties of solution sets of Lipschitzian quantum stochastic differential
inclusions. (English summary)

Acta Appl. Math100(2008),n0. 1,15-37.

The paper is devoted to the topological properties of solution sets of quantum stochastic differe
tial inclusions (QSDI) within the framework of the Hudson-Parthasarathy formulation of bosor
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stochastic calculus. A continuous mapping from the space of matrix elements of an arbitra
nonempty set of quasi-solutions into the space of the matrix elements of its solutions is given s:
isfying certain conditions. This mapping is used to establish that the space of matrix elements

th

e solutions is an absolute retract, leading further to the conclusion that this space is connec

and contractible in some sense. This result generalizes the previous selection result of the auth
by removing the requirement of compactness of the domain of the selection map. It will be use
by the authors in their ongoing study of optimization problems for QSDI. The paper is rather tect
nical, the main idea being to extend to the present quantum context the recent achievements (tc
and results) in the theory of classical differential inclusions.

10.

11.

12.

13.

14

Reviewed byassili N. Kolokdtsov

References

. Aubin, J.P., Cellina, A.: Differential Inclusions. Springer, Berlin (1984R0755330

(85j:49010)

. Ayoola, E.O.: On convergence of one-step schemes for weak solutions of quantum stochas

differential equations. Acta Appl. Mat.7(1), 19-58 (2001MR1847883 (2002f.65017)

. Ayoola, E.O.: Construction of approximate attainability sets for Lipschitzian quantum sto-

chastic differential inclusions. Stoch. Anal. Appl9(3), 461-471 (2001)MR1841541
(20021:65018)

. Ayoola, E.O.: Lagrangian quadrature schemes for computing weak solutions of quantum st

chastic differential equations. SIAM J. Numer. Ana§(6), 1835-1864 (2002¥1IR1897940
(2003e:60121)

. Ayoola, E.O.: Error estimates for discretized quantum stochastic differential inclusions. Stocl

Anal. Appl. 21(6), 1215-1230 (2003)IR2014555 (2005a:60109)

. Ayoola, E.O.: Exponential formula for the reachable sets of quantum stochastic differentic

inclusions. Stoch. Anal. AppR1(3), 515-543 (2003¥IR1978232 (2004€:81073)

. Ayoola, E.O.: Continuous selections of solution sets of Lipschitzian quantum stochastic diffe

ential inclusions. Int. J. Theor. Phy&3(10), 2041-2059 (20041R2107450 (2005i:81076)

. Bressan, A., Cellina, A., Fryszkowski, A.: A class of absolute retracts in spaces of integrabl

functions. Proc. Am. Math. Sot122), 413-418 (1991MR1045587 (91i:47076)

. Broucke, M., Arapostathis, A.: Continuous interpolation of solutions of Lipschitz inclusions.

J. Math. Anal. Appl258 565-572 (2001MR 1835559 (2002¢:34020)

Cellina, A.: On the set of solutions to Lipschitzian differential inclusions. Diff. Integral Equ.
1(4), 495-500 (1988y1IR0945823 (89d:34023)

Cellina, A., Ornelas, A.: Representation of the attainable set for Lipschitzian differential inclu
sions. Rocky Mt. J. Mati22(1), 117-124 (1992MR1159946 (93b:34028)

Colombo, R.M., Fryszkowski, A., Rzezuchowski, T., Staicu, V.. Continuous selections o
solution sets of Lipschitzian differential inclusions. Funkc. Ekvaddj 321-330 (1991)
MR1130468 (93i:34022)

Ekhaguere, G.O.S.: Lipschitzian quantum stochastic differential inclusions. Int. J. Theor. Phy
31(11), 2003—2034 (1992)IR1186301 (93k:81120)

. Ekhaguere, G.O.S.: Quantum stochastic differential inclusions of hypermaximal monotor


/mathscinet/search/publications.html?pg1=IID&s1=208291
/mathscinet/pdf/755330.pdf?pg1=MR&amp;s1=85j:49010&amp;loc=fromreflist
/mathscinet/pdf/755330.pdf?pg1=MR&amp;s1=85j:49010&amp;loc=fromreflist
/mathscinet/pdf/1847883.pdf?pg1=MR&amp;s1=2002f:65017&amp;loc=fromreflist
/mathscinet/pdf/1841541.pdf?pg1=MR&amp;s1=2002f:65018&amp;loc=fromreflist
/mathscinet/pdf/1841541.pdf?pg1=MR&amp;s1=2002f:65018&amp;loc=fromreflist
/mathscinet/pdf/1897940.pdf?pg1=MR&amp;s1=2003e:60121&amp;loc=fromreflist
/mathscinet/pdf/1897940.pdf?pg1=MR&amp;s1=2003e:60121&amp;loc=fromreflist
/mathscinet/pdf/2014555.pdf?pg1=MR&amp;s1=2005a:60109&amp;loc=fromreflist
/mathscinet/pdf/1978232.pdf?pg1=MR&amp;s1=2004e:81073&amp;loc=fromreflist
/mathscinet/pdf/2107450.pdf?pg1=MR&amp;s1=2005i:81076&amp;loc=fromreflist
/mathscinet/pdf/1045587.pdf?pg1=MR&amp;s1=91i:47076&amp;loc=fromreflist
/mathscinet/pdf/1835559.pdf?pg1=MR&amp;s1=2002c:34020&amp;loc=fromreflist
/mathscinet/pdf/945823.pdf?pg1=MR&amp;s1=89d:34023&amp;loc=fromreflist
/mathscinet/pdf/1159946.pdf?pg1=MR&amp;s1=93b:34028&amp;loc=fromreflist
/mathscinet/pdf/1130468.pdf?pg1=MR&amp;s1=93i:34022&amp;loc=fromreflist
/mathscinet/pdf/1186301.pdf?pg1=MR&amp;s1=93k:81120&amp;loc=fromreflist

15.

16.

17.

18.

19.

20.

21.
22.
23.
24.
25.
26.

27.

type. Int. J. Theor. Phy84(3), 323-353 (1995yIR1324884 (969:81140)

Ekhaguere, G.0.S.: Quantum stochastic evolutions. Int. J. Theor. B593, 1909-1946
(1996)MR1408551 (97h:81092)

Fryszkowski, A.: Continuous selections for a class of non-convex multivalued maps. Stut
Math. T. LXXVI , 163-174 (1983MR0730018 (85j:54022)

Glockner, P.: Quantum stochastic differential equations-bralgebra. Math. Proc. Camb.
Philos. Soc109, 571-595 (1991MR1094755 (92f:81070)

Hudson, R.L., Parthasarathy, K.R.: Quantum Ito’s formulae and stochastic evolutions. Cor
mun. Math. Phys93, 301-324 (1984MR0745686 (86e:46057)

Hudson, R.L.: Quantum stochastic calculus and some of its applications. In: Ekhaguer
G.0.S. (ed.) Contemporary Stochastic Analysis, pp. 31-70. World Scientific, Singapore (199:
MR1230401 (94e:81154)

Hudson, R.L., Parthasarathy, K.R.: Construction of quantum diffusions. In: Accardi, L., Frige
rio, A., Gorini, V. (eds.) Quantum Probability and Applications to the Quantum Theory of
Irreversible Processes. Lecture Notes in Mathematics, vol. 1055, pp. 173-198. Springer, Ber
(1982)MR0782904 (86h:81037)

Kuratowski, K.: Topology, vol. 1. Academic Press, New York (19480217751 (36 #840)
Kuratowski, K.: Topology, vol. 2. Academic Press, New York (1969)

Meyer, P.: Quantum Probability for Probabilists. Lecture Notes in Mathematics, vol. 1538
Springer, Berlin (1993MR1222649 (94k:81152)

Parthasarathy, K.R.: An Introduction to Quantum Stochastic Calculus. Monograph in Math:
vol. 85. Birkhauser, Basel (199R)R1164866 (939:81062)

Repovs, D., Semenov, P.V.: Continuous Selections of Multivalued Mappings. Mathematics at
Its Applications. Kluwer Academic, Dordrecht (1994R1659914 (2000a:54002)

Smirnov, G.V.: Topological properties of an integral funnel of a differential inclusion with a
Lipschitz right side. Diff. EQu27(2), 157-165 (1991MR1109383 (92d:34032)

Smirnov, G.V.: Introduction to the Theory of Differential Inclusions. Graduate Studies in
Mathematics, vol. 41. AMS, Providence (2002R1867542 (2002h:34016)

Note: This list reflects references listed in the original paper as accurately as possible with no
attempt to correct errors.

(© Copyright American Mathematical Society 2008, 2013

AMERICAN MATHEMATICAL SOCIETY _

- 1] Citations
M a th SCI N et Mathemalical Reviews on the Web From References: 0

From Reviews: 0


/mathscinet/pdf/1324884.pdf?pg1=MR&amp;s1=96g:81140&amp;loc=fromreflist
/mathscinet/pdf/1408551.pdf?pg1=MR&amp;s1=97h:81092&amp;loc=fromreflist
/mathscinet/pdf/730018.pdf?pg1=MR&amp;s1=85j:54022&amp;loc=fromreflist
/mathscinet/pdf/1094755.pdf?pg1=MR&amp;s1=92f:81070&amp;loc=fromreflist
/mathscinet/pdf/745686.pdf?pg1=MR&amp;s1=86e:46057&amp;loc=fromreflist
/mathscinet/pdf/1230401.pdf?pg1=MR&amp;s1=94e:81154&amp;loc=fromreflist
/mathscinet/pdf/782904.pdf?pg1=MR&amp;s1=86h:81037&amp;loc=fromreflist
/mathscinet/pdf/217751.pdf?pg1=MR&amp;s1=36:840&amp;loc=fromreflist
/mathscinet/pdf/1222649.pdf?pg1=MR&amp;s1=94k:81152&amp;loc=fromreflist
/mathscinet/pdf/1164866.pdf?pg1=MR&amp;s1=93g:81062&amp;loc=fromreflist
/mathscinet/pdf/1659914.pdf?pg1=MR&amp;s1=2000a:54002&amp;loc=fromreflist
/mathscinet/pdf/1109383.pdf?pg1=MR&amp;s1=92d:34032&amp;loc=fromreflist
/mathscinet/pdf/1867542.pdf?pg1=MR&amp;s1=2002h:34016&amp;loc=fromreflist
/mathscinet

MR2387478 34K50 (34K11 60H10)

Atonuje, A. O.; Ayoola, E. O.(WAN-IBAD)

On noise contribution to the oscillatory behaviour of solutions of stochastic delay differential
equations. (English summary)

J. Inst. Math. Comput. Sci. Comput. Sci. 3&(2007),no. 2,51-59.

(© Copyright American Mathematical Society 2013

AMERICAN MATHEMATICAL SOCIETY __ o
Citations

- (R}
M a th SCI N et Mathemaltical Reviews on the Web From References: 0

Article From Reviews: 0

MR2373411 (2008m:65012)65C30 (60H99 65D05)

Ayoola, E. O.(WAN-IBAD) ; Adeyeye, John O.

Continuous interpolation of solution sets of Lipschitzian quantum stochastic differential
inclusions. (English summary)

J. Appl. Math. Stoch. Ana2007,Art. ID 80750, 12op.

Summary: “Given any finite set of trajectories of a Lipschitzian quantum stochastic differentia
inclusion (QSDI), there exists a continuous selection from the complex-valued multifunctior
associated with the solution set of the inclusion, interpolating the matrix elements of the give
trajectories. Furthermore, the difference of any two of such solutions is bounded in the seminor
of the locally convex space of solutions.”
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The article under review is a continuation of the authors’ work on the existence, uniqueness al
stability of strong solutions of quantum stochastic differential equations (g.s.d.e.) of the form
(¥) dX(t)=E(s, X(s))dAr(s)+ F(s, X(s))dA;(s)

+G(s, X(s))dAl(s)+ H(s,X(s))ds, t€[0,T], X(0)= X,
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with nonlinear mapst, F, G, H satisfying suitable Lipschitz conditions. The reader may be
referred to [K. R. Parthasarati®m introduction to quantum stochastic calculBsgkhauser, Basel,
1992;MR1164866 (939:81062jor the meaning of the above equation and relevant details.

Let D be a dense subspace of a Hilbert spa@nd be the linear span of exponential vectors
of the forme(y), with ¢ € L?(R., v), wherey is some fixed Hilbert space. The authors consider
the linear spac® consisting of all linear (possibly unbounded) operat®fsom D @, € to h ®
['(L*(R,,~)) such thatD ®,, € is contained in the domain of the adjoint®fThis space is made
into a locally convex topological vector space by equipping it with a family of semingrnjs,
£ € D® €, given by||S||c = ||S¢||. The completion of this locally convex space is denoted by
B. The main results obtained by the authors state that under a suitable Lipschitz property and lo
square integrability of the maps, F, G, H from [0, T] x B to B, the g.s.d.e(x) admits unique
strong solution and is also stable with respect to a change in the initial Xalue

However, the arguments in the proof seem to be incomplete. For example, on page 223,
arguments have been given to prove tRat= sup,, . R, is finite. It does not seem to be a trivial
fact, and the proof does not go through if this quantity is infinite. It would have been better if the
authors had explained this step in more detail.
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MR2283764 (2007i:81131)81S25

Ayoola, E. O.(WAN-IBAD) ; Gbolagade, A. W.

Onthe existence of weak solutions of quantum stochastic differential equations. (English
summary)

J. Niger. Assoc. Math. Phy8,(2004), 5-8.

Summary: “We establish further results concerning the existence, uniqueness and stability
weak solutions of quantum stochastic differential equations (QSDES). Our results are achieved
considering a more general Lipschitz condition on the coefficients than our previous consideratio
in [E. O. Ayoola, Acta Appl. Math67 (2001), no. 1, 19-58MR1847883 (2002f:6501F.)We
exhibit a class of Lipschitzian QSDEs in the formulation of this paper, whose coefficients are onl
continuous on the locally convex space of the weak solution.”
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MR2107450 (2005i:81076)81S25(34A60)

Ayoola, E. O.(I-ICTP)

Continuous selections of solution sets of Lipschitzian quantum stochastic differential
inclusions. (English summary)

Internat. J. Theoret. Phyg.3 (2004),no. 10,2041-2059.

This is a continuation of work of the author and of Ekhaguere (upon which it is heavily reliant
for notation) concerning solutions to quantum stochastic differential inclusions, i.e., adaptet
operator-valued process&ssuch that

(1) X(t) €a+/0 E(s, X (s))dA(s)+ F(s, X (s))dAs(s)
+G(s,X(s))dA;(s) + H(s,X(s))ds a.a.te[0,T],
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whereFE, F', G andH are multi-valued functions satisfying suitable regularity conditidhs, 0 is
fixed, and the integral takes its sense from the Hudson-Parthasarathy theory of quantum stocha
calculus. The starting point of this programme is to rewrite (1) in terms of first-order ordinary
differential inclusions associated to the matrix elements of a solution; see the previous article |
the author [Stochastic Anal. Ap.1 (2003), no. 3, 515-543yIR1978232 (2004e:8107Band

the references therein.

As is customary, linear operators and their adjoints are assumed to have domains containi
D®E, the algebraic tensor product Bf a dense subspace of some initial Hilbert space,nd
the linear span of a suitable collection of exponential vectors in boson Fock space. A faafily
such operators is fixed so thigy, a&): a € A} is a compact set of complex numbers forglf €
DRE.

If S(a) denotes the set of adapted, weakly absolutely continuous solutions to (1) andyjfor all
¢ € DRE,

S(a)(n,€) = {X(n,€) =t (n, X(1)€): X € S(a)} C AC[0,T],

the absolutely continuous functions @n 7, then Theorem 3.1, the paper’s main result, is as
follows: if X, € S(ag) for someay € A then, for alln, ¢ € DRE, there exists a continuous map
W, et A— AC|0, T such thatV/, ¢ (ap) = Xo(n, &) andW, ¢(a) € S(a)(n,§) foralla € A.
{Reviewer’s remarks: There seems to be a problem with Proposition 2.2: in its statement, ol
IS invited to provide any partition satisfying certain hypotheses; the proof, however, proceeds t
constructing a particular one. Happily, it does not appear that this affects the validity of Theorer
3.1, as the proposition is applied in a way which is compatible with the proof diven.
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MR2014555 (2005a:60109)60H99 (81525)

Ayoola, E. O.(WAN-IBAD)

Error estimates for discretized quantum stochastic differential inclusions. (English
summary)

Stochastic Anal. AppR1 (2003),n0. 6,1215-1230.

Summary: “This paper is concerned with the error estimates involved in the solution of a discre
approximation of a quantum stochastic differential inclusion (QSDI). Our main results rely on cer
tain properties of the averaged modulus of continuity for multivalued sesquilinear forms associat:
with QSDI. We obtain results concerning the estimates of the Hausdorff distance between the :
of solutions of the QSDI and the set of solutions of its discrete approximation. This extends th
results of A. L. Dontchev and E. M. Farkhi [Computidd (1989), no. 4, 349-358/1R0993830

(90f:34023) concerning classical differential inclusions to the present noncommutative quantun
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setting involving inclusions in certain locally convex spaces.”
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MR1978232 (2004e:81073B1S25(60H10 65C99)

Ayoola, E. O.(I-ICTP)

Exponential formula for the reachable sets of quantum stochastic differential inclusions.
(English summary)

Stochastic Anal. AppR1 (2003),no. 3,515-543.

This paper is a continuation of the author’s previous article [Stochastic Anal. ApgR001),
no. 3, 461-471MR1841541 (2002f:65018)oncerning quantum stochastic differential inclu-
sions (QSDI for short) of the form

(¥) dX(t) € E(t, X (t))dA(t)+ F(t, X (t))dAs(t)+
G(t, X(t))dAl(t)+ H(t, X (t))dt; X (0) = Xo;

whereE, F, G, H are assumed to have suitable regularity properties. The basic motivation behin
considering such QSDI comes from the need to develop a reasonable numerical scheme
solving quantum stochastic differential equations (QDSE) with discontinuous coefficients, sinc
many such interesting QSDE can be reformulated in some sense as QSDI with regular coefficier
The basic set-up of the paper is that of multivalued functions (multifunctions for short). The
author’s article mentioned above may serve as a good reference for the notation and terminolc
used in the present paper. Given an “initial Hilbert spdcafid a “noise spacé, and some suitable
subspace® of h and & of the symmetric Fock spade(L?(R., £)) spanned by exponential
vectors{e(a)} with a varying over a suitable subsetbt(R., , £) let.A denote the locally convex
“state space” of noncommutative stochastic processes having in the domain, as described
in [op. cit.] for example. FiXI" > 0, and let us assume that the coefficiehtsF, G, H lie in
L2([0,T], A)mvs in the notation of [op. cit.]. Giveny, 5 in a suitable subset af?(R., ¢), the
author defines a canonical multifunctiéy 5: [0, 7] x A — 24 (see also [op. cit.]), and using it,

he defines the multifunctioR: [0, 7] x A — 25¢54(P2€) py

P(ta 37)(77, f) - {<777 Z<t7 :13)§> Z(t7 LIJ) S Pa,ﬂ(ta 33)},
wheren = u®e(a), £ = v ® e(B) for someu, v € D. Note thatsesq(V') for a vector spacé”
denotes the space of sesquilinear map¥onV, and for any setl, 24 denotes the power set of
A.
In the above notation, let us now state the main result of the paper. TRE'3€K)) consisting
of all X(7") such thatX (-) is a solution of(x) is called the “reachable set” for the QSQ), and
is of special importance. The main result states that

RT(Xo) = lim (I+ 5 P)" (Xo),
where is the identity multifunctionz — {z}, repeated composition of multifunctions is un-

derstood in a suitable way described in the paper, and the limit in the above formula has to |
interpreted as the Kuratowski limit of sets. Using the above formula, some results concerning co
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vergence of the discrete approximations to the reachable sets are obtained, generalising sim
results for classical differential inclusions.

=

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

Reviewed byDebashish Goswami

References

. Aubin, J.P.; Frankowska, Kbet-Valued Analysi8irkhauser, 1990MR1048347 (91d:49001)
. Ayoola, E.O. On numerical procedures for solving Lipschitzian quantum stochastic differentic

equations Ph.D Thesis, University of Ibadan, Nigeria, 1998.

. Ayoola, E.O. Solutions of Lipschizian quantum stochastic differential equations in a locally

convex topological space. J. Sci. R#998 4 (1), 15-23.

. Ayoola, E.O. Converging multistep methods for weak solutions of quantum stochastic differ

ential equations. Stoch. Anal. Ap@00Q 18 (4), 525-554MR1763939 (2001e:81065)

. Ayoola, E.O. Construction of approximate attainability sets for Lipschitzian quantum stochasti

differential inclusions. Stoch. Anal. Ap#001, 19(3), 461-471MR1841541 (2002f:65018)

. Dontchev, A.L.; Farkhi, E. Error estimates for discretized differential inclusions. Computing

1989 41, 349-358MR0993830 (90f:34023)

. Dontchev, A.; Lempio, F. Difference methods for differential inclusions: a survey. SIAM Rev.

1992 34(2), 263—294MR1166177 (939:34024)

. Ekhaguere, G.O.S. Lipschitzian quantum stochastic differential inclusions. Int. J. Theor. Phy

1992 31(11), 2003-2034MR1186301 (93k:81120)

. Ekhaguere, G.0O.S. Quantum stochastic differential inclusions of hypermaximal monotone typ

Int. J. Theor. Physl995 34 (3), 323—-353MR 1324884 (969:81140)

Ekhaguere, G.O.S. Quantum stochastic evolutions. Int. J. Theor. F386.35 (9), 1909—-
1946.MR1408551 (97h:81092)

Filipov, A.F. On the existence of solutions of multivalued differential equation. Mat. Zametk
1971 10, 307-313MR0298090 (45 #7142)

Filipov, A.F. Classical solutions of differential equations with multivalued right hand side.
SIAM J. Control1967, 5, 609—621MR0220995 (36 #4047)

Hudson, R.L.; Parthasarathy, K.R. Quantum Ito’s formulae and stochastic evolutions. Commt
Math. Phys1984 93, 301-324MR0745686 (86e:46057)

Komarov, V.A. Estimates of the attainability sets of differential inclusions. Mat. Zarh@8&
37(6), 916-925MR0802435 (87b:49057)

Komarov, V.A.; Pevchikh, K.E. A method of approximating attainability sets for differential
inclusions with a specified accuracy. Comput. Math. Math. Pag81, 31 (1), 109-112.
MR1099369 (92a:93014)

Phillips, E.RAN Introduction to Analysis and Integration Thepmtext Educational Publish-
ers: Scranton, Toronto, London, 19MR0435322 (55 #8282)

Rudin, W.Real and Complex AnalysisicGraw-Hill: New York, 1974.MR0344043 (49
#8783)

Veliov, V. Second order discrete approximation to linear differential inclusions. SIAM J. Num.
Anal. 1992 2, 439-451MR1154274 (92m:49051)

Wolenski, P.R. A uniqueness theorem for differential inclusions. J. Differenticl ¥3§) 84,


/mathscinet/search/publications.html?pg1=IID&s1=653016
/mathscinet/pdf/1048347.pdf?pg1=MR&amp;s1=91d:49001&amp;loc=fromreflist
/mathscinet/pdf/1763939.pdf?pg1=MR&amp;s1=2001e:81065&amp;loc=fromreflist
/mathscinet/pdf/1841541.pdf?pg1=MR&amp;s1=2002f:65018&amp;loc=fromreflist
/mathscinet/pdf/993830.pdf?pg1=MR&amp;s1=90f:34023&amp;loc=fromreflist
/mathscinet/pdf/1166177.pdf?pg1=MR&amp;s1=93g:34024&amp;loc=fromreflist
/mathscinet/pdf/1186301.pdf?pg1=MR&amp;s1=93k:81120&amp;loc=fromreflist
/mathscinet/pdf/1324884.pdf?pg1=MR&amp;s1=96g:81140&amp;loc=fromreflist
/mathscinet/pdf/1408551.pdf?pg1=MR&amp;s1=97h:81092&amp;loc=fromreflist
/mathscinet/pdf/298090.pdf?pg1=MR&amp;s1=45:7142&amp;loc=fromreflist
/mathscinet/pdf/220995.pdf?pg1=MR&amp;s1=36:4047&amp;loc=fromreflist
/mathscinet/pdf/745686.pdf?pg1=MR&amp;s1=86e:46057&amp;loc=fromreflist
/mathscinet/pdf/802435.pdf?pg1=MR&amp;s1=87b:49057&amp;loc=fromreflist
/mathscinet/pdf/1099369.pdf?pg1=MR&amp;s1=92a:93014&amp;loc=fromreflist
/mathscinet/pdf/435322.pdf?pg1=MR&amp;s1=55:8282&amp;loc=fromreflist
/mathscinet/pdf/344043.pdf?pg1=MR&amp;s1=49:8783&amp;loc=fromreflist
/mathscinet/pdf/344043.pdf?pg1=MR&amp;s1=49:8783&amp;loc=fromreflist
/mathscinet/pdf/1154274.pdf?pg1=MR&amp;s1=92m:49051&amp;loc=fromreflist

165-182MR1042664 (91c:49009)
20. Wolenski, P.R. The exponential formula for the reachable set of a Lipschitz differential inclu
sion. SIAM J. Control Optim199Q 28 (5), 1148-1161MR1064723 (91j:93005)

Note: This list reflects references listed in the original paper as accurately as possible with no
attempt to correct errors.

© Copyright American Mathematical Society 2004, 2013

AMERICAM MATHEMATICAL SOCIETY _

- ] Citations
M a th SCI N et Mathemalical Reviews on the Web From References: 1

Article From Reviews: 0

MR1900360 (2003b:60081)60H10 (60H20 81S25)

Ayoola, E. O.(WAN-IBAD)

Existence and stability results for strong solutions of Lipschitzian quantum stochastic
differential equations. (English summary)
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Some results on existence, uniqueness and stability of strong solutions of Lipschitzian quantt
stochastic differential equations in a locally convex space are obtained by a method of succe
sive approximations. It is shown that these results generalize the analogous results on class
stochastic differential equations driven by a Brownian motion. The construction of the quantur
stochastic integral of Hudson and Parthasarathy is briefly reviewed at the beginning of the pape
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Lagrangian quadrature schemes for computing weak solutions of quantum stochastic
differential equations. (English summary)

SIAM J. Numer. Ana39 (2002),no. 6,1835-1864 glectroniq.

The paper is devoted to the analysis of the Lagrangian quadrature schemes for computing we
solutions of Lipschitzian quantum stochastic differential equations with matrix elements that ar
smooth enough. Results on the convergence of such schemes to a solution are obtained. Pre
estimates for an error term are given in the case when the nodes of approximations are chose!
be the roots of the Chebyshev polynomials. Numerical examples are presented.
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On computational procedures for weak solutions of quantum stochastic differential
equations. (English summary)
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Summary: “A continuous time Euler approximation scheme and a computational theorem for we
solutions of Lipschitzian quantum stochastic differential equations (QSDES) are established. T!
work is accomplished within the framework of the Hudson-Parthasarathy formulation of quantur

stochastic calculus and subject to the equivalent forms of the equations satisfying thé @#wath
conditions. Our results generalize analogous results concerning classataldhastic differential

equations and those on differential equations in a Banach space context to the noncommuta
guantum setting involving unbounded linear operators on a Hilbert space. Numerical examples &

given.”
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Summary: “Several one-step schemes for computing weak solutions of Lipschitzian quantu
stochastic differential equations driven by certain operator-valued stochastic processes associc
with creation, annihilation and gauge operators of quantum field theory are introduced and studie
This is accomplished within the framework of the Hudson-Parthasarathy formulation of quantur
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tiable. Results concerning convergence of these schemes in the topology of the locally conv
space of solution are presented. It is shown that the Euler-Maruyama scheme, with respect to we
convergence criteria fordtstochastic differential equation, is a special case of Euler schemes ir
this framework. Numerical examples are given.”
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Lipschitzian quantum stochastic differential equations and the associated Kurzweil
equations. (English summary)
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In the article under review, Kurzweil equations [cf. J. Kurzweil, Czechoslovak Math.(32)
(1957), 418-449MR0111875 (22 #273%pssociated with Lipschitzian quantum stochastic dif-
ferential equations (QSDE’s) are introduced and studied. After a nice discussion of Kurzwe
integrals and Kurzweil equations, including some useful technical results, the author proves tl
interesting equivalence between the QSDE of the form

X(t) = Xo+ / (E(X(s), )dAs(s) + F(X(s), )dA s (s)+

to

G(X(s), S)dA;B(S) + H(X(s),s)ds),t € [ty, T],

and the Kurzweil equation of the form

d

o= (0, X(7)€) = D®(X(7), t)(1, €)

on [to, T] and fort € [ty, T], for a suitable magh and¢&,n belonging to an appropriate class.

In the above X: [t;,T] — A , whereA is as in references [E. O. Ayoola, “On numerical pro-
cedures for solving Lipschitzian quantum stochastic differential equations”, Ph.D. Thesis, Uni\
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Ib

adan, Nigeria, 1995; per bibl.; Stochastic Anal. Ag#8.(2000), no. 4, 525-554/IR1763939

(2001e:81063)of the article under review, an8l, F, G, H, 7, f, g satisfy suitable properties de-
scribed carefully in those references. Finally, some numerical examples are given to demonstr

th

e effectiveness of the methods using Kurzweil equations.
Reviewed bypebashish Goswami
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Construction of approximate attainability sets for Lipschitzian quantum stochastic
differential inclusions. (English summary)

Stochastic Anal. Appll9 (2001),no. 3,461-471.

The author considers solving, numerically, guantum stochastic integral inclusions or, equivalent|
certain first-order (non-classical) ordinary differential inclusions. The solutions are represente
with the help of what are called attainable sets (non-void closed sets in the complex plane). A
algorithm is described for numerically approximating the attainable sets within any prescribe
accuracy.
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MR1991401 (2004e:81072B1S25(60H10 60H20 65C30 65L06)

Ayoola, E. O.(WAN-IBAD)

Convergence and stability of general multistep schemes for weak solutions of quantum
stochastic differential equations. (English summary)

Ordinary differential equations (Abuja, 200@)3-55, Proc. Natl. Math. Cent Abuja Niger, 1.1,
Natl. Math. Cent, Abuja 2000.

Consider the weak integral formulation of the initial value problem related to quantum stochasti
differential equations (QSDES) of the form

dX (t) = E(t, X (t))dA(t) + F(t, X (t))dAL(t)
+G(t, X (8))dA,(t) + H(t, X (t))dt

with ¢ € [t, T'] and initial conditionX (¢y) = Xy, whereA, A}, A, are the stochastic integrators

in the boson Fock quantum stochastic calculus. The author presents convergence results for s
equidistant, implicit, multi-step numerical approximations to weak solutions to such QSDEs ir
integral form. The main convergence result as the nonrandom step t&@nrels ta) is established
with respect to some appropriate seminorms within the framework of the Hudson-Parthasarat
formulation of QSDEs and under Lipschitz-type conditions on the equivalent initial value problen
of a related nonclassical ordinary differential equation. The effect of round-off errors is also take
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into account. However, a considerable effort is needed on the part of any non-quantum-calcul
specialist reader to understand the author’s notation.
{For the entire collection seédR1991396 (2004b:34005)
Reviewed byHenri Schurz
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Ayoola, E. O.(WAN-IBAD)

Converging multistep schemes for weak solutions of quantum stochastic differential
equations. (English summary)

Stochastic Anal. ApplL8 (2000),no. 4,525-554.

The author proposes an algorithm for solving numerically a quantum stochastic differenti
equation of the formdX (t) = E(t, X (t))dA,(t) + F(t,X(t))dA}(t) + G(t, X (t))dA,(t) +
H(t, X (t))dt in an interval[ty, T"] with initial condition X (¢y) = Xy, WhereAW,A},Ag are

the stochastic integrators in the boson Fock quantum stochastic calculus. The exact formulati
and the solution of the problem depend heavily on the author’s Ph.D. thesis. Considerable effc
would be needed on the part of the reader to understand the notation and the statement of the n
result.

Reviewed byKalyanapuram R. Parthasarathy
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Ayoola, E. O. [Ayoola, Ezekiel O.] (WAN-IBAD)

Arcwise connectedness of solution sets of Lipschitzian quantum stochastic
differential inclusions. (English summary)

J. Phys. Conf. Ser. 819 (2017), 012005, 13 pp.

Given n,& in the space generated by the exponential vectors in the Fock space, the
authors consider the set of functions [0,7] > ¢ — (n, ®(-)¢), where ® runs through the
adapted noncommutative solutions of a quantum stochastic differential inclusion. Based
on earlier selection results for multivalued stochastic processes obtained by the second
author, they show that this set is arcwise connected in C([0,T];C).  Nicolas Privault
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Oghonyon, G. J. (WAN-COV-M)

Existence of mild solution of impulsive quantum stochastic differential equation
with nonlocal conditions. (English summary)

Anal. Math. Phys. 7 (2017), no. 3, 255-265.

Summary: “New results on existence and uniqueness of solution of impulsive quantum
stochastic differential equation with nonlocal conditions are established. The nonlocal
conditions are completely continuous. The methods applied here are simple extension
of the methods applied in the classical case to this noncummutative quantum setting.”
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* Existence and uniqueness of solutions of a class of quantum stochastic partial
differential equations. (English summary)
Dynamic systems and applications. Vol. 7, 45-50, Dynamic, Atlanta, GA, 2016.

Summary: “By employing the theory of iterated stochastic integration with respect to
quantum martingale measures taking values in a linear space A of unbounded linear
operators on a Hilbert space, we present a rigorous formulation of quantum stochastic
partial differential equations (QSPDE). The solutions of certain classes of these equa-
tions are closable operators and they are known to provide examples of irreversible
quantum dynamics which have found applications as models of open quantum systems
and models of electric currents in neutrons among many other applications. Existence
and uniqueness of a class of semi-linear quantum stochastic partial differential equations
are studied.”
{For the collection containing this paper see MR3560307 }
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Bishop, S. A. [Bishop, Sheila Amina] (WAN-COV-M);

Ayoola, E. O. [Ayoola, Ezekiel O.] (WAN-IBAD)

On topological properties of solution sets of non Lipschitzian quantum stochastic
differential inclusions. (English summary)

Anal. Math. Phys. 6 (2016), no. 1, 85-94.

Summary: “In this paper, we establish results on continuous mappings of the space of
the matrix elements of an arbitrary nonempty set of pseudo solutions of non Lipschitz
quantum Stochastic differential inclusion (QSDI) into the space of the matrix elements
of its solutions. We show that under the non Lipschitz condition, the space of the matrix
elements of solutions is still an absolute retract, contractible, locally and integrally
connected in an arbitrary dimension. The results here generalize existing results in the
literature.”
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Ogundiran, M. O. [Ogundiran, Michael Oluniyi] (WAN-IFE);

Ayoola, E. O. [Ayoola, Ezekiel O.] (WAN-IBAD)

Caratheodory solution of quantum stochastic differential inclusions. (English
summary)

J. Nigerian Math. Soc. 31 (2012), 81-90.

The research conducted in the paper considers a class of quantum stochastic differential
inclusions, i.e., inclusions having as their coefficients multivalued stochastic processes
that are non-convex and Scorza-Dragoni lower semi-continuous. Furthermore, the in-
clusions are driven by annihilation, creation, and gauge operators. The major purpose
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of the paper is to establish the existence of solutions of the inclusions in the sense of
Carathéodory. Wan-yang Dai

MathSciNet

Mathematical Reviews

Citations From References: 0 From Reviews: 0

MR2953241 81S25 34A60 34F05

Ogundiran, M. O. [Ogundiran, Michael Oluniyi] (WAN-IFE);
Ayoola, E. O. [Ayoola, Ezekiel O.] (WAN-IBAD)

Upper semicontinuous quantum stochastic differential inclusions via
Kakutani-Fan fixed point theorem. (English summary)

Dynam. Systems Appl. 21 (2012), no. 1, 121-132.

The existence and uniqueness of solutions of quantum stochastic differential equations
was first obtained, in the case of bounded coefficients, by Hudson and Parthasarathy and
later extended, to unbounded coefficients, by Franco Fagnola. Existence was extended to
quantum stochastic differential inclusions by Ekhaguere. The authors extend the results
to discontinuous quantum stochastic differential inclusions with upper semicontinuous
coefficients. In the process, they prove a noncommutative generalization of the Kakutani-
Fan fixed point theorem. Andreas Boukas
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Ogundiran, M. O. [Ogundiran, Michael Oluniyi] (WAN-IFE);
Ayoola, E. O. [Ayoola, Ezekiel O.] (WAN-IBAD)

An application of Michael selection theorems. (English summary)
Int. J. Funct. Anal. Oper. Theory Appl. 4 (2012), no. 1, 65-79.

Michael’s selection theorem for lower semicontinuous multifunctions is a famous result
used in the solution of differential inclusions. In this paper the authors attempt to
extend this idea to lower semicontinuous multivalued stochastic processes. The first of
the main results is as follows:

Assume the following hold:

(1) For arbitrary 7, £ € (D®FE), the map (¢, z) — G(t,x)(n, £) is lower semicontinuous
with respect to a seminorm.

(2) g: I x A — sesq(D®FE) is continuous.

(3) e: A — R is lower semicontinuous.

Then the map (¢,2) — (¢, z)(n, £) defined by

(t,2)(1,§) = Be(a)(9(t, 2)(n,§)) NG (¢, 2)(n, €)

is lower semicontinuous with respect to the seminorm. Here A is the completion of a
certain locally convex space.

The above result and another proposition are used to establish the main theorem
below, which is a noncommutative extension to Michael’s selection theorem.

Theorem: Suppose that W: I x A — 29°sa(DRE)’ g o multivalued stochastic process
such that for arbitrary elements 7, £ € (DQFE),

(1) (t,x) = ¥(t,x)(n, &) is lower semicontinuous with respect to a seminorm,

(2) ¥ is closed and convex-valued.

Then there exists ¥: I x A — sesq(D®E)?, which is a continuous selection from W.

A corollary provides an application to quantum stochastic evolution inclusions which
requires an understanding of hypermaximal monotone multifunctions.

John S. Spraker
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Ogundiran, M. O. [Ogundiran, Michael Oluniyi] (WAN-IFE);

Ayoola, E. O. [Ayoola, Ezekiel O.] (WAN-IBAD)

Directionally continuous quantum stochastic differential equations. (English
summary)

Far East J. Appl. Math. 57 (2011), no. 1, 33-48.

The authors show that the following Hudson-Parthasarathy type quantum stochastic
differential equation with directionally continuous coefficients:

dX (t) = E(t, X () dA(t) + F(t, X (1)) dAs(t) + G(t, X (1)) dAT (t) + H(t, X () dt,

with initial condition
X (to) = o,

admits a solution in the sense of Carathéodory. They also show that, under certain
regularity conditions, the solution of the directionally continuous quantum stochastic

differential equation

d

- (. X(1)€) = P(t. X (1)) (1)

coincides with the solution set of the upper semicontinuous quantum stochastic differ-
ential inclusion

d
& <777 X(t)£> € P(ta X(t))(na 5)
Andreas Boukas
MathSciNet
Mathematical Reviews
Citations From References: 1 From Reviews: 0
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Ogundiran, M. O. [Ogundiran, Michael Oluniyi] (WAN-IFE);
Ayoola, E. O. [Ayoola, Ezekiel O.] (WAN-IBAD)

Mayer problem for quantum stochastic control. (English summary)
J. Math. Phys. 51 (2010), no. 2, 023521, 8 pp.

Motivated by Ekhaguere’s multi-valued analog of Hudson-Parthasarathy quantum sto-
chastic calculus, the authors study quantum stochastic control via set-valued analysis.
In particular, they study the regularity properties of the value function inherited from
the multi-valued stochastic processes involved, and they show that, under the assump-
tion of directional differentiability of the value function, the associated Mayer problem
has at least one optimal solution. The authors’ theory covers earlier work on quantum
stochastic control by Belavkin and by the reviewer. Andreas Boukas
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Ayoola, E. O. [Ayoola, Ezekiel O.] (WAN-IBAD)

Further results on the existence of continuous selections of solution sets of
quantum stochastic differential inclusions. (English summary)

Dynam. Systems Appl. 17 (2008), no. 3-4, 609-624.

Quantum stochastic differential inclusions (QSDI) are adapted operator-valued pro-
cesses X satisfying

X(t)eXo+/0 Es, X (s))dAr (s) + F(s, X (5))dA; (s)
+G(s,X(s))dA;r(s) +H(s,X(s)), tel0,T],

where E, F,G, H are maps endowed with some regularity, the integral is in the sense of
Hudson-Parthasarathy and 7" > 0. For more details on the domains of linear operators
and their adjoints, see [E. O. Ayoola, Internat. J. Theoret. Phys. 43 (2004), no. 10,
2041-2059; MR2107450].

In the paper under review, the author proves the existence of a selection of solution
sets of QSDI, which is continuous from a compact set of initial values (included in the
locally convex space of stochastic processes) into the locally convex space of adapted
and weakly continuous quantum stochastic processes.

The main result is in the spirit of [op. cit.], in which the author established the
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existence of continuous selections of solution sets of QSDI from the set of the matrix
elements of initial points to the set of matrix elements of solutions.
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Ayoola, E. O. [Ayoola, Ezekiel O.] (WAN-IBAD)

Quantum stochastic differential inclusions satisfying a general Lipschitz
condition. (English summary)

Dynam. Systems Appl. 17 (2008), no. 3-4, 487-502.

The quantum stochastic differential inclusions (QSDI) studied here are adapted
operator-valued processes X satisfying

(2) X(t) e Xo +/O E(s, X(s))dAr(s)+ F(s,X(s))dAs(s)

+G(s, X(5))dA} (s)+ H(s, X(5)), t€[0,T],

where E, F,G, H are maps endowed with some regularity, the integral is ala Hudson-
Parthasarathy and 7" > 0. For more details on the domains of linear operators and their
adjoints, see [E. O. Ayoola, Internat. J. Theoret. Phys. 43 (2004), no. 10, 2041-2059;
MR2107450].

According to the author’s motivations, QSDI are involved in quantum stochastic
control theory and quantum dynamical systems. Some results on the existence and non-
uniqueness of solutions for a class of QSDI (2) had been given in a previous paper
by G. O. S. Ekhaguere [Internat. J. Theoret. Phys. 31 (1992), no. 11, 2003-2027;
MR1186301]. Here the author extends them by means of a more general Lipschitz
condition. Vitonofrio Crismale
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Atonuje, A. O. [Atonuje, Augustine Omoghaghare];

Ayoola, E. O. [Ayoola, Ezekiel O.] (WAN-IBAD)

On the complementary roles of noise and delay in the oscillatory behaviour of
stochastic delay differential equations. (English summary)

J. Math. Sci. (Dattapukur) 19 (2008), no. 1, 11-20.

Summary: “We study a scalar linear stochastic delay differential equation (SDDE) with
constant delay term and multiplicative noise. We analyze the effect that noise can have
on the oscillatory behaviour of the solution of the SDDE. We prove that in the absence
of the noise term, non-oscillatory solutions can occur for the deterministic case, but with

the

presence of the noise, all solutions of the SDDE oscillate almost certainly whenever
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the feedback intensity is negative. Hence delay and noise play complementary roles in
the oscillatory behaviour of the solution of the SDDE.”
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Ayoola, E. O. [Ayoola, Ezekiel O.] (I-ICTP-MS)

Topological properties of solution sets of Lipschitzian quantum stochastic
differential inclusions. (English summary)

Acta Appl. Math. 100 (2008), no. 1, 15-37.

The paper is devoted to the topological properties of solution sets of quantum stochas-
tic differential inclusions (QSDI) within the framework of the Hudson-Parthasarathy
formulation of boson stochastic calculus. A continuous mapping from the space of ma-
trix elements of an arbitrary nonempty set of quasi-solutions into the space of the
matrix elements of its solutions is given satisfying certain conditions. This mapping is
used to establish that the space of matrix elements of the solutions is an absolute re-
tract, leading further to the conclusion that this space is connected and contractible in
some sense. This result generalizes the previous selection result of the authors by re-
moving the requirement of compactness of the domain of the selection map. It will be
used by the authors in their ongoing study of optimization problems for QSDI. The pa-
per is rather technical, the main idea being to extend to the present quantum context
the recent achievements (tools and results) in the theory of classical differential inclu-
sions. Vassili N. Kolokol'tsov
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On noise contribution to the oscillatory behaviour of solutions of stochastic delay
differential equations. (English summary)
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Ayoola, E. O. [Ayoola, Ezekiel O.] (WAN-IBAD); Adeyeye, John O. (1-WSSU-M)
Continuous interpolation of solution sets of Lipschitzian quantum stochastic
differential inclusions. (English summary)

J. Appl. Math. Stoch. Anal. 2007, Art. ID 80750, 12 pp.

Summary: “Given any finite set of trajectories of a Lipschitzian quantum stochastic
differential inclusion (QSDI), there exists a continuous selection from the complex-
valued multifunction associated with the solution set of the inclusion, interpolating the
matrix elements of the given trajectories. Furthermore, the difference of any two of such
solutions is bounded in the seminorm of the locally convex space of solutions.”
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MR2122403 (2005m:81179) 81525 60H99

Ayoola, E. O. [Ayoola, Ezekiel O.] (WAN-IBAD); Gbolagade, A. W.

Further results on the existence, uniqueness and stability of strong solutions of
quantum stochastic differential equations. (English summary)

Appl. Math. Lett. 18 (2005), no. 2, 219-227.

The article under review is a continuation of the authors’ work on the existence,
uniqueness and stability of strong solutions of quantum stochastic differential equations
(g.s.d.e.) of the form

(x) dX(t)=E(s,X(s))dAx(s)+ F(s,X(s))dAs(s)
+G(s, X (s))dAl (s)+ H(s, X (s))ds, t€0,T], X(0)= X,

with nonlinear maps F, F,G, H satisfying suitable Lipschitz conditions. The reader
may be referred to [K. R. Parthasarathy, An introduction to quantum stochastic calculus,
Birkhéduser, Basel, 1992; MR1164866] for the meaning of the above equation and relevant
details.

Let D be a dense subspace of a Hilbert space h and € be the linear span of exponential
vectors of the form e(¢), with ¢ € L?(Ry,v), where ~ is some fixed Hilbert space.
The authors consider the linear space B consisting of all linear (possibly unbounded)
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operators S from D Ra1e & to h @ T(L?(R4, 7)) such that D ®ae € is contained in the
domain of the adjoint of S. This space is made into a locally convex topological vector
space by equipping it with a family of seminorms |- ||¢, £ € D ® a1€, given by |5 =
| S€|l. The completion of this locally convex space is denoted by B. The main results
obtained by the authors state that under a suitable Lipschitz property and local square
integrability of the maps F, F, G, H from [0, T] x B to B, the q.s.d.e. (*) admits unique
strong solution and is also stable with respect to a change in the initial value Xj.
However, the arguments in the proof seem to be incomplete. For example, on page
223, no arguments have been given to prove that R¢ = sup,,cy R, is finite. It does not
seem to be a trivial fact, and the proof does not go through if this quantity is infinite.
It would have been better if the authors had explained this step in more detail.
Debashish Goswami
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Ayoola, E. O. [Ayoola, Ezekiel O.] (WAN-IBAD); Gbolagade, A. W.

On the existence of weak solutions of quantum stochastic differential equations.
(English summary)

J. Niger. Assoc. Math. Phys. 8 (2004), 5-8.

Summary: “We establish further results concerning the existence, uniqueness and stabil-
ity of weak solutions of quantum stochastic differential equations (QSDESs). Our results
are achieved by considering a more general Lipschitz condition on the coefficients than
our previous considerations in [E. O. Ayoola, Acta Appl. Math. 67 (2001), no. 1, 19—
58; MR1847883]. We exhibit a class of Lipschitzian QSDEs in the formulation of this
paper, whose coefficients are only continuous on the locally convex space of the weak
solution.” B. V. Rajarama Bhat
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MR2107450 (2005i:81076) 81525 34A60

Ayoola, E. O. [Ayoola, Ezekiel O.] (I-ICTP)

Continuous selections of solution sets of Lipschitzian quantum stochastic
differential inclusions. (English summary)

Internat. J. Theoret. Phys. 43 (2004), no. 10, 2041-2059.

This is a continuation of work of the author and of Ekhaguere (upon which it is heavily
reliant for notation) concerning solutions to quantum stochastic differential inclusions,
i.e., adapted, operator-valued processes X such that

(1) X(t)€a+/0 E(s, X(5))dAn(s) + F(s, X (s))dAs(s)

+G(s, X (s))dAl (s)+ H(s, X (s))ds a.a. t€[0,T],

where E, F', G and H are multi-valued functions satisfying suitable regularity conditions,
T > 0 is fixed, and the integral takes its sense from the Hudson-Parthasarathy theory
of quantum stochastic calculus. The starting point of this programme is to rewrite (1)
in terms of first-order ordinary differential inclusions associated to the matrix elements
of a solution; see the previous article by the author [Stochastic Anal. Appl. 21 (2003),
no. 3, 515-543; MR1978232] and the references therein.

As is customary, linear operators and their adjoints are assumed to have domains
containing DRE, the algebraic tensor product of D, a dense subspace of some initial
Hilbert space, and E, the linear span of a suitable collection of exponential vectors in
boson Fock space. A family A of such operators is fixed so that {(n,af): a € A} is a
compact set of complex numbers for all n, £ € DRE.

If S(a) denotes the set of adapted, weakly absolutely continuous solutions to (1) and,
for all n, £ € DRE,

S(a)(n,§) ={X(1n,§) =t — (n, X ()§): X € 5(a)} S AC[0,T],

the absolutely continuous functions on [0,7], then Theorem 3.1, the paper’s main
result, is as follows: if Xy € S(ag) for some ag € A then, for all n, £ € DQE, there exists
a continuous map W, ¢t A — ACI[0,T] such that W, ¢(ag) = Xo(n,£) and Wy ¢(a) €


/mathscinet/search/mscdoc.html?code=81S25
/mathscinet/search/institution.html?code=WAN_IBAD
/mathscinet/search/journaldoc.html?&cn=J_Niger_Assoc_Math_Phys
/mathscinet/search/publications.html?pg1=ISSI&s1=247310
/mathscinet/pdf/1847883.pdf
/mathscinet/search/publications.html?pg1=IID&s1=314081
/mathscinet
/mathscinet/search/publications.html?refcit=2107450&amp;loc=refcit
/mathscinet/search/publications.html?revcit=2107450&amp;loc=revcit
/mathscinet/search/mscdoc.html?code=81S25%2C%2834A60%29
/mathscinet/search/institution.html?code=I_ICTP
/mathscinet/search/journaldoc.html?&cn=Internat_J_Theoret_Phys
/mathscinet/search/publications.html?pg1=ISSI&s1=224707
/mathscinet/pdf/1978232.pdf

S(a)(n,§) for all a € A.

{Reviewer’s remarks: There seems to be a problem with Proposition 2.2: in its statement,
one is invited to provide any partition satisfying certain hypotheses; the proof, however,
proceeds by constructing a particular one. Happily, it does not appear that this affects
the validity of Theorem 3.1, as the proposition is applied in a way which is compatible
with the proof given.} Alezxander C. R. Belton
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MR2014555 (2005a:60109) 60H99 81525

Ayoola, E. O. [Ayoola, Ezekiel O.] (WAN-IBAD)

Error estimates for discretized quantum stochastic differential inclusions.
(English summary)

Stochastic Anal. Appl. 21 (2003), no. 6, 1215-1230.

Summary: “This paper is concerned with the error estimates involved in the solution
of a discrete approximation of a quantum stochastic differential inclusion (QSDI).
Our main results rely on certain properties of the averaged modulus of continuity for
multivalued sesquilinear forms associated with QSDI. We obtain results concerning
the estimates of the Hausdorff distance between the set of solutions of the QSDI
and the set of solutions of its discrete approximation. This extends the results of A.
L. Dontchev and E. M. Farkhi [Computing 41 (1989), no. 4, 349-358; MR0993830]
concerning classical differential inclusions to the present noncommutative quantum
setting involving inclusions in certain locally convex spaces.” Habib Ouerdiane
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Ayoola, E. O. [Ayoola, Ezekiel O.] (I-ICTP)

Exponential formula for the reachable sets of quantum stochastic differential
inclusions. (English summary)

Stochastic Anal. Appl. 21 (2003), no. 3, 515-543.

This paper is a continuation of the author’s previous article [Stochastic Anal. Appl.
19 (2001), no. 3, 461-471; MR1841541] concerning quantum stochastic differential
inclusions (QSDI for short) of the form

() dX(t) € E(t, X(t))dAx(t) + F(t, X (£))dAs () +
G(t, X (t))dAf (t)+ H(t, X (t))dt; X (0) = Xo;

where F, F,G, H are assumed to have suitable regularity properties. The basic mo-
tivation behind considering such QSDI comes from the need to develop a reasonable
numerical scheme for solving quantum stochastic differential equations (QDSE) with
discontinuous coeflicients, since many such interesting QSDE can be reformulated in
some sense as QSDI with regular coefficients.

The basic set-up of the paper is that of multivalued functions (multifunctions for
short). The author’s article mentioned above may serve as a good reference for the
notation and terminology used in the present paper. Given an “initial Hilbert space” b
and a “noise space” £, and some suitable subspaces D of h and & of the symmetric Fock
space I'(L?(R, £)) spanned by exponential vectors {e(«)} with a varying over a suitable
subset of L2(R,£) let A denote the locally convex “state space” of noncommutative
stochastic processes having D ® € in the domain, as described in [op. cit.] for example.
Fix T > 0, and let us assume that the coefficients E, F, G, H lie in LQ([O,T],ﬁ)mVS in
the notation of [op. cit.]. Given a, 3 in a suitable subset of L?(R.y, €), the author defines
a canonical multifunction P, g:[0,T] x A — 24 (see also [op. cit.]), and using it, he
defines the multifunction P: [0, T] x A — 2554(P@E) by

Pt x)(n,€) = {(n, Z(t,2)€): Z(t, x) € Pop(t; x)},
where n =u®e(a), { =v®e(f) for some u,v € D. Note that sesq(V') for a vector space
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V denotes the space of sesquilinear maps on V x V, and for any set A, 24 denotes the
power set of A.

In the above notation, let us now state the main result of the paper. The set R(T)(X,)
consisting of all X (T') such that X (-) is a solution of (%) is called the “reachable set” for
the QSDI (), and is of special importance. The main result states that
RM(Xo) = lim (I+ % P)N(Xo),

N—o0
where [ is the identity multifunction z — {x}, repeated composition of multifunctions is
understood in a suitable way described in the paper, and the limit in the above formula
has to be interpreted as the Kuratowski limit of sets. Using the above formula, some
results concerning convergence of the discrete approximations to the reachable sets are
obtained, generalising similar results for classical differential inclusions.

Debashish Goswami
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Existence and stability results for strong solutions of Lipschitzian quantum
stochastic differential equations. (English summary)

Stochastic Anal. Appl. 20 (2002), no. 2, 263-281.

Some results on existence, uniqueness and stability of strong solutions of Lipschitzian
quantum stochastic differential equations in a locally convex space are obtained by a
method of successive approximations. It is shown that these results generalize the anal-
ogous results on classical stochastic differential equations driven by a Brownian motion.
The construction of the quantum stochastic integral of Hudson and Parthasarathy is

briefly reviewed at the beginning of the paper. Vassili N. Kolokol'tsov
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Lagrangian quadrature schemes for computing weak solutions of quantum
stochastic differential equations. (English summary)

SIAM J. Numer. Anal. 39 (2002), no. 6, 1835-1864.

The paper is devoted to the analysis of the Lagrangian quadrature schemes for comput-
ing weak solutions of Lipschitzian quantum stochastic differential equations with matrix
elements that are smooth enough. Results on the convergence of such schemes to a so-
lution are obtained. Precise estimates for an error term are given in the case when the
nodes of approximations are chosen to be the roots of the Chebyshev polynomials. Nu-
merical examples are presented. Vassili N. Kolokol'tsov
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On computational procedures for weak solutions of quantum stochastic
differential equations. (English summary)
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Summary: “A continuous time Euler approximation scheme and a computational the-
orem for weak solutions of Lipschitzian quantum stochastic differential equations (QS-
DEs) are established. The work is accomplished within the framework of the Hudson-
Parthasarathy formulation of quantum stochastic calculus and subject to the equivalent
forms of the equations satisfying the Carathéodory conditions. Our results generalize
analogous results concerning classical It6 stochastic differential equations and those on
differential equations in a Banach space context to the noncommutative quantum set-
ting involving unbounded linear operators on a Hilbert space. Numerical examples are
given.”
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differential equations. (English summary)

Acta Appl. Math. 67 (2001), no. 1, 19-58.

Summary: “Several one-step schemes for computing weak solutions of Lipschitzian
quantum stochastic differential equations driven by certain operator-valued stochastic
processes associated with creation, annihilation and gauge operators of quantum field
theory are introduced and studied. This is accomplished within the framework of the
Hudson-Parthasarathy formulation of quantum stochastic calculus and subject to the
matrix elements of the solution being sufficiently differentiable. Results concerning
convergence of these schemes in the topology of the locally convex space of solution


/mathscinet/pdf/1186301.pdf?pg1=MR&amp;s1=1186301&amp;loc=fromreflist
/mathscinet/pdf/1324884.pdf?pg1=MR&amp;s1=1324884&amp;loc=fromreflist
/mathscinet/pdf/1408551.pdf?pg1=MR&amp;s1=1408551&amp;loc=fromreflist
/mathscinet/pdf/1094755.pdf?pg1=MR&amp;s1=1094755&amp;loc=fromreflist
/mathscinet/pdf/1019579.pdf?pg1=MR&amp;s1=1019579&amp;loc=fromreflist
/mathscinet/pdf/1230401.pdf?pg1=MR&amp;s1=1230401&amp;loc=fromreflist
/mathscinet/pdf/745686.pdf?pg1=MR&amp;s1=0745686&amp;loc=fromreflist
/mathscinet/pdf/1214374.pdf?pg1=MR&amp;s1=1214374&amp;loc=fromreflist
/mathscinet/pdf/1260431.pdf?pg1=MR&amp;s1=1260431&amp;loc=fromreflist
/mathscinet/pdf/1222649.pdf?pg1=MR&amp;s1=1222649&amp;loc=fromreflist
/mathscinet/pdf/1775010.pdf?pg1=MR&amp;s1=1775010&amp;loc=fromreflist
/mathscinet/pdf/1164866.pdf?pg1=MR&amp;s1=1164866&amp;loc=fromreflist
/mathscinet/pdf/1114515.pdf?pg1=MR&amp;s1=1114515&amp;loc=fromreflist
/mathscinet
/mathscinet/search/publications.html?refcit=1847883&amp;loc=refcit
/mathscinet/search/publications.html?revcit=1847883&amp;loc=revcit
/mathscinet/search/mscdoc.html?code=65C30%2C%2860H10%2C60H20%2C60H35%29
/mathscinet/search/institution.html?code=WAN_IBAD
/mathscinet/search/journaldoc.html?&cn=Acta_Appl_Math
/mathscinet/search/publications.html?pg1=ISSI&s1=194228

are presented. It is shown that the Euler-Maruyama scheme, with respect to weak
convergence criteria for It6 stochastic differential equation, is a special case of Euler
schemes in this framework. Numerical examples are given.”
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Lipschitzian quantum stochastic differential equations and the associated
Kurzweil equations. (English summary)

Stochastic Anal. Appl. 19 (2001), no. 4, 581-603.

In the article under review, Kurzweil equations [cf. J. Kurzweil, Czechoslovak Math. J.
7 (82) (1957), 418-449; MRO111875] associated with Lipschitzian quantum stochastic
differential equations (QSDE’s) are introduced and studied. After a nice discussion of
Kurzweil integrals and Kurzweil equations, including some useful technical results, the
author proves the interesting equivalence between the QSDE of the form

X(t) = Xo+ / (E(X(s), 8)dAr(s) + F(X(s), )dA s (s)+

to

G(X(s),s)dAl(s)+ H(X(s),s)ds), t € [to, T},
and the Kurzweil equation of the form

d

2 (1, X (1)) = D(X(7), £)(n, €)

on [tg,T] and for t € [tg,T], for a suitable map ® and &, 7 belonging to an appro-
priate class. In the above, X:[to,T] — A , where A is as in references [E. O. Ayoola,
“On numerical procedures for solving Lipschitzian quantum stochastic differential equa-
tions”, Ph.D. Thesis, Univ. Ibadan, Nigeria, 1995; per bibl.; Stochastic Anal. Appl. 18
(2000), no. 4, 525-554; MR1763939] of the article under review, and E, F,G, H, 7, f,g
satisfy suitable properties described carefully in those references. Finally, some numeri-
cal examples are given to demonstrate the effectiveness of the methods using Kurzweil
equations. Debashish Goswami
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Construction of approximate attainability sets for Lipschitzian quantum
stochastic differential inclusions. (English summary)

Stochastic Anal. Appl. 19 (2001), no. 3, 461-471.

The author considers solving, numerically, quantum stochastic integral inclusions or,
equivalently, certain first-order (non-classical) ordinary differential inclusions. The so-
lutions are represented with the help of what are called attainable sets (non-void closed
sets in the complex plane). An algorithm is described for numerically approximating
the attainable sets within any prescribed accuracy. Volker Wihstutz
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Ayoola, E. O. [Ayoola, Ezekiel O.] (WAN-IBAD)

% Convergence and stability of general multistep schemes for weak solutions of
quantum stochastic differential equations. (English summary)
Ordinary differential equations (Abuja, 2000), 43-55, Proc. Natl. Math. Cent. Abuja
Niger., 1.1, Natl. Math. Cent., Abuja, 2000.

Consider the weak integral formulation of the initial value problem related to quantum
stochastic differential equations (QSDEs) of the form

dX (t) = E(t, X (t))dA(t) + F(t, X (t))dAL ()
+G(t, X (£))dA,(t) + H(t, X (t))dt

with ¢ € [tg, T and initial condition X (t9) = Xy, where AW,A},Ag are the stochas-
tic integrators in the boson Fock quantum stochastic calculus. The author presents
convergence results for some equidistant, implicit, multi-step numerical approxima-
tions to weak solutions to such QSDEs in integral form. The main convergence result
as the nonrandom step size h tends to 0 is established with respect to some appro-
priate seminorms within the framework of the Hudson-Parthasarathy formulation of
QSDEs and under Lipschitz-type conditions on the equivalent initial value problem of
a related nonclassical ordinary differential equation. The effect of round-off errors is
also taken into account. However, a considerable effort is needed on the part of any
non-quantum-calculus specialist reader to understand the author’s notation.
{For the collection containing this paper see MR1991396}
Henri Schurz

MathSciNet

Mathematical Reviews

Citations From References: 7 From Reviews: 1

MR1763939 (2001e:81065) 81525 60H35
Ayoola, E. O. [Ayoola, Ezekiel O.] (WAN-IBAD)

Converging multistep schemes for weak solutions of quantum stochastic
differential equations. (English summary)

Stochastic Anal. Appl. 18 (2000), no. 4, 525-554.

The author proposes an algorithm for solving numerically a quantum stochastic
differential equation of the form dX(t) = E(t,X(t))dA(t) + F(t, X (t))dAk(t) +
G(t,X(t))dAy(t)+ H(t, X(t))dt in an interval [to,7] with initial condition X (t9) =
Xo, where AW,A}, A, are the stochastic integrators in the boson Fock quantum sto-
chastic calculus. The exact formulation and the solution of the problem depend
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heavily on the author’s Ph.D. thesis. Considerable effort would be needed on the
part of the reader to understand the notation and the statement of the main re-
sult. Kalyanapuram R. Parthasarathy
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Ayoola, E. O. [Ayoola, Ezekiel O.] (WAN-IBAD)

Existence and stability results for strong solutions of Lipschitzian quantum
stochastic differential equations. (English summary)

Stochastic Anal. Appl. 20 (2002), no. 2, 263-281.

Some results on existence, uniqueness and stability of strong solutions of Lipschitzian
quantum stochastic differential equations in a locally convex space are obtained by a
method of successive approximations. It is shown that these results generalize the anal-
ogous results on classical stochastic differential equations driven by a Brownian motion.
The construction of the quantum stochastic integral of Hudson and Parthasarathy is

briefly reviewed at the beginning of the paper. Vassili N. Kolokol'tsov
References
1. Ayoola, E.O. On Numerical Procedures for Solving Lipschitzian Quantum Stochas-

10.

11.

12.

13.

14.

15.

tic Differential Equations. Ph.D Thesis, University of Ibadan, Nigeria, 1998.

. Ayoola, E.O. Solutions of Lipschitzian Quantum Stochastic Differential Equations

in a Locally Convex Space. J. Sci. Res. 1998, 4 (1), 15-23.

. Ayoola, E.O. Converging Multistep Methods for Weak Solutions of Quantum Sto-

chastic Differential Equations. Stochastics Anal. Appl. 2000, 18 (4), 525-554.
MR1763939

. Barnett, C.; Streater, R.F.; Wilde, I.LF. The Ito-Clifford Integral II-Stochastic Dif-

ferential Equations. J. Lond. Math. Soc. 1983, 27 (2), 373-384. MR0692542

. Ekhaguere, G.O.S. Lipschitzian Quantum Stochastic Differential Inclusions. Int. J.

Theor. Phys. 1992, 81 (11), 2003—2034. MR1186301

. Ekhaguere, G.0O.S. Quantum Stochastic Differential Inclusions of Hypermaximal

Monotone Type. Int. J. Theor. Phys. 1995, 3/ (3), 323-353. MR 1324884
Ekhaguere, G.O.S. Quantum Stochastic Evolutions. Int. J. Theor. Phys. 1996, 35
(9), 1909-1946. MR1408551

. Glockner, P. Quantum Stochastic Differential Equations on *-Bialgebra. Math.

Proc. Camb. Phil. Soc. 1991, 109, 571-595. MR1094755

. Hudson, R.L. Quantum Diffusion on the Algebra of All Bounded Operators on a

Hilbert Space; Lecture Notes in Mathematics, Springer: Berlin, 1987; Vol. 1396,
256—-269. MR1019579

Hudson, R.L. Quantum Stochastic Calculus and Some of Its Applications. In Con-
temporary Stochastic Analysis; Ekhaguere, G.0O.S., Ed.; World Scientific, 1991;
31-70. MR1230401

Hudson, R.L.; Parthasarathy, K.R. Quantum It6’s Formulae and Stochastic Evolu-
tions. Commun. Math. Phys. 1984, 93, 301-324. MR0745686

Meyer, P.A. Quantum Probability for Probabilists; Lecture Notes in Mathematics,
Springer: Berlin, 1993; Vol. 1548. MR 1222649

Parthasarathy, K.R. An Introduction to Quantum Stochastic Calculus, Monographs
in Mathematics; Birkhauser: Basel, 1992; Vol. 85. MR 1164866

Parthasarathy, K.R. Boson Stochastic Calculus. Pramana J. Phys. 1985, 25, 457—
465.

Parthasarathy, K.R.; Sinha, K.B. Stochastic Integral Representation of Bounded


/mathscinet
/mathscinet/search/publications.html?refcit=1900360&amp;loc=refcit
/mathscinet/search/mscdoc.html?code=60H10%2C%2860H20%2C81S25%29
/mathscinet/search/institution.html?code=WAN_IBAD
/mathscinet/search/journaldoc.html?&cn=Stochastic_Anal_Appl
/mathscinet/search/publications.html?pg1=ISSI&s1=200707
/mathscinet/search/publications.html?pg1=IID&s1=208291
/mathscinet/pdf/1763939.pdf?pg1=MR&amp;s1=1763939&amp;loc=fromreflist
/mathscinet/pdf/692542.pdf?pg1=MR&amp;s1=0692542&amp;loc=fromreflist
/mathscinet/pdf/1186301.pdf?pg1=MR&amp;s1=1186301&amp;loc=fromreflist
/mathscinet/pdf/1324884.pdf?pg1=MR&amp;s1=1324884&amp;loc=fromreflist
/mathscinet/pdf/1408551.pdf?pg1=MR&amp;s1=1408551&amp;loc=fromreflist
/mathscinet/pdf/1094755.pdf?pg1=MR&amp;s1=1094755&amp;loc=fromreflist
/mathscinet/pdf/1019579.pdf?pg1=MR&amp;s1=1019579&amp;loc=fromreflist
/mathscinet/pdf/1230401.pdf?pg1=MR&amp;s1=1230401&amp;loc=fromreflist
/mathscinet/pdf/745686.pdf?pg1=MR&amp;s1=0745686&amp;loc=fromreflist
/mathscinet/pdf/1222649.pdf?pg1=MR&amp;s1=1222649&amp;loc=fromreflist
/mathscinet/pdf/1164866.pdf?pg1=MR&amp;s1=1164866&amp;loc=fromreflist

Quantum Martingales in Fock Space. J. Funct. Anal. 1986, 67, 126-151. MR0842607
16. Vincent-Smith, G.F. Unitary Quantum Stochastic Evolutions. Proc. Lond. Math.
Soc. 1991, 63 (3), 401-425. MR1114515

Note: This list reflects references listed in the original paper as
accurately as possible with no attempt to correct errors.

MathSciNet

Mathematical Reviews

Citations From References: 3 From Reviews: 0

MR1897940 (2003e:60121) 60H10 60H20 65C30 81525

Ayoola, E. O. [Ayoola, Ezekiel O.] (WAN-IBAD)

Lagrangian quadrature schemes for computing weak solutions of quantum
stochastic differential equations. (English summary)

SIAM J. Numer. Anal. 39 (2002), no. 6, 1835-1864.

The paper is devoted to the analysis of the Lagrangian quadrature schemes for comput-
ing weak solutions of Lipschitzian quantum stochastic differential equations with matrix
elements that are smooth enough. Results on the convergence of such schemes to a so-
lution are obtained. Precise estimates for an error term are given in the case when the
nodes of approximations are chosen to be the roots of the Chebyshev polynomials. Nu-
merical examples are presented. Vassili N. Kolokol'tsov
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On computational procedures for weak solutions of quantum stochastic
differential equations. (English summary)

Stochastic Anal. Appl. 20 (2002), no. 1, 1-20.

Summary: “A continuous time Euler approximation scheme and a computational the-
orem for weak solutions of Lipschitzian quantum stochastic differential equations (QS-
DEs) are established. The work is accomplished within the framework of the Hudson-
Parthasarathy formulation of quantum stochastic calculus and subject to the equivalent
forms of the equations satisfying the Carathéodory conditions. Our results generalize
analogous results concerning classical It6 stochastic differential equations and those on
differential equations in a Banach space context to the noncommutative quantum set-
ting involving unbounded linear operators on a Hilbert space. Numerical examples are
given.”
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On convergence of one-step schemes for weak solutions of quantum stochastic
differential equations. (English summary)
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Summary: “Several one-step schemes for computing weak solutions of Lipschitzian
quantum stochastic differential equations driven by certain operator-valued stochastic
processes associated with creation, annihilation and gauge operators of quantum field
theory are introduced and studied. This is accomplished within the framework of the
Hudson-Parthasarathy formulation of quantum stochastic calculus and subject to the
matrix elements of the solution being sufficiently differentiable. Results concerning
convergence of these schemes in the topology of the locally convex space of solution
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are presented. It is shown that the Euler-Maruyama scheme, with respect to weak
convergence criteria for It6 stochastic differential equation, is a special case of Euler
schemes in this framework. Numerical examples are given.”
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Lipschitzian quantum stochastic differential equations and the associated
Kurzweil equations. (English summary)

Stochastic Anal. Appl. 19 (2001), no. 4, 581-603.

In the article under review, Kurzweil equations [cf. J. Kurzweil, Czechoslovak Math. J.
7 (82) (1957), 418-449; MRO111875] associated with Lipschitzian quantum stochastic
differential equations (QSDE’s) are introduced and studied. After a nice discussion of
Kurzweil integrals and Kurzweil equations, including some useful technical results, the
author proves the interesting equivalence between the QSDE of the form

X(t) = Xo+ / (E(X(s), 8)dAr(s) + F(X(s), )dA s (s)+

to

G(X(s),s)dAl(s)+ H(X(s),s)ds), t € [to, T},
and the Kurzweil equation of the form

d

2 (1, X (1)) = D(X(7), £)(n, €)

on [tg,T] and for t € [tg,T], for a suitable map ® and &, 7 belonging to an appro-
priate class. In the above, X:[to,T] — A , where A is as in references [E. O. Ayoola,
“On numerical procedures for solving Lipschitzian quantum stochastic differential equa-
tions”, Ph.D. Thesis, Univ. Ibadan, Nigeria, 1995; per bibl.; Stochastic Anal. Appl. 18
(2000), no. 4, 525-554; MR1763939] of the article under review, and E, F,G, H, 7, f,g
satisfy suitable properties described carefully in those references. Finally, some numeri-
cal examples are given to demonstrate the effectiveness of the methods using Kurzweil
equations. Debashish Goswami
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Construction of approximate attainability sets for Lipschitzian quantum
stochastic differential inclusions. (English summary)

Stochastic Anal. Appl. 19 (2001), no. 3, 461-471.

The author considers solving, numerically, quantum stochastic integral inclusions or,
equivalently, certain first-order (non-classical) ordinary differential inclusions. The so-
lutions are represented with the help of what are called attainable sets (non-void closed
sets in the complex plane). An algorithm is described for numerically approximating
the attainable sets within any prescribed accuracy. Volker Wihstutz
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MR1991401 (2004e:81072) 81525 60H10 60H20 65C30 65106
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% Convergence and stability of general multistep schemes for weak solutions of
quantum stochastic differential equations. (English summary)
Ordinary differential equations (Abuja, 2000), 43-55, Proc. Natl. Math. Cent. Abuja
Niger., 1.1, Natl. Math. Cent., Abuja, 2000.

Consider the weak integral formulation of the initial value problem related to quantum
stochastic differential equations (QSDEs) of the form

dX (t) = E(t, X (t))dA(t) + F(t, X (t))dAL ()
+G(t, X (£))dA,(t) + H(t, X (t))dt

with ¢ € [tg, T and initial condition X (t9) = Xy, where AW,A},Ag are the stochas-
tic integrators in the boson Fock quantum stochastic calculus. The author presents
convergence results for some equidistant, implicit, multi-step numerical approxima-
tions to weak solutions to such QSDEs in integral form. The main convergence result
as the nonrandom step size h tends to 0 is established with respect to some appro-
priate seminorms within the framework of the Hudson-Parthasarathy formulation of
QSDEs and under Lipschitz-type conditions on the equivalent initial value problem of
a related nonclassical ordinary differential equation. The effect of round-off errors is
also taken into account. However, a considerable effort is needed on the part of any
non-quantum-calculus specialist reader to understand the author’s notation.
{For the collection containing this paper see MR1991396}
Henri Schurz
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MR1763939 (2001e:81065) 81525 60H35
Ayoola, E. O. [Ayoola, Ezekiel O.] (WAN-IBAD)

Converging multistep schemes for weak solutions of quantum stochastic
differential equations. (English summary)

Stochastic Anal. Appl. 18 (2000), no. 4, 525-554.

The author proposes an algorithm for solving numerically a quantum stochastic
differential equation of the form dX(t) = E(t,X(t))dA(t) + F(t, X (t))dAk(t) +
G(t,X(t))dAy(t)+ H(t, X(t))dt in an interval [to,7] with initial condition X (t9) =
Xo, where AW,A}, A, are the stochastic integrators in the boson Fock quantum sto-
chastic calculus. The exact formulation and the solution of the problem depend
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heavily on the author’s Ph.D. thesis. Considerable effort would be needed on the
part of the reader to understand the notation and the statement of the main re-
sult. Kalyanapuram R. Parthasarathy
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