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ABSTRACT. We prove that the map that associates to the initial value the set of solutions

to the Lipschitzian Quantum Stochastic Differential Inclusion (QSDI) admits a selection which is

continuous from the locally convex space of stochastic processes to the space of adapted and weakly

absolutely continuous solutions. As a corollary, the reachable set multifunction admits a continuous

selection. In the framework of the Hudson-Parthasarathy formulation of quantum stochastic calculus,

these results are achieved subject to some compactness conditions on the set of initial values and on

some coefficients of the inclusion.
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1. INTRODUCTION

This work is concerned with further investigations of the existence and appli-

cations of continuous selections of solution sets of quantum stochastic differential

inclusions (QSDI). In the context of classical differential inclusions defined in finite

dimensional Euclidean spaces, such investigations have attracted considerable atten-

tion in the literature. Some well known results on continuous selections and their

applications in the finite dimensional Euclidean settings can be found in [1, 2, 14,

15, 18, 20, 22]. As in [8, 18, 20, 22], selection results have been used among other

things for the interpolation of a given finite set of trajectories of classical differential

inclusions.

However, in the non commutative quantum setting, investigations of the exis-

tence of continuous selections and their applications have not received a comparable

attention in the literature. In the framework of the Hudson and Parthasarathy [17,

19] formulations of quantum stochastic calculus, we established in our previous work

[4], some continuous selections of solution sets of quantum stochastic differential in-

clusion (QSDI) defined on the set of the matrix elements of initial points with values
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in the set of matrix elements of solutions. However, on this occasion and in the same

framework of quantum stochastic calculus, we establish the existence of a selection

map continuous from a compact set of initial values contained in the space of quan-

tum stochastic processes into the locally convex space of adapted weakly absolutely

continuous quantum stochastic processes. In addition, as a corollary, we deduce that

the reachable set multifunction admits a continuous selection. This work, therefore,

complements our results in [4] where the set of the matrix elements of solutions and

the reachable set respectively admit continuous selections and some continuous rep-

resentations.

The proof of our main results here adapts the techniques employed in Cellina [1]

in a way that is suitable for the analysis of QSDI where the solutions live in certain

locally convex spaces. Our main tools in the construction of the selection are some

suitable use of Liapunov’s theorem on the range of vector measures (see [1, 15, 16])

and Ekhaguere’s existence result [11] for the solutions of QSDI (2.3). The result is a

generalization of Filippov’s extension of Gronwall’s inequalities to solutions of QSDI

(2.3).

The plan for the rest of the paper is as follows: In section 2, we present some

fundamental results, notations and assumptions. The main results of the paper are

reported in Section 3.

2. PRELIMINARY RESULTS AND ASSUMPTIONS

In what follows, we adopt the notations, formulation and the frameworks as

reported in [3, 4, 11, 12, 13]. Detailed definitions of various spaces that appear below

can be found in [11]. In the sequel, γ is a fixed Hilbert space, D is an inner product

space with R as its completion, and Γ(L2
γ(R+)) is the Boson Fock Space determined

by the function space L2
γ(R+). The set E is the subset of the Fock space generated by

the exponential vectors. If N is a topological space, then we denote by clos(N ) (resp.

comp(N )), the family of all nonempty closed subsets of N (resp. compact members

of clos(N )).

In our formulations, quantum stochastic processes are Ã-valued maps on [t0, T ].

The space Ã is the completion of the linear space

A = L+
W (D⊗E,R⊗ Γ(L2

γ(R+)))

endowed with the locally convex operator topology generated by the family of semi-

norms {x → ‖x‖ηξ = |〈η, xξ〉|, η, ξ ∈ D⊗E}. Here, A consists of linear operators

from D⊗E into R ⊗ Γ(L2
γ(R+)) with the property that the domain of the adjoint

operator contains D⊗E. We adopt the notation and the definitions of Hausdorff

topology on clos(Ã) as explained in [11]. The Hausdorff topology is determined by
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some family of pseudo-metrics. On the set C of complex numbers, we employ the met-

ric topology on clos(C) induced by the Hausdorff metric ρ. Thus for A, B,∈ clos(C),

ρ(A, B) is the Hausdorff distance between the sets and for arbitrary pair η, ξ ∈ D⊗E,

N ,M ∈ clos(Ã), ρηξ(N ,M) denotes pseudo-metrics as in [11, 12, 13].

A quantum stochastic process Φ : [t0, T ] → Ã will be said to be weakly continuous

on the interval I = [t0, T ] if for each pair η, ξ ∈ D⊗E, the map t → Φηξ(t) is

continuous. Here, Φηξ(t) := 〈η, Φ(t)ξ〉. We shall denote by C[I, Ã] the set of all

weakly continuous quantum stochastic processes on [t0, T ] and for each Φ ∈ C[I, Ã],

we set

(2.1) ‖Φηξ‖c := sup
I

|Φηξ(t)| = sup
I

‖Φ(t)‖ηξ.

By employing the symbol Ad(Ã)wc to denote the set of all adapted weakly continuous

stochastic processes, then we have the following set inclusion

Ad(Ã)wac ⊆ Ad(Ã)wc ⊆ C[I, Ã],

since all weakly absolutely continuous stochastic processes are weakly continuous.

As in [11], we denote by wac(Ã), the completion of Ad(Ã)wac in the topology

generated by the family of seminorms

(2.2) |Φ|ηξ = ‖Φ(t0)‖ηξ +

∫ T

t0

|
d

ds
〈η, Φ(s)ξ〉|ds

for each Φ ∈ Ad(Ã)wac and arbitrary η, ξ ∈ D⊗E.

The existence of the continuous selections which we study in this paper concerns

solution and the reachable sets of quantum stochastic differential inclusions in the

integral form given by:

X(t) ∈ a +

∫ t

0

(E(s, X(s))d ∧π (s) + F (s, X(s))dAf(s) + G(s, X(s))dA+
g (s)

+H(s, X(s))ds) , t ∈ [t0, T ],(2.3)

where the coefficients E, F, G, H are continuous and lie in the space L2
loc([t0, T ] ×

Ã))mvs, f, g ∈ L∞
γ,loc(R+), π ∈ L∞

B(γ),loc(R+). Here, B(γ) is the space of bounded

endomorphisms of γ and (t0, a) ∈ [t0, T ] × Ã is a fixed point.

For any pair of η, ξ ∈ D⊗E such that η = c⊗e(α), ξ = d⊗e(β), α, β ∈ L2
γ(R+),

c, d ∈ D, as in our previous works in [3, 4, 5, 6, 7], we shall in what follows, employ

the equivalent form of (2.3) as established in [11] given by the nonclassical ordinary

differential inclusion:

(2.4)
d

dt
〈η, X(t)ξ〉 ∈ P (t, X(t))(η, ξ), X(t0) = a, t ∈ [t0, T ].

The multivalued map P appearing in (2.4) is of the form

P (t, x)(η, ξ) = 〈η, Pαβ(t, x)ξ〉
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where the map Pαβ : [t0, T ] × Ã → 2Ã is given by

Pαβ(t, x) = µαβ(t)E(t, x) + νβ(t)F (t, x) + σα(t)G(t, x) + H(t, x).

The complex valued functions µαβ , νβ, σα : [t0, T ] → C are defined by

µαβ(t) = 〈α(t), π(t)β(t)〉γ, νβ(t) = 〈f(t), β(t)〉γ,

σα(t) = 〈α(t), g(t)〉γ, t ∈ [t0, T ]

for all (t, x) ∈ [0, T ] × Ã and the coefficients E, F, G, H belong to the space

L2
loc([t0, T ] × Ã)mvs of multivalued stochastic processes with closed values.

As explained in [11], the map P cannot in general be written in the form:

P (t, x)(η, ξ) = P̃ (t, 〈η, xξ〉)

for some complex valued multifunction P̃ defined on [t0, T ] × C, for t ∈ [t0, T ], x ∈

Ã, η, ξ ∈ D⊗E. Under the condition of compactness of the values of the map (t, x) →

P (t, x)(η, ξ) for arbitrary η, ξ ∈ D⊗E, we prove that the map which associates to the

initial point a ∈ Ã, the set of solutions S(T )(a) to (2.4) admits a continuous selection

from the space Ã to the completion (denoted by wac(Ã)) of the locally convex space

of adapted weakly absolutely continuous stochastic processes indexed by elements

of the interval [t0, T ]. In particular, we show that the map a → R(T )(a) admits a

continuous selection, where R(T )(a) is the reachable set at t = T of the QSDI (2.3).

To establish our main results, we need the notion of partition of unity subordinate

to any covering of a compact subset of Ã corresponding to an arbitrary pair of vectors

in E, the subspace of the Fock space generated by the exponential vectors. In what

follows, unless otherwise indicated, we consider quantum stochastic processes defined

on a simple Fock space. That is we shall take the initial space R = C so that

R⊗ Γ(L2
γ(R+)) ≡ Γ(L2

γ(R+)) and D⊗E ≡ E.

Definition 2.1. . Let A be a compact subset of the locally convex space Ã and let

{Ωi}i∈J be an open covering for A with a finite sub covering {Ωi, i = 1, 2, . . . , m}. A

family of functions {Πηξ,i(·)}, i = 1, 2, . . . , m corresponding to an arbitrary pair of

elements η, ξ ∈ E defined on A is called a Lipschitzian partition of unity subordinate

to the finite subcovering if:

(1) The map Πηξ,i(·) is Lipschitzian for all i = 1, 2, . . . , m. That is there exist constants

Lηξ > 0 such that for any pair a, a′ ∈ A,

|Πηξ,i(a) − Πηξ,i(a
′)| ≤ Lηξ‖a − a′‖ηξ.

(2) Πηξ,i(a) > 0 for a ∈ Ωi

⋂

A and Πηξ,i(a) = 0 for a ∈ A\Ωi.

(3) For each a ∈ A,
∑m

i=1 Πηξ,i(a) = 1.
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Lemma 2.2. . Let A be a compact subset of the space Ã. Then, there exists a family

of Lipschitzian partitions of unity subordinate to any finite subcovering of an open

covering for the set A.

Proof. We outline the proof as follows: Let {Ωi}, i = 1, 2, . . . , m be a finite open

subcovering of an open covering {Ωi}i∈J of A. First we claim that the map qηξ : Ã →

R+ defined by

qηξ(x) = dηξ(x, Q), Q ∈ clos(Ã),

satisfies for any pair x1, x2 ∈ Ã,

(2.5) |qηξ(x1) − qηξ(x2)| ≤ ‖x1 − x2‖ηξ.

Inequality (2.5) can be established as follows: Let ǫ > 0 be given. Since dηξ(x, Q) =

infy∈Q ‖x − y‖ηξ, then there exists y1 ∈ Q satisfying

‖x1 − y1‖ηξ ≤ dηξ(x1, Q) + ǫ.

Hence,

dηξ(x2, Q) ≤ ‖x2 − y1‖ηξ

≤ ‖x2 − x1‖ηξ + ‖x1 − y1‖ηξ

≤ ‖x2 − x1‖ηξ + dηξ(x1, Q) + ǫ.

Interchanging x1 and x2, we have

|dηξ(x1, Q) − dηξ(x2, Q)| ≤ ‖x1 − x2‖ηξ + ǫ.

Inequality (2.5) follows since ǫ is arbitrary.

For i = 1, 2, . . . , m, define the family of functions qηξ,i : A → R+ by

qηξ,i(a) = dηξ(a, A\Ωi)

and functions Πηξ,i : A → R+ defined by

(2.6) Πηξ,i(a) =
qηξ,i(a)

∑m

j=1 qηξ,j(a)

For at least one j ∈ {1, 2, . . . , m}, a ∈ Ωj . Hence,
∑m

j=1 qηξ,j(a) > 0. Also, by

the definition of the seminorm ‖ · ‖ηξ and the properties of the exponential vectors

η, ξ ∈ E, the value ‖x‖ηξ can never be zero when x is not a zero process. This

follows from the fact that for any pair of exponential vectors η, ξ ∈ E such that

η = e(α), ξ = e(β), α, β ∈ L2
γ(R+), we have 〈e(α), e(β)〉 = e〈α,β〉 (see [6] for some

details). Consequently, (2.6) is well defined. The rest of the proof follows a similar

argument as in the proof of Lemma 2.1 in [4]. This shows that {Πηξ,i(·)}m
i=1 is a family

of Lipschitzian partition of unity subordinate to the covering.
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In the proof of our main results, we shall make use of the following maps that

are associated with the family Πηξ,i(·)) given by (2.6). Define the maps

(2.7) σηξ(i, a) =
∑

1≤j≤i

Πηξ,j(a), a ∈ A, i ∈ {1, 2, . . . , m}.

Definition 2.3: Let ǫ > 0 be fixed. Then the common modulus of continuity Θηξ(ǫ)

depending on the pair η, ξ ∈ E, of the map a → σηξ(i, a) is defined by:

(2.8) Θηξ(ǫ) = sup{|σηξ(i, a)−σηξ(i, a
′)| : a, a′ ∈ A, ‖a−a′‖ηξ ≤ ǫ, i = 1, 2, . . . , m}.

Remarks: As in the case of the modulus of continuity of real valued functions defined

on the real line, (see [21, p. 2], for example), the modulus of continuity Θηξ(ǫ) defined

by (2.8) satisfies the following inequalities as consequences of the definition. That is,

Θηξ(ǫ) ≤ Θηξ(ǫ
′), whenever ǫ ≤ ǫ′

and

(2.9) Θηξ(λǫ) ≤ (1 + λ)Θηξ(ǫ), for any positive number λ.

These follow directly from (2.8).

In what follows, we shall employ the space of complex valued sesquilinear forms

on (D⊗E)2 denoted by Sesq(D⊗E) and assume that the multivalued map (t, x) →

P (t, x)(η, ξ) appearing in Equation (2.4) satisfies the following conditions:

S(a). P : Ω ⊆ [t0, T ] × Ã → 2Sesq(D⊗E) defined on an open subset Ω ⊆ [t0, T ] × Ã

bounded on Ω by constants Mηξ that depend on η, ξ, i.e

|P (t, x)(η, ξ)| ≤ Mηξ, (t, x) ∈ Ω, η, ξ ∈ D⊗E.

S(b). The map t → P (t, x)(η, ξ) is measurable for fixed x ∈ Ã and for all η, ξ ∈ D⊗E.

S(c). The map (t, x) → P (t, x)(η, ξ) is Lipschitzian with Lipschitz function Kηξ(t)

lying in L1
loc([t0, T ]), i.e. for x, y ∈ Ã

ρ(P (t, x)(η, ξ), P (t, y)(η, ξ)) ≤ Kηξ(t)‖x − y‖ηξ.

S(d). The set P (t, x)(η, ξ) is compact in C, the field of complex numbers, for all

(t, x) ∈ Ω, η, ξ ∈ D⊗E.

S(e). There exists a compact set A ⊆ Ã such that ∀η, ξ ∈ D⊗E, the set

{(t, a + v(t − t0) : a ∈ A, v ∈ Ã such that ‖v‖ηξ ≤ Mηξ, t ∈ [t0, T ]} ⊆ Ω.

Moreover, we set

(2.10) Yηξ(t) =

∫ t

t0

Kηξ(s)ds.

We shall assume that the interval I = [t0, T ] satisfies the following:

(2.11) Ληξ = 3(eYηξ−Yηξ(s) − 1) < 1; ∀ η, ξ ∈ D⊗E,
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where

Yηξ =

∫ T

t0

Kηξ(s)ds.

In what follows, we set

Γηξ =

∫ T

t0

eYηξ−Yηξ(s)ds.

3. ESTABLISHMENT OF THE SELECTION MAP

By a solution of QSDI (2.3) we mean a quantum stochastic process Φ : [t0, T ] → Ã

lying in Ad(Ã)wac

⋂

L2
loc(Ã) satisfying QSDI (2.3). We denote by S(T )(a), the set of

solutions of Lipschitzian QSDI (2.3). It has been established in [11] that under the

conditions S(a)−S(e), this set is not empty. Similar existence result under a general

Lipschitz condition has recently been established in [3]. Our main result below shows

that there exists a continuous map Φ̃ : A → wac(Ã) such that for each a ∈ A,

Φ̃(a) ∈ S(T )(a) ⊆ wac(Ã).

Theorem 3.1. Suppose that the map (t, x) → P (t, x)(η, ξ) satisfies the assumptions

S(a)–S(e). Then there exists a continuous map Φ̃ : A → wac(Ã) such that for every

a ∈ A, Φ̃(a) is a solution to the QSDI (2.4).

Proof. The proof shall be presented in six parts in what follows. The pair of elements

η, ξ ∈ E are arbitrary unless otherwise indicated. We note here that it would be

enough for us to establish the existence of the continuous selection by establishing

appropriate estimates in the seminorms that generate the topology of the spaces Ã

and wac(Ã). A justification for this can be found in [23, p. 5].

Part A: We claim that there exists two sequences of adapted stochastic processes

Φn(a), Ψn(a) : [t0, T ] → Ã such that

(i) Ψn(a) ∈ S(T )(a); Φn(a) is adapted weakly absolutely continuous

such that Φn(a)(t0) = a. Setting Φn
ηξ(a)(t) := 〈η, (Φn(a)(t))ξ〉, then,

(ii) ‖Φn
ηξ(a) − Ψn

ηξ(a)‖c = supI |〈η, (Φn(a)(t))ξ〉 − 〈η, (Ψn(a)(t))ξ〉| ≤ MηξΓηξΛ
n−1
ηξ .

(iii) For every ǫ > 0, there exists δ(ǫ) = δ(ǫ, n, η, ξ) > 0 and a function Rn
ηξ(a, ǫ) :

I → R+ satisfying

(3.1)

∫

I

Rn
ηξ(a, ǫ)(s)ds ≤ 2Mηξǫ

such that

|
d

dt
〈η, (Φn(a)(t))ξ〉 −

d

dt
〈η, (Φn(a′)(t))ξ〉| ≤ Rn

ηξ(a, ǫ)(t)

whenever ‖a − a′‖ηξ ≤ δ(ǫ).

(iv) |
d

dt
〈η, (Φn(a)(t))ξ〉 −

d

dt
〈η, (Ψn(a)(t))ξ〉| ≤ 3MηξΓηξΛ

n−2
ηξ Kηξ(t)e

Yηξ(t), n ≥ 2.

(v) |Φn(a) − Φn−1(a)|ηξ ≤ 3MηξΓηξΛ
n−1
ηξ , n ≥ 3.
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Part B: We apply mathematical induction as follows: Set Φ1(a) = a. Then

trivially, Φ1(a) lies in Ad(Ã)wac. Also by the boundedness of the map P ,

d

(

d

dt
〈η, (Φ1(a)(t))ξ〉, P (t, Φ1(t))(η, ξ)

)

= d(0, P (t, a)(η, ξ)) ≤ Mηξ.

By the existence results of Ekhaguere [11], there exists Ψ1(a) ∈ S(T )(a) such that

∀t ∈ [t0, T ],

‖Φ1(a)(t) − Ψ1(a)(t)‖ηξ ≤

∫ t

t0

e(Yηξ(t)−Yηξ(s))Mηξds ≤ MηξΓηξ.

The above shows that Φ1, Ψ1 satisfy items (i), (ii) in Part A, with n=1. Item (iii)

also holds by putting R1
ηξ(a, ǫ) = 0 for n=1.

Assume that we have defined Φν(a) and Ψν(a) satisfying items (i) – (iii), for ν =

1, 2, . . . , n − 1. We claim that we can define Φn(a) and Ψn(a) satisfying items (i) –

(iv) for n ≥ 2.

Part C: For notational simplification, we will denote Φn−1 by Φ and Ψn−1 by Ψ.

The map Φηξ : A → C[I, C], a → Φηξ(a) is uniformly continuous on account of our

assumption in Part A above. This can be shown as follows:

Let r > 0 be a real number satisfying r ≤ δ(ΓηξΛ
n−1
ηξ ), where δ is defined in Part

A, item (iii) above. Then a′, a′′ lying in the set B[a, r] = {x ∈ Ã : ‖x − a‖κϑ ≤

r, ∀κ, ϑ ∈ D⊗E} implies that ‖a − a′‖ηξ ≤ r ≤ δ and ‖a − a′′‖ηξ ≤ r ≤ δ.

By item (iii), Part A,

|
d

dt
〈η, (Φ(a)(t))ξ〉 −

d

dt
〈η, (Φ(a′(t))ξ〉| ≤ Rn−1

ηξ (a, ǫ)(t)

and

|
d

dt
〈η, (Φ(a)(t))ξ〉 −

d

dt
〈η, (Φ(a′′(t))ξ〉| ≤ Rn−1

ηξ (a, ǫ)(t)

so that

(3.2) |
d

dt
〈η, (Φ(a′)(t))ξ〉 −

d

dt
〈η, (Φ(a′′(t))ξ〉| ≤ 2Rn−1

ηξ (a, ǫ)(t).

But by the absolute continuity of the map t → (〈η, Φ(a′)(t)ξ〉 − 〈η, Φ(a′′)(t)ξ〉), we

have

|〈η, (Φ(a′)(t))ξ〉 − 〈η, (Φ(a′′(t))ξ〉|

= |

∫

I

d

ds
(〈η, (Φ(a′)(s))ξ〉 − 〈η, (Φ(a′′(s))ξ〉) ds|(3.3)

Hence from (3.3) and using (3.1)

|〈η, Φ(a′)(t)ξ〉 − 〈η, Φ(a′′)(t)ξ〉| ≤ 2

∫

I

Rn−1
ηξ (a, ǫ)(s)ds ≤ 4Mηξǫ.

If r ≤ 1
3
MηξΓηξΛ

n−2
ηξ , then ‖a′ − a′′‖ηξ ≤ 2r ≤ 2

3
MηξΓηξΛ

n−2
ηξ , implies that

‖Φ(a′)(t) − Φ(a′′)(t)‖ηξ ≤
1

3
MηξΓηξΛ

n−2
ηξ ,
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where ǫ is small enough so that

ǫ ≤
1

12
ΓηξΛ

n−1
ηξ ≤

1

12
ΓηξΛ

n−2
ηξ .

Consequently, we have for a′, a′′ ∈ B[a, r]

‖Φηξ(a
′) − Φηξ(a

′′)‖c ≤
1

3
MηξΓηξΛ

n−2
ηξ .

Our claim of uniform continuity of the map a → Φηξ(a) follows.

Let {B(ai, r), i = 1, 2, . . . , m} be a finite open cover of the compact set A, ai ∈

A ∀i and Πηξ,i : A → R+, a partition of unity subordinate to the cover. Here

B(a, r) = {x ∈ Ã : ‖x − a‖κϑ < r, ∀κ, ϑ ∈ D⊗E}

and
m

∑

i=1

Πηξ,i(a) = 1, Πηξ,i(a) > 0, ∀a ∈ A
⋂

B(ai, r).

The existence of such family of Lipschitzian partition of unity follows from Lemma 2.2.

Next, we define

σηξ(j, a) =
∑

1≤i≤j

Πηξ,i(a) and Ψi(t) = Ψ(ai)(t).

Let δ > 0 be such that T−t0
δ

= m′, an integer and δ < 1
12

ΓηξΛ
n−2
ηξ .

The subintervals

J(j) = [t0 + (j − 1)δ, t0 + jδ), j = 1, 2, . . . , m′

form a partition of the interval I = [t0, T ]. Corresponding to an arbitrary pair of

elements η, ξ ∈ E, we consider the family of complex valued maps on [t0, T ]) defined

by:

(3.4) Dηξ,i,j(t) =
d

dt
〈η, Ψi(t)ξ〉IJ(j)(t), i = 1, 2 . . . , m; j = 1, 2, . . . , m′,

where IJ(j) is the characteristic function on the set J(j). For α ∈ [0, 1], let {B(α)}

be a nested family of measurable subsets of the interval [t0, T ] such that B(0) =

∅, B(1) = [t0, T ] satisfying

(3.5)

∫

B(α)

Dηξ,i,j(t)dt = α

∫ T

t0

Dηξ,i,j(t)dt, µ(B(α)) = α(T − t0).

Such a family exists by a Corollary to Liapunov’s theorem (see [1, 15]).

Since Ψi ∈ S(T )(ai) then as shown in [11], there exists processes Vi : I → Ã lying

in L1
loc(Ã) such that Ψi(t) = ai +

∫ t

t0
Vi(s)ds and

d

dt
〈η, Ψi(t)ξ〉 = 〈η, Vi(t)ξ〉.

It follows from (3.4) that

Dηξ,i,j(t) = 〈η, Vi(t)IJ(j)(t)ξ〉, i = 1, 2, . . . , m; j = 1, 2, . . . , m′.
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Hence by (3.5) and putting

Vi,j(t) = Vi(t)IJ(j)(t), i = 1, 2, . . . , m, j = 1, 2, . . . , m′,

we have

(3.6)

∫

B(α)

Vi,j(t)dt = α

∫ T

t0

Vi,j(t)dt.

Next we define the stochastic process Φn(a) : [t0, T ] → Ã by

(3.7) Φn(a)(t) = a +
∑

i

∫ t

t0

Vi(s)IB(σηξ(i,a))\B(σηξ (i−1,a))(s)ds,

with its matrix element given by

〈η, (Φn(a)(t))ξ〉 = 〈η, aξ〉+
∑

i

∫ t

t0

〈η, (Vi(s))ξ〉IB(σηξ(i,a))\B(σηξ (i−1,a))(s)ds.

We remark that the process Φn(a) given by (3.7) lies in wac(Ã) since each Vi ∈ L1
loc(Ã)

and in addition, Φn(a) is an adapted and weakly absolutely continuous process.

To show that Φn(a) satisfies item (iii) of Part A, we note that as in the proof

of the only Theorem in [1], d
dt
〈η, Φn(a)ξ〉 and d

dt
〈η, Φn(a′)ξ〉 differ only on the subset

E ′ ⊂ [t0, T ] given by

E ′ =

m
⋃

i=1

{(B(σηξ(i, a))\B(σηξ(i − 1, a)))△(B(σηξ(i, a
′))\B(σηξ(i − 1, a′)))}

and that

(3.8) E ′ ⊂
m
⋃

i=1

{B(σηξ(i, a))△B(σηξ(i, a
′))},

where for any two subsets S, B of [t0, T ], S△B := (S ∪ B)\(S ∩ B).

As in [1], we fix ǫ > 0 and let Θηξ = Θηξ(ǫ) be the common modulus of continuity

of the map a → σηξ(i, a), given by (2.8). Then, whenever ‖a − a′‖ηξ < Θηξ(
ǫ

2m
), the

superset in (3.8) is contained in the set

(3.9) E ′′(a, ǫ) =

m
⋃

i=1

{B(σηξ(i, a) +
ǫ

2m
)\B(σηξ(i, a) −

ǫ

2m
)}

and the total measure of E ′′(a, ǫ) is bounded by ǫ or

(3.10)

∫

I

IE′′(a,ǫ) < ǫ.

The foregoing assertion follows from the fact that if

‖a − a′‖ηξ < Θηξ(
ǫ

2m
),

then

|σηξ(i, a) − σηξ(i, a
′)| ≤ Θηξ

(

Θηξ(
ǫ

2m
)
)

≤ Θηξ (Θηξ(ǫ)) .
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Since Θηξ(ǫ) is positive and finite, we can write Θηξ(ǫ) = ληξǫ for some ληξ > 0. Then,

by (2.9),

|σηξ(i, a) − σηξ(i, a
′)| ≤ (1 + ληξ)ληξǫ =

ǫ

2m
.

Thus,

(3.11) |σηξ(i, a) − σηξ(i, a
′)| ≤

ǫ

2m
,

for some positive number ληξ satisfying the algebraic equation

λ2
ηξ + ληξ −

1

2m
= 0.

The claim follows by employing (3.11) and the property of the nested family of sets

{B(·)}.

Consequently we have

|
d

dt
〈η, Φn(a)(t)ξ〉 −

d

dt
〈η, Φn(a′)(t)ξ〉| ≤ 2MηξIE′′(a,ǫ)(t)

so that item (iii) in Part A follows with

δ(ǫ) = Θηξ(
ǫ

2m
) and Rn

ηξ(a, ǫ)(t) = 2MηξIE′′(a,ǫ)(t).

Part D: We estimate here the pseudo-distance of Φn(a) from the set of solution

S(T )(a). To this end, let t ∈ [t0 + rδ, t0 + (r + 1)δ)). At the point t = t0 + rδ, the

integral in (3.7) can be written as

∑

i

∫ t0+rδ

t0

Vi(s)IB(σηξ(i,a))\B(σηξ (i−1,a))ds

=
∑

i

∑

l≤r

∫

Vi(s)IB(σηξ(i,a))\B(σηξ (i−1,a))IJ(l)(s)ds

=
∑

i

∑

l≤r

∫

Vi,l(s)IB(σηξ(i,a))\B(σηξ (i−1,a))(s)ds

=
∑

i

∑

l≤r

∫

B(σηξ(i,a))\B(σηξ (i−1,a))

Vi,l(s)ds

=
∑

l≤r

∑

i

Πηξ,i(a)

∫

I

Vi,l(s)ds,

=
∑

i

∑

l≤r

Πηξ,i(a){Ψi(t0 + lδ) − Ψi(t0 + (l − 1)δ)}

=
∑

i

Πηξ,i(a){Ψi(t0 + rδ) − Ψi(t0)}.

This follows from (3.6) and the definition of σηξ(·, ·).

Hence, we have

Φn(a)(t0 + rδ) − a =
∑

i

Πηξ,i(a)(Ψi(t0 + rδ) − ai)
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For any j ∈ {1, 2, . . . , m}, we can write

‖Φn(a)(t) − Ψj(t)‖ηξ ≤ ‖Φn(a)(t0 + rδ) − Ψj(t0 + rδ)‖ηξ

+ ‖Φn(a)(t0 + rδ) − Φn(a)(t)‖ηξ + ‖Ψj(t) − Ψj(t0 + rδ)‖ηξ(3.12)

Since

|
d

dt
< η, Φn(a)(t)ξ > | ≤ Mηξ

and

|
d

dt
< η, Ψj(t)ξ > | ≤ Mηξ,

by our choice of δ, the sum of the last two terms in (3.12) is bounded by 1
3
MηξΓηξΛ

n−2
ηξ .

Hence, from (3.12)

‖Φn(a)(t) − Ψj(t)‖ηξ ≤ ‖a −
∑

i

Πηξ,i(a)ai‖ηξ

+ ‖
∑

i

Πηξ,i(a) (Ψi(t0 + rδ) − Ψj(t0 + rδ)) ‖ηξ +
1

3
MηξΓηξΛ

n−2
ηξ .(3.13)

By our choice of r in Part C, whenever Πηξ,i(a) > 0, then

‖a − ai‖ηξ ≤
1

3
MηξΓηξΛ

n−2
ηξ .

This estimate also holds for the first term at the right hand side of (3.13). Further-

more,

‖Ψi(t0 + rδ) − Ψj(t0 + rδ)‖ηξ

≤ ‖Ψi(t0 + rδ) − Φ(ai)(t0 + rδ)‖ηξ + ‖Φ(ai)(t0 + rδ) − Φ(aj)(t0 + rδ)‖ηξ

+ ‖Φ(aj)(t0 + rδ) − Ψj(t0 + rδ)‖ηξ.(3.14)

When both Πηξ,i(a) > 0 and Πηξ,j(a) > 0 and by the choice of r, the second term on

the right of (3.14) satisfies

(3.15) ‖Φ(ai)(t0 + rδ) − Φ(aj)(t0 + rδ)‖ηξ ≤
1

3
MηξΓηξΛ

n−2
ηξ ,

so that by item (ii) in Part A and the recursive assumption, we finally have

(3.16) ‖Φn(a)(t) − Ψj(t)‖ηξ ≤ 3MηξΓηξΛ
n−2
ηξ ,

Equation (3.16) holds for every j such that Πηξ,j(a) > 0. By the definition of Φn(a)(t)

given by (3.7), at any point t except on a set of measure zero in I,

d

dt
〈η, Φn(a)(t)ξ〉 =

d

dt
〈η, Ψj(t)ξ〉

for some j such that Πηξ,j(a) > 0.

Since Ψj ∈ S(T )(aj), then

d

dt
〈η, Ψj(t)ξ〉 ∈ P (t, Ψj(t))(η, ξ)
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and therefore we have

d

(

d

dt
〈η, Φn(a)(t)ξ〉, P (t, Φn(a)(t))(η, ξ)

)

≤ ρ (P (t, Ψj(t))(η, ξ), P (t, Φn(a)(t))(η, ξ))

≤ Kηξ(t)‖Ψj(t) − Φn(a)(t)‖ηξ

≤ 3MηξΓηξΛ
n−2
ηξ Kηξ(t)(3.17)

on account of (3.16) and the fact that the map (t, x) → P (t, x)(η, ξ) is Lipschitzian.

We notice that estimate (3.17) is independent of j and therefore holds on I = [t0, T ].

Again by the existence result in [11], there exists a stochastic process Ψn(a) ∈ S(T )(a)

such that

(3.18) ‖Ψn(a)(t) − Φn(a)(t)‖ηξ ≤ 3MηξΓηξΛ
n−2
ηξ (eYηξ(t) − 1) ≤ MηξΓηξΛ

n−1
ηξ ,

and

(3.19) |
d

dt
〈η, Ψn(a)(t)ξ〉 −

d

dt
〈η, Φn(a)(t)ξ〉| ≤ 3MηξΓηξΛ

n−2
ηξ Kηξ(t)e

Yηξ(t).

Inequalities (3.18) and (3.19) prove items (ii) and (iv) in Part A for all n ≥ 2.

Part E: It is now left for us to show that if items (i)–(iv) hold up to n− 1, then

item (v) holds for n. We use the same notations as before to fix any t and let j be

such that
d

dt
〈η, Φn(a)(t)ξ〉 =

d

dt
〈η, Ψj(t)ξ〉

so that Πηξ,j(a) > 0. Then we have

|
d

dt
〈η, Φn(a)(t)ξ〉 −

d

dt
〈η, Φn−1(a)(t)ξ〉| = |

d

dt
〈η, Ψj(t)ξ〉 −

d

dt
〈η, Φ(a)(t)ξ〉|

≤ |
d

dt
〈η, Ψj(t)ξ〉 −

d

dt
〈η, Φ(aj)(t)ξ〉|

+ |
d

dt
〈η, Φ(aj)(t)ξ〉 −

d

dt
〈η, Φ(a)(t)ξ〉|(3.20)

By item (iv), the first term in (3.20) is bounded by 3MηξΓηξΛ
n−2
ηξ Kηξ(t)e

Yηξ(t) while

by the choice of r, and applying item (iii), the second term in (3.20) is bounded by

the functions Rn−1
ηξ (a, ΓηξΛ

n−1
ηξ ) : I → R+ satisfying the conditions of item (iii). These

bounds do not depend on j and so hold on the whole of interval I.

Since
∫

I

Rn−1
ηξ (a, ǫ)(t)dt < 2Mηξǫ,

we have

|Φn(a) − Φn−1(a)|ηξ =

∫

I

|
d

dt
〈η, (Φn(a)(t) − Φn−1(a)(t))ξ〉|dt

≤ 3

∫

I

MηξΓηξΛ
n−2
ηξ Kηξ(t)e

Yηξ(t)dt +

∫

I

Rn−1
ηξ (a, ΓηξΛ

n−1
ηξ )(t)dt

≤ MηξΓηξΛ
n−1
ηξ + 2MηξΓηξΛ

n−1
ηξ ,

proving item (v).
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Part F: By item (iii) in Part A, we have

|Φn(a) − Φn(a′)|ηξ = ‖a − a′‖ηξ +

∫ T

t0

d

dt
|〈η, Φn(a)(t)ξ〉 − 〈η, Φn(a′)(t)ξ〉|dt

≤ δ(ǫ) + 2Mηξǫ.

This shows that each map Φn : A → wac(Ã) is uniformly continuous. Since Ληξ < 1

for arbitrary pair η, ξ ∈ D⊗E, item (v) shows that the sequence {Φn(a)} is Cauchy.

Since wac(Ã) is complete, the sequence converges to a continuous map Φ̃ : A →

wac(Ã).

By construction, the sequence { d
dt
〈η, Φn(a)(t)ξ〉} converges in L1[I] to d

dt
〈η, Φ̃(a)(t)ξ〉.

Hence, a subsequence converges to d
dt
〈η, Φ̃(a)(t)ξ〉 pointwise almost everywhere.

By item (iv),

d

(

d

dt
〈η, Φn(a)(t)ξ〉, P (t, Φn(a)(t))(η, ξ)

)

→ 0 as n → ∞.

Since the images P (t, x)(η, ξ) are compact in the field of complex numbers, and there-

fore closed and since the map (t, x) → P (t, x)(η, ξ) is continuous, then we have:

d

dt
〈η, Φ̃(a)(t)ξ〉 ∈ P (t, Φ̃(a)(t))(η, ξ)

showing that

Φ̃(a) ∈ S(T )(a) ⊆ wac(Ã).

The next result is a direct consequence of Theorem 3.1 concerning the reachable

sets of QSDI (2.3) at the time t = T defined by:

(3.21) R(T )(a) = {Ψ(a)(T ) : Ψ(a) ∈ S(T )(a)} ⊆ Ã.

Corollary 3.2. The multivalued map R(T ) : A → 2Ã admits a continuous selection

where R(T )(a) is given by (3.21).

Proof. We define a continuous map h : wac(Ã) → Ã by

h(Φ(·)) = Φ(T ), Φ(·) ∈ wac(Ã).

Thus, by Theorem (3.1), the map h(Φ̃(a)(·)) = Φ̃(a)(T ) is continuous for each a ∈ A

and Φ̃(a)(T ) ∈ R(T )(a).

The conclusion of the corollary follows.
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                                  GODWIN OSAKPEMWOYA SAMUEL EKHAGUERE 

   

Godwin Osakpemwoya Samuel EKHAGUERE was born on May 23, 1947 in Benin City, Nigeria. He is 

Professor of Mathematics at the University of Ibadan, Ibadan, Nigeria. He obtained a BSc degree in 

Physics from the University of Ibadan in 1971; the DIC (Diploma of Imperial College) in Mathematical 

Physics in 1974 from the Imperial College of Science & Technology, University of London; and a PhD 

degree in Mathematical Physics from the University of London in 1976. He began his university teaching 

career at the University of Ibadan in 1976.  He attained the grade of Full Professor in 1988. GOS 

Ekhaguere has taught many students from diverse areas and mentored many major and research 

students of mathematics. Some of his former research students have attained the enviable position of 

professor of mathematics. He is well travelled and well known in the global mathematical community. 

His research activities are in the core areas of mathematical physics; algebras and partial algebras; and 

classical and noncommutative stochastic analysis, including financial mathematics.  He has made 

landmark contributions to these branches of mathematics. His major contributions concern: 

• Characterization of homogeneous Markovian Gaussian fields; 

• C*-algebraic characterization of the super selection sectors of the free electromagnetic field; 

• proof, for the first time, of a central limit theorem in probability gage spaces over semi-finite W*-

algebras of operators, including a noncommutative Levy-Khinchine representation for the Fourier 

transforms of limit probability gage spaces; 

• pioneering and opening up of an entirely new field of mathematical research when he introduced 

quantum stochastic differential inclusions, and then studied the classes of Lipschitzian quantum 

stochastic differential inclusions, hypermaximal monotone quantum stochastic differential inclusions 

and quantum stochastic evolutions, between 1992 and 1996. 

• introducing, for the first time, of a wide class of noncommutative semimartingale-driven stochastic 

integral/differential equations in seven different locally convex operator topologies and studying the 

existence and uniqueness of their solutions;  

• characterization of certain classes of partial algebras;  

• characterization of the completely positive maps on certain partial *-algebras;  



• introduction and study of unbounded partial Hilbert algebras;  

• his formulation and characterization of Dirichlet forms on partial *-algebras; and 

• his study of the structure and representations of partial algebras. 

 

In global recognition of his seminal publications, GOS Ekhaguere has held several visiting 

scientist/professor positions in reputable research institutions around the world and won many highly 

competitive and prestigious scholarships/fellowships/sponsorships from diverse academic 

foundations/institutions. These include 

1. Western Region/MidWestern Nigeria School, 

2. University of Ibadan Scholar, 

3. Bendel State of Nigeria Scholar, 

4. The Associateship and Senior Associateship of the Abdus Salam International Centre for 

Theoretical Physics, Trieste, Italy, 

5. Fellow of African Academy of Sciences 

6.  Fellowship of the Alexander von Humboldt Foundation, Bonn, Germany, as  well as Sponsorship 

of the Volkswagen-Stiftung, Sponsorship of the Deutsche Forschungstemeinschaft, Sponsorship 

of the Japanese Society for the Promotion of Science, Sponsorship of the Commemorative 

Association for the Japan World Exposition (1970), Sponsorship of the Swedish Agency for 

Research Cooperation with Developing Countries, Sponsorship of the Forschungsinstitut für 

Mathematik, Eidgenossische Technische Hochschule (ETH), Zürich, Switzerland, Staff Exchange 

Fellowship of the Association of African Universities, and Sponsorship of the London 

Mathematical Society.  

7. Member of the Governing Council of the University of Ibadan, Ibadan. 

8. Member of the Advisory Board of the Academics for Higher Education and Development (AHED), 

based in Montreal, Canada (2008 till date). 

9. Member of the International Commission of the Council for Higher Education Accreditation, 

Washington, DC, USA (2001-2008). 

 

In addition, the following are some of the important milestones of his career.  

 

10. He has given many invited lectures in Nigeria and abroad. For example, he was invited in the 

year 2013 to give one of the distinguished plenary lectures at the continental Pan-African 

Congress of Mathematicians, which brings together all mathematicians in Africa every four year, 

which was held in Abuja, Nigeria, in July 2013.   

11. GOS Ekhaguere serves on the Editorial Boards of the following journals: Journal of the Nigerian 

Mathematical Society, Journal of the Nigerian Association of Mathematical Physics, Journal of 

the Mathematical Association of Nigeria, Journal of Science Research (Faculty of Science 

University of Ibadan)),  Afrika Matematika (Springer Verlag), and the South Pacific Journal of 

Pure & Applied Mathematics (University of Papua New Guinea). 



12.  He also acts as a reviewer for several international journals of mathematics/mathematical 

physics, including: Abacus: Journal of the Mathematical Association of Nigeria, Journal of 

Science Research (Faculty of Science, University of Ibadan), Journal of the Nigerian 

Mathematical Society, Journal of the Nigerian Association of Mathematical Physics, Journal of 

Mathematical Analysis & Applications, Elsevier Publishers, USA, Journal of Mathematics & 

Mathematical Sciences, Hindawi Publishers, USA, Mediterranean Journal of Mathematics, 

Springer Publishers, Germany, Stochastic Analysis & Applications, Taylor & Francis Publishers, 

USA, Afrika Matematika, Springer Verlag, Acta Mathematica Sinica, Elsevier Publishers, USA.  

13. Professor Ekhaguere has served as an assessor of candidates for appointment/promotion to the 

grade of Associate Professor/Professor of Mathematics and as an external examiner at several 

universities in Nigeria and on the continent.  

14.  In addition to his Professorship at the University of Ibadan, GOS Ekhaguere is the Founder and 

President of the International Centre for Mathematical & Computer Sciences (ICMCS), Lagos 

(www.icmcs.org). 

15.  An inspiring lecturer and mentor, he upholds the highest standard of mathematical research 

and training, as evidenced by the high quality of the MSc, MPhil and PhD graduates supervised 

by him. Some of his former PhD students have already attained the enviable positions of 

distinguished professors of mathematics. 
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                      INVITED TALKS 

1. A Review of Research Contributions of G. O. S. Ekhaguere from 1976 to 2017 

             Ezekiel O. Ayoola,  

             University of Ibadan, Nigeria  

We present a summary of the research contributions of GOS Ekhaguere. This covers his 

significant contributions to Mathematical Physics, Non-commutative Stochastic Analysis, *-

Algebras and Mathematical Finance between 1976 and 2017. 

2.  A New Metric to Assess Cyber Attacks 

 Wayne Patterson, 

 Howards University, Washington DC, USA 

The field of cybersecurity has grown exponentially in the past few years with the level of cyber 

attacks and defenses that have had a major impact on government, industry, and personal 

behaviour. However, analysis of such attacks has been more qualitative than quantitative, 

undoubtedly because the latter is often extremely difficult. This paper will present a metric for 

the analysis of cyber attacks and present examples where it can be calculated with considerable 

precision. 

3. Secrets of the Masters: Model-Based Hyper-performance in the Corporate Academic 

Business of Life: A Model-Based Approach to Knowledge Management and Capacity     

Building in Developing Economies. 

            Patrick O. Ezepue  

           Sheffield Hallam University, UK  

We are intrigued by the fact that there seem to be paradoxes in the education and career 

development of university graduates, academics and professionals, due possibly to a 



misunderstanding of single versus cross- or multi-disciplinary emphases in their training. 

Whatever the emphases are, some students and academics are not properly trained in the craft 

of creatively structuring their learning, in such a way that they can be continually productive in 

their career life-spans and beyond. For example, most graduate students may just implement 

the research ideas already proposed by their supervisors, only to secure PhD degrees that they 

may not easily link to their life goals. We think that understanding the career scripts which 

inform recognized success on the part of highly productive academics, and encasing the 

dynamics of such careers in a transactional model, is a good way to develop productive 

manpower in knowledge work. This paper therefore examines the lives of some mathematical 

scientists and shows how one can use the experiences to construct a Corporate Academic 

career optimization model (CA Model). The model will enhance the capacity building and 

wealth-creating efforts of a society when used in training the workers, for which reason it is 

linked to knowledge management, human capital development, academic entrepreneurship, 

and economic development. The paper formalises the mechanisms underpinning global 

corporate academicism, in a way that can enable the processes to be taught to others. In a 

sense, the paper provokes a feeling that ‘over specialisation’ in knowledge work somehow 

engenders a Great Deception in Modern Academia. 

 

4. A Masterclass on Stochastic Modelling in Finance and Economics with a 

Focus on Current and Emerging Research Directions 

              Patrick  O.  Ezepue 

              Sheffield Hallam University, UK 

There is a dense literature on stock market analyses, including research themes from investment 

analyses, time series analysis and forecasting, empirical finance issues (market efficiency, 

bubbles, anomalies, volatility, predictability and valuation), financial derivatives, quantitative risk 

management, and macroeconomic modelling, for example, These works cover individual firms, 

market sectors, national, cross-national and international remits. There is a dearth of literature 

that pulls these ligaments of theoretical and practical works together, in a way that provides a 

systematic characterization of a stock market, akin to the mapping of DNA genome in modern 

biology. The paper, therefore, presents current works along this line in the Nigerian 

Stock Market (NSM), based mainly on doctoral research topics supervised by the author. The 

Systematic Stock Market Characterization and Development (SSMCD) research theme was 



enunciated as a key part of the Statistics, Information Modelling and Financial Mathematics 

(SIMFIM) research at Sheffield Hallam University, UK, from about the onset of the global 

financial crisis in 2008. This paper aims to stimulate the mathematical and financial sciences 

research communities in Nigeria to undertake this SSMCD work through: a) a Nigerian 

Mathematics Finance Statistics and Economics Research Consortium (NIMFSERC), which the 

author convenes as an enabling research hub; b) spokes comprising of special Doctoral Training 

Centres (DTCs) in selected Nigerian universities, in which collaborating academics will jointly 

supervise an army of PhD students, post-doctoral research scholars; c) innovative research 

exchanges amongst myriad NIMFSERC groups, and faculty of science-based Mathematical 

Sciences Research Groups (MSRGs) in partner universities, supported by a rich ecology of 

research grants, consultancies, at local, national, continental and global levels; and d) special 

focus on research-teaching excellence and high-impact economic development. 

5. Foundations of Neutrosophic Set and Logic and their Applications 

              Florentine Smarandache 

             New Mexico University, USA 

The aim of this presentation is to show the foundations in 1998 of Neutrosophic Set, Logic, 

Probability, Statistics and the Neutrosophic Algebraic Structures, together with their applications 

in various fields.  

They are based on neutrosophy, which is a branch of philosophy that considers every idea or 

entity <A> together with its opposite or negation <antiA> and with their spectrum of neutralities 

<neutA> in between them (i.e. entities or ideas supporting neither <A> nor <antiA>). 

Neutrosophy is a generalization of Hegel's Dialectics (the last one is based on <A> and <antiA> 

only). 

The neutrosophic set and logic (that deal with three components: degree of truth-membership, 

degree of indeterminacy, and degree of falsehood-nonmembership) are generalizations of the 

fuzzy and intuitionistic fuzzy set and logic respectively.  

While neutrosophic probability and statistics are generalizations of classical and imprecise 

probability and statistics and deal with three chances: chance that an event occurs, 

indeterminate-chance, and chance that the event does not occur. 



Applications in engineering, finance, robotics, information fusion, medicine, management etc. 

are also presented. 

 

 

TITLES AND ABSTRACTS OF TALKS 

                     SECTION A: PURE MATHEMATICS 

ABSTRACT # TITLES AND ABSTRACTS OF TALKS 

A 1 V.A. Alugbin and O.O. Awe (Obafemi Awolowo University, Nigeria) 

A Philosophical Critique of Mathematical Ontology 
 
This paper defends the doctrine of fictionalism as a more plausible doctrine in respect 
to the debate on the ontological status of mathematical entities. This doctrine argues 
that mathematical entities are fictional entities whose existence depends on the 
fictional construction of the mathematician. It argues further that the relationship 
between existing objects which mathematical terms refer to cannot be justified as real 
relationships because such relationships are ontologically and epistemically dependent 
on the object. Also, these relationships are subject to spatio-temporal variations. The 
paper concludes that the debate about the ontological status of mathematical entities 
is misguided because mathematics is a study of the contingent relationship between 
material objects and not a study about real entities.  

A 2 

 

 

 

 

 

 

 

 

T. G. Jaiyeola ( Obafemi Awolowo University, and  Bowen University, Nigeria)  

and K. G. Ilori ( Obafemi Awolowo University, Nigeria) 

 

Right Bol Polyloop 

In this study, a new hyper-algebraic structure called Polyloop and a special class of 
polyloop called right Bol polyloop was introduced and studied. It was shown that a right 
Bol polyloop has the right alternative properties, right power alternative property and 
power associativity. It was also established that a right Bol polyloop with a form of right 



 

 

 

 

inverse property can be characterized by an autotopism. A series of methods of 
constructing a right Bol polyloop from any right Bol loop or Moufang loops was 
established using a right Bol or Moufang loop. These were demonstrated with examples. 

 

A 3 

 

B. O. Onasanya (University of Ibadan, Nigeria.) 

A Note On Hyperstructres and Some Applications 

 

In classical group theory, two elements composed yield another. This theory, 

definitely, has limitations in its use in the study of atomic reactions and reproduction in 

organisms where two elements composed can yield some others. In this paper, we give 

a review of some properties of hyperstructures (where two elements composed yield a 

set) with some examples in physical and chemical sciences. We also construct some 

examples of some hyperstructures. This is to motivate new research in the use of 

hyperstructures in these related fields. 

 

A 4 

 

T. M. Asiru (Emmanuel Alayande College of Education, Nigeria) 

On Closed Type 2 Semi-algebras 

Several authors have worked and have determined the closed Semi-algebras of type 0 

and 1 in Cℝ(E). Bonsall, F.F [6]worked on type 2 Semi-algebras of continuous 

functions. In this paper we worked on the closed Semi-algebras of type 2. 

Our main result is on the uniform approximation of convex functions by rational 

functions of a special form. Here we let f be an increasing convex continuous real 

function on the real interval [0,1] with f(0) = 0. Then f can be uniformly approximated 

on the [0,1] by those rational functions r(x) that can be built up from the variable x in 

a finite number of steps by the operation of addition, the operation of multiplication 

by a non-negative scalar and the operation 

                             r →
r2

1 + r
                                                                                     (1) 



The proof gives explicit formulae for approximating rational functions of this kind, but 

only in a rather complicated form. It would be of value if simple formulae could be 

found for such approximating functions. 

This work leads to the determination of a certain class of closed type 2 Semi-algebras, 

namely those that are topologically generated by a single function.  

We show thatK0[0,1] is cl{A(X)}, the uniform closure of A(X) also we show that  

K0[0,1] =  cl{Q(X)}. 

 

 

 A 5 

 

M. E. Ogiugo and M. Enioluwafe (University of Ibadan, Nigeria) 

A New Equivalence Relation For The Classification Of Fuzzy 
Subgroups Of Symmetric Groups S4 
 
 
In this paper a new equivalence relation for classifying the fuzzy subgroups of finite 

groups is studied. This generalizes the equivalence relation defined on the lattice of fuzzy 

subgroups of a finite group that has been in previous papers. Without any equivalence 

relation on fuzzy subgroups of group G, the number of fuzzy subgroups is infinite even 

for the trivial group. The chains of subgroups of S4 that end in S4 is constructed which is 

the number of distinct fuzzy subgroups of S4 with respect to some natural equivalence 

relations on the fuzzy subgroup lattices. The number of distinct fuzzy subgroups with 

respect to the new equivalence relation is obtained for S4 

 

 

 

A 6 

 

T. G. Jaiyeola (Obafemi Awolowo University, Nigeria)  

 and O. O Ajayi (Bowen University) 

Mate I Loops 

A loop (Q; .) is called a Mate I loop if it obeys the identity (x . xy)z = (yz. x)x. 
Interestingly, a Mate I loop is a LC-loop but not necessarily a central loop or an extra 
loop (and vice versa). In this paper, it is shown that a Mate I loop is a 2can IV loop, a 



Triad IV loop and it is also a Triad VII loop. The paper further presents that a Mate 
I loop is a group if and only if it is a FRUTE loop if and only if it is a Crazy loop. 
A Mate I loop is a CIPL (cross inverse property loop) if and only if it is commutative and 

a loop (Q; .) is a Mate I loop if and only if it is a LC-loop and a 2can IV loop. Its relationship 

with some other loops of perfect type was also shown. 

 

 

A 7  

T. G. Jaiyeola and  K. G. Ilori (Obafemi Awolowo University, Nigeria) 

Right Bol  Polyloop 

 

In this study, a new hyper-algebraic structure called Polyloop and a special class of 
polyloop called right Bol polyloop was introduced and studied. It was shown that a right 
Bol polyloop has the right alternative properties, right power alternative property and 
power associativity. It was also established that a right Bol polyloop with a form of right 
inverse property can be characterized by an autotopism. A series of methods of 
constructing a right Bol polyloop from any right Bol loop or Moufang loops was 
established using a right Bol or Moufang loop. These were demonstrated with examples. 

 

A 8 Praise Adeyemo(University of Ibadan) 

Some Combinatorial Aspects of S1 Fixed Points of Peterson Varieties 

 

In this paper we investigate the partial order set An of S1 fixed points of the Peterson 

variety Petn, a special subset of involutions of symmetric group Sn. The order is induced 

by the Bruhat order of Sn. It is a graded poset with rank function given by the cardinality 

of descent set. We establish its Galois connection with the Boolean poset and show that 

its Hasse diagram admits EL-labeling and finally show that it is lexicographically shellable 

and hence Cohen-Macaulay. 

 

 

A 9 

 

F.A. Tsav and G.O.S. Ekhaguere 
 
On Some Properties of Locally Convex Partial *-algebraic Modules 



 

 

 

 

 

 

A 10 

 

 

 

 

 

 

 

 

 

A 11 

 
This paper investigates locally convex partial *-algebraic modules. A locally convex 

partial *-algebraic module is a generalization of an inner product module over a C*-

algebra. We develop some of the properties of these objects by lifting and extending 

appropriate results from the Hilbert C*-module theory to a partial *-algebraic setting. 

 

N. O. Okeke and M.E. Egwe (University of Ibadan) 
 
Cohomological Stability and Harmonic Analysis of Discrete Dynamical Systems of 
Compact Connected Lie Groups 
 
The study of cohomological equations on compact Lie groups has in recent  

times undergone much development, revealing deep connections with Harmonic 

 Analysis of discrete dynamical systems and ergodicity. Here, we survey the 

cohomological stability and Harmonic Analysis of discrete dynamical systems of compact 

connected Lie groups. 

 

Yusuf Ibrahim ( Nigerian Defence Academy, Kaduna, Nigeria) 

Seminorm  On Quasi*-algebra of Multiplier Algebra  

 

In this paper we consider quasi *-algebra of multiplier algebra, we defined on such 

algebra a family of quasi-invariant positive sesquilinear forms. We introduce the notions 

of a normal multiplier, quasi-* invariant and quasi-normal elements, under these 

conditions it is possible to define a seminorm associated to a family of quasi-invariant 

positive sesquilinear forms on the multiplier-algebra. Imbedded in this approach is the 

case of left or right invariant sesquilinear form defined in [1].  

 

 

 

 

 

 

 



 

                              

 

            SECTION B: APPLIED MATHEMATICS      

 

 

 

B 1 

 
O. Akindele Adekugbe Joseph (Center for The Fundamental Theory, Nigeria.) 
Showing that our time dimension is Euclidean 3-space of another world 
 
An attempt to compose a pair of three-dimensional Euclidean spaces into a singular 
six-dimensional Euclidean space, leads naturally to the contraction of one of them to a 
scalar one-dimensional space that lies along the fourth dimension to the other, and 
conversely. The scalar one-dimensional space is identified as the time dimension. A 
pair of ‘orthogonal’ four-dimensional space times, each with pseudo-orthogonal 
dimensions, of two coexisting worlds emerges. The time dimension of our world is the 
three-dimensional space of the other world, and conversely. 
 
 
 
 
 
 
 
 

 

B 2 

 

O. A. Falode  (University of Ibadan, Nigeria),  E. O. Somadina (University of Ibadan, Nigeria) 

Homotopy Analysis solution to flow in naturally fractured reservoirs of 
slightly compressible fluids. 
 
 

The use of complex analytical methods and rigorous algorithms applied to fluid flow 

within the reservoir has long been used in the oil and gas industry. With regard to fluid 

flow within naturally fractured reservoirs, the Laplace solution method with the 

Stephest algorithm for numerical inversion has been greatly applied and proved 



satisfactory. Nonetheless it is complex. The Homotopy Analysis Method (HAM) is 

applied here in solving the flow equations describing dual and triple porosity models 

within the reservoir system.  

The fractal theory was applied in deriving the diffusivity equation for the fracture 

model. The self similar solution method also was used in transforming the PDE to ODE. 

The pseudo-steady state flow condition was employed to the dual porosity model while 

the gradient flow state was used on the triple porosity model. The mathematical 

computational software maple was used in carrying out this work. 

The result obtained was compared with that of Warren and Root for the dual porosity 

model and for the triple porosity model, comparison was done using the Abdassah and 

Ersaghi solution and showed that the HAM is efficient, minimal error and easy to use in 

obtaining solutions regarding fluid flow within the reservoir.  

B 3 H. Akewe (University of Lagos, Nigeria), A.Mogbademu (University of Nigeria) 

Stability of Implicit Jungck-Kirk-multistep iterations for Generalized 

Contractive-type Mappings. 

 In this paper, we establish stability results of implicit Jungck-Kirk-multistep iterations 

when dealing with a pair of weakly compatible generalized contractive-like operators 

defined on a normed linear space. The stability for implicit Jungck-Kirk-Noor, Jungck-

Kirk-Ishikawa and Jungck-Kirk-Mann iterations are obtained as corollaries. Our results 

generalization and improvement most stability results in the literature.    

 

B 4 O. A.  Fadipe-Joseph,  M. O. Oluwayemi (University of Ilorin, Nigeria) 

Certain Subclass of Univalent Functions Using Generalised 
Salagean Differential Operator Involving Modifed Sigmoid 
 
By making use of a generalized Salagean differential operator involving modifed real 

sigmoid function, the authors defined a certain subclass of univalent holomorphic 

functions denoted by class 𝐺𝛾(𝛽, 𝜀, 𝜇, 𝜋).  Various geometric properties of the class were 

investigated and established. 

  



B 5 I.A. Osinuga,  S. O. Yusu ( Federal University of Agriculture, Abeokuta, Nigeria) 

A Robust Broyden-like Method for Systems of Nonlinear 
Equations 
 
In this paper, we propose and analyze new predictor-corrector method based 

on the quasi-newton approach for solving a nonlinear system of equations using the 

trapezoidal and midpoint quadrature formulas. A simple and flexible iterative method 

is proposed to determine the real roots of a system of nonlinear equations. The 

proposed method is the weight combination of Midpoint and Trapezoidal (MT). 

Numerical results of the method show that the proposed algorithm is robust. 

 

B 6 M. O. Adewole , V. F. Payne (University of Ibadan, Nigeria) 

Convergence of a Finite Element Solution for a Nonlinear Parabolic 
Equation with Discontinuous Coeffcient 
 
Solution of a nonlinear parabolic interface problem with Finite Element-Backward 

Difference Scheme (FE-BDS) is presented. The convergence of the scheme on a two-

dimensional convex polygonal domain is analyzed. Error estimates of optimal order in 

the 𝐿2(0, 𝑇; 𝐿2(Ω)) -norm and 𝐿2(0, 𝑇; 𝐻1(Ω)) -norm are determined for spatially 

discrete scheme. A fully discrete scheme based on 2-step BDS is analyzed. Numerical 

experiment is presented to support the theoretical result. It is assumed that the 

interface could be fitted exactly. 

 

B 7 

 
A. K. Adio (Babcock University, Nigeria) 
A novel method for solving time dependent functional Differential equations 
 
In this paper, we apply the natural homotopy perturbation method (NHPM) for solving 
time dependent functional differential equations. The proposed technique which 
combines the Natural transform method (NTM) and homotopy perturbation method 
(HPM) reduces numerical computations and avoid round off errors. Direct application 
of the method, with no discretization or restrictive assumptions, leads to solutions 
which compare favorably with existing methods. Efficiency and reliability of the 
method are further demonstrated through several examples. 
 
 



 

 

B 8 

 
K. O. Lawal and Y. A. Yahaya (Federal University of Technology, Minna, Nigeria), S. D. 

Yakubu (Ibrahim Badamasi  Babangida University, Nigeria) 

A 4-Step Block Method for Solving Third Order Ordinary Differential 
Equation 
 

In This paper we proposed a 4-step block- method of hybrid Linear Multistep Method 
derived by collocation and interpolation technique with  power series as basis function  
for direct solution of special third order initial value problem of ordinary differential 
equation. The basic properties of the block, which include consistency, Zero Stable, 
order, error constant and region of absolute stability were analysed.  From the analysis 
the block derived was found to be Consistent, Zero stable, convergent and A-stable. 
Also, the block- method was tested on some numerical examples and the result 
computed shows the derived block method is more accurate than some existing 
methods considered in this paper. 
 
 
 
 
 
 
 

B 9 S. A. Iyase and S. O. Edeki (Covenant University, Nigeria) 

On the solvability of a second order Boundary value problem at resonance 

with integral boundary condition. 

 
 This paper investigates the existence of solutions for the following differential 

equation  𝑥′′(𝑡) = 𝑓(𝑡, 𝑥(𝑡), 𝑥′(𝑡)) + 𝑒(𝑡) 

subject to the boundary conditions 

𝑥′(0) =  0;  𝑥(1) = ∫ 𝑥(𝑠)𝑑𝐴(𝑠)

1

0

 

where  𝑓 ∶ [0,1] × ℝ2 →  ℝ  is a continuous function,  𝑓 ∶ [0,1] → [0, ∞)    is a non- 
decreasing function with 𝐴(0) = 0, 𝐴(1) = 1 𝑎𝑛𝑑  𝑒(𝑡) ∈   𝐿1[0,1]   . Our method of 

proof is based on coincidence degree arguments. 

B 10 F. Bandele and M. O. Ogundiran (Obafemi Awolowo University, Nigeria) 



On the solutions sets of stochastic Differential Inclusions 

 

In this work, the topological and geometric structures of solutions sets for stochastic 

differential inclusions on compact and non-compact intervals are investigated where 

contractibility, Absolute Retract, acyclicity, 𝑅𝛿 set properties are obtained. 

 

B 11 Osilike ( University of Nigeria, Nsukka, Nigeria) 

Excursion into Existence and Approximation of Fixed Points of Certain 
Mappings with Asymptotic-type Behaviours 
 
Goebel and Kirk (1972) introduced the class of asymptotically nonexpansive mappings 

which is more general than the important class of nonexpansive mappings. They proved 

existence of fixed points for asymptotically nonexpansive selfmappings of nonempty 

closed convex bounded subsets of uniformly convex Banach spaces. Iterative 

approximation of such fixed points has been studied by several authors and several more 

general mappings with asymptotic-type behaviours have been studied by several 

authors. We examine certain classes of these mappings with asymptotic-type 

behaviours especially the classes of asymptotically pseudocontractive-type mappings. 

We prove some general existence results and convergence theorems and point out 

certain limitations in the definitions of these asymptotically pseudocontractive 

mappings especially with respect to the relationship with pseudocontractive mappings. 

We then propose with some examples more general classes of these asymptotically 

pseudocontractive mappings which will properly contain pseudocontractive mappings. 

B 12 R. N. Okereke ( Micheal Okpara University of Agriculture, Nigeria) 

Application of Lyapunov Functions to some Nonlinear Third Order 

Differential Equations 

Lyapunov functions were initiated by a Russian Mathematician Alexander .M. Lyapunov. 

It is a generalization based on the well-known observation that near the equilibrium 

point of a physical system, the total energy of a given system is either constant or 



decreasing. So the idea here is introducing some functions now known as Lyapunov 

functions which generalize the total energy of a system. This paper center on how to 

obtain Lyapunov functions for nonlinear third order systems and their applications. 

B 13 Hudson Akewe and Adesanmi Mogbademu ( University of Lagos, Lagos, Nigeria) 

Stability of Implicit Jungck-Kirk-multistep iterations for Generalized 

Contractive-type 

In this paper, we establish stability results of implicit Jungck-Kirk-multistep iterations 
when dealing with a pair of weakly compatible generalized contractive-like operators 
defined on a normed linear space. The stability for implicit Jungck-Kirk-Noor, Jungck-
Kirk-Ishikawa and Jungck-Kirk-Mann iterations are obtained as corollaries. Our results 
generalization and improvement most stability results in the literature 

B 14 S. D. Yakubu (Ibrahim Badamasi Babangida University, Nigeria  ) and Y. A. Yahaya and 

K. O. Lawal (Federal University of Technology, Minna, Nigeria ) 

Block Hybrid Linear Multistep Methods for Solution of Special Second Order 
Ordinary Differential Equations 
 

 

This paper presents set of four (4) Implicit Hybrid Block Methods which are derived 

through multistep collocation method using power series as basis function for 

generating solution of special second order initial value problem of ordinary differential 

equations. The derived continuous forms which are evaluated at some grids and off-grid 

points of collocation and interpolation to form the block hybrid methods for step 

numbers K=2 and 4. The discrete schemes obtained possess uniformly high order and 

found to be zero –stable, consistent and hence convergent. Some numerical examples 

are given to test the accuracy and efficiency advantages. The results of our evaluation 

show that our method outperform reviewed work. 

B 15    O. A. Ajala, Adegbite P. ( Ladoke Akintola University of 

Technology, Ogbomoso, Nigeria) 

Thermal Radiation and Newtonian Heating on Hydromagnetic Boundary 

Layer Flow of Nanouid Past a Permeable stretching Surface 



 

This research work entails the study of the magnetohydrodynamics (MHD) of boundary 
layer flow of nanouids past a permeable stretching surface with the introduction of both 
thermal radiation and Newtonian heating. The nanoparticles considered here are 
Copper (Cu) and Alumina (Al2O3) while water served as the base fluid. The derived 
dimensionless governing equations for this investigation are solved analytically using the 
MAPLE software. The effects of significant physical parameters on velocity, 
temperature, skin friction and Nusselt number profiles within the boundary layer of the 
two water-based nanouids are investigated with interpretations from the graphs. The 
results hereby obtained show clear and vivid effects of increase or decrease of the 
boundary layer of the nanouids with a steady change in the physical parameters. These 
results give significant clues about the heat transfer process in fluid system 
 

 

B 16 L. A. Abimbola,   E.O.  Ayoola (University of Ibadan, Nigeria) 

 
Existence Of Solution Of Impulsive Quantum Stochastic Differential Inclusion 
 
By employing the non-commutative analogue of the Leray-Schauder fixed point theorem, 
Arsela-Ascoli theorem and Michael selection theorem, we establish the existence of solutions 
of impulsive quantum stochastic differential inclusion in the framework of the Hudson and 
Parthasarathy formulation of quantum stochastic calculus. The results hold in an infinite 
dimensional locally convex space where the solutions live. Important properties of these 

solutions are studied. 

 

B 17 

 

Olaniyi S Maliki, Chisom C Onwuegbulam (Michael Okpara University of Agriculture, 

Umudike) 

On some important results relating to q-calculus in quantum geometry  

We introduce the concept of q-calculus in quantum geometry. This involves the q-

differential and q-integral operators. With these, we study the basic rules governing q-

calculus as compared with the classical Newton-Leibnitz calculus, and obtain some 

important results. 

B 18 Akinola, A. P;  Fadodun, O. O;   Borokinni, S. A. (Obafemi Awolowo University, Ile-Ife, 
Nigeria.) 
 
Tensor and Continuum Mechanics in Applied Mathematics and Engineering Design 



 
This work draws attention to the role of tensor in applied/engineering mathematics 
and the need to understand vector within the context of the concept of invariants, 
generally referred to as tensor. 
It dissects the concept of tensor in terms of definition and its robustness as a tool for 
navigating the labyrinth of the world of mechanics/physics, especially at the interface 
of mechanics with mathematics. 
It highlights through the prism of tensor (howbeit, from the viewpoint of mechanics) a 

number of mathematical concepts, such as continuity; differentiation in a variable field 

using Christofell symbols; exact/total differential as a form, through the process of 

exterior differentiation; Riemann-Christofell tensor as a parameter for distinguishing 

between Euclidean and Riemann spaces; and differentiation of scalar and other invariant 

quantities with respect to tensor argument. Further, the paper illuminates the main 

postulate that constitutes the foundation of continuum mechanics, and zoomed-in on 

elasticity to highlight/demonstrate the application of tensor concept in engineering 

design and analysis, in the case of linear and nonlinear problems. The problem of time 

fractional wave propagation in a transverselyisotropic semilinear material was 

discussed, to underscore the notion of geometrically nonlinear theory and show the 

fractional derivative as an effective tool to unlock the lossy phenomenon trapped in 

mechanical diffusive process; while the problem of strain- gradient divergence-plasticity 

was considered, to underpin the sense of physical nonlinearity. 

B 19 Obabiyi. O.S. (University of Ibadan) 
 
An Integral Equation Indexed With A Character. 
 
We seek an integral equation of a Voltterra type indexed with a character using a partial 

differential age and character structured population model. Asymptotic behavior of our 

integral equation is studied. The possibility of asymptotic behavior depends on body 

weight at birth which is the character. 

B 20 L. A. Abimbola;  E.O. Ayoola (University of Ibadan, Nigeria) 

 
Non-Commutative Generalizations of Some Classical Fixed Point and Selection Results 
 



This work concerns the establishment of the non- commutative generalization of the 

classical Schaefer's fixed point theorem, Leray-Schauder fixed point theorem, Arsela-

Ascoli theorem and Michael selection theorem in a locally convex space.  The results will 

be employed subsequently in establishing the existence of solutions of some classes of 

impulsive quantum stochastic inclusions. 
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U.D. Chukwuedo and G.O.S.  Ekhaguere(University of Ibadan) 

On fixed point  theorems for  sum of two  mappings in  locally convex 

spaces 

Vijayaraju extended the fixed point result of Cain and Nashed for sum of 

contraction and continuous mappings defined on convex subset of a locally convex 

space to the sum of nonexpansive and continuous mappings as well as the sum of 

asymptotically nonexpansive and continuous mappings in locally convex spaces.  

In this paper, we prove some fixed point results   for sum of two mappings on 

locally convex space. The results extend the fixed point theorem of Vijayaraju for 

the sum of two mappings on a convex subset of locally convex spaces to the sum of 

two mappings defined on star-shaped subset as well as almost convex subset of 

locally convex spaces. 

 

 S.O. Ogundipe, J.A. Laoye, U.E. Vincent and R.K. Odunaike (Federal College of 

Education, Abeokuta, Nigeria) 

  Multiswitched and synchronized 5-dimensional hyperchaotic systems for 

information security in the real world 

 

In this paper, multiswitching synchronization of a five-dimensional hyperchaotic 

system is investigated based on backstepping technique. Unlike the well known  i=j 



indices choice employed in the usual master-slave synchronization scheme, 

varieties of non-identical indices, that is, i not equal to j of the response system 

are employed. In higher dimension, more switching options for constructing the 

error space vector due to the large number of variables are available; and by 

implication providing variety of synchronization directions between variables of 

the master and the slave systems and this could be used to provide security for 

electronic signals transmitted in the systems. 
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      OPERATIONS RESEARCH, STATISTICS,       
MATHEMATICAL FINANCE, MATHEMATICS    
     EDUCATION AND COMPUTER SCIENCE 
 
 

C 1 O. O. Ishaq and A. Audu (Kano State University, Nigeria) 

Two factors exponential type estimator for population mean under single 

phase sampling scheme 

In this article, we have proposed two factors exponential type estimator for finite 

population mean under single phase sampling scheme. The bias and mean square error 

(MSE) of the proposed estimator are obtained to the first degree of approximation in 

section 3. The efficiency of the proposed estimator over sample mean, ratio, product, 

Bahl and Tuteja[1], Singh and Espejo[3], Solankiet:al:[4] and Khanet:al:[2]estimators had 



been demonstrated in section4. We carry out a numerical application showing that the 

proposed estimator outperforms the traditional estimators using different data sets. 

 

C 2 P.I. Ogunyinka (Olabisi Onabanjo University, Nigeria) and A. A. Sodipo (University of 

Ibadan, Nigeria) 

Extension of information cases on mixture ratio estimators using Multi-

Auxiliary variables and attributes in two-phase sampling 

The use of multiple auxiliary characters like auxiliary attributes and variables has been confirmed 
to improve the efficiency of estimators in two-phase sampling. The three ways of utilizing 
auxiliary characters (full, partial and no information cases) have provided flexibility in its usage 
of these auxiliary characters. In this article, we have proposed two additional partial information 
cases (PIC-I and PIC-II) to the existing partial information case (PIC-I) of using multi-auxiliary 
attributes and variables in two-phase sampling. The estimator schemas were introduced to the 
five estimators for the purpose of estimator formation. It was ascertained that our two proposed 
estimators PIC-II and PIC-III were efficient over the existing partial information case estimators 
(PIC-I) subject to the conditions of availability of the number of auxiliary variables and auxiliary 
attributes in the PIC-I estimator. The condition under which PIC-II is equally efficient as PIC-III 
was established. However, we subject the use of PIC-II or PIC-III to the availability of auxiliary 
variables and auxiliary attributes. Finally, empirical analyses with simulated data were 
conducted and the ascertainment of these theoretical results were establishment. 

C 3 P. O. Olonade and J.G. Adewale (University of Ibadan, Nigeria) 

Unidimensionality and Local Independence Assumptions of Item Response 

Theory of the WAEC and NECO Standardised Mathematics Tests   

This study investigated the assumptions of Item Response Theory (IRT) in the 
standardised mathematics tests of Senior School Certificate Examination (SSCE) of the 
WAEC and the NECO in Lagos State using factor analysis and polychoric correlation 
methods. The 50-item 2014 SSCE Standardised Multiple Choice Mathematics Tests from 
each of WAEC and NECO were administered on two thousand, one hundred and forty 
nine (2,149) students randomly selected from 48 schools in Lagos State, Nigeria. The 
responses of the students were analysed using factor analysis, polychoric correlation. 
Results showed that the 50-item each of WAEC and NECO 2014 SSCE measure students’ 
mathematics ability establishing unidimensionality of the tests; none of the items 
provided clue for answering another item establishing local independence of the test 
items. Therefore, unidimensionality and local independence assumptions should be 
obeyed in assessment that uses IRT.   

C 4 E. A. Bakare (Federal University, Oye-Ekiti, Nigeria)  

 and C. R. Nwozo (University of Ibadan, Ibadan)  



Malaria-Schistosomiasis Co-infection Model and its Optimal Control 

Analysis 

 
A co-infection model of malaria-schistosomiasis is proposed as a system of 
compartmental deterministic non-linear ordinary differential equations. Qualitative 
analysis of the full model was carried out. The existence of equilibrium solution and the 
disease-free equilibrium were derived. The disease-free equilibrium was found to be 
globally asymptotically stable whenever the basic reproduction number (R0) is less than 
one.  Optimal control theory was applied to examine optimal strategies for the control 
of the distribution of malaria-schistosomiasis disease using insecticides treated bed nets 
(u1), prevention by avoiding swimming or wading in freshwater(u2),treatments of 
malaria with artemisinin combined therapy (u3),treatment of schistosomiasis with 
praziquantel (u4), treatment of malaria-schistosomiasis(u5),biological control(u6) and 
insecticide spray, destruction of stagnant water and mosquito breeding sites(u7) as the 
system variables. The proposed model showed the reduction of malaria-schistosomiasis 
co-infection in the presence multiple control variables. Finally, investigation of the effect 
of using combinations of the seven controls either one at a time, combinations of two 
at a time or more than two at a time on the distribution of the malaria-schistosomiasis 
disease was also carried out. 

C 5 Chisara Ogbogbo (University of Ghana, Legon, Ghana) 

Model Setting for Optimal Stopping and Singular Stochastic  
Control for Optimal Investment Strategy in Oil Field Project. 
 
Investing in projects involving huge financial risks demands great care in decision  
making and execution. Dealing with market uncertainty and taking effective decision 
 for investment in oil field project therefore, requires a reliable guide - an optimal 
 strategy.  Crude oil price process as a L�́�vy process of the jump- diffusion type.  
This strategy emerges from addressing a problem involving an optimal stopping time 
 with optimal stochastic control for jump diffusions. The strategy therefore  
would identify two unique thresholds, one indicating when to apply the control and 
 the other showing when to quit. We present the model setting, and proceed in search 

of the optimal strategy for investment in oil field project. 

 
C 6 E. Enoryorze and  I. Omosigho(University of Benin, Nigeria)  

Irreversible Investment –Scape in Nigeria 

 

This paper examines irreversible investment in the Nigerian Economy. We 
demonstrate that there are numerous opportunities for irreversible investment in 



Nigeria. We provide a cursory review of the literature on irreversible investment with 
emphasis on the determination of the optimal time for an irreversible investment. We 
examine the investment-scape in Nigeria. 
The investment-scape in the country contributes to very high uncertainty and hence 
supports the decision to postpone irreversible investment. This explains some of the 
apparent anomalies in the Nigeria economy such as importation of petrol when the 
Country exports crude petroleum products. Possible strategies for enhancing the 
irreversible investment scape are proposed. 

C 7 J. F. Ojo (University of Ibadan, Nigeria) and  L. O. Adekola (Bells University of 

Technology, Ota, Nigeria) 

On Specification, Stationarity and Estimation of parameters of Mixed One-
dimensional Seasonal Autoregressive Integrated Moving Average Bilinear 
Time Series Models 
 
In practice, many time series processes exhibit both the seasonal and non-seasonal 
behaviour coupled with their nonlinear nature. Hence, this study considers the 
Specification, Stationarity and Estimation of the parameters of the full one-
dimensional Mixed Seasonal Autoregressive Integrated Moving Average Bilinear 
Models (MSARIMABL) which are capable of achieving stationarity for all nonlinear 
seasonal time series. The stationarity and convergence conditions for these models are 
established. The nonlinear least squares method of minimizing errors and the Newton-
Raphson iterative procedure are employed in the estimation of the parameters 

C 8 O. I. Shittu, A. A. Oyinlola and O. S. Yaya ( University of Ibadan, Nigeria) 

Autoregressive Time Series Modeling with Asymmetric  Error Innovations  

 

Dynamic time series models were developed with the regular white noise assumption 
of the error terms. This has often time led to unreliable estimates of parameters and 
unrealistic forecast performance when the underlying data are not normally distributed. 
This paper therefore developed an Autoregressive model of order 2 [AR(2)] with Power-
Exponential and Lognormal error innovations. The parameters of AR(2) with asymmetric 
error innovations were derived using Maximum Likelihood Estimation technique and its 
performance over the normal error innovations compared using the Akaike information 
Criterion (AIC) and forecasts performance criteria (the RMSE and MAE). Simulated data 
of various sample sizes and real data sets were used to validate the models. The results 
show that AR(2)  with lognormal and exponential power error innovations are more 
appropriate and more efficient in modeling non normal time series data  

 

 

 

  

 

 



C 9 

 

 K. O. Obisesan and  O .J. Odewale (University of Ibadan, Nigeria) 

Estimating tree growth parameter from existing height diameter models(A 

Non-Linear Least squares Approach) 

 

Diameter at breast height is one of the easily measured variables with much lesser error 

of measurement when compared to tree height. This study presents five set of existing 

height-diameter equations for two species of tree. These species are the gmelina, also 

called white beech, and the pine specie. 189 tree stands of the latter and 130 tree stands 

of the former were considered. A non-linear least squares approach was adopted in 

estimating the growth parameters from the selected models. A series of tests was 

carried out to check if errors generated by the selected models were normally 

distributed. Shapiro-Wilk and Kolmogorov-Smirnov statistic established the normality of 

the residuals. 

C 10 Charles I. Nkeki (University of Benin, Nigeria) 

The Effect of Financial Crisis in an Investment Portfolio with Jump Models: 

Instigators and way forward 

The financial crisis of 2007 has been a major crisis in nations’ economies in recent time. 
This paper intends to give the causes of this crisis and provide a way forward in other to 
avoid future occurrence of the crisis. In other to avoid future occurrence, we considers 
the optimal net debt ratio in the presence of collateral security, optimal investment 
strategies and consumption plan of an investor who faces both diffusion and jump risks. 
The asset of the investor is divided into two parts: assets in financial market and fixed 
assets. Assets in financial market are invested into a market that is made up of a riskless 
asset and multiple risky assets. The fixed asset has a price that follows a jump-diffusion 
process. Also consider in this paper, is the impact of labor force with the production rate 
function of the labor market being stochastic. The objectives of this paper are to (i) 
maximize the total expected discounted utility of consumption in the infinite time 
horizon, (ii) determine the optimal net debt ratio for an investor under an economy that 
faces financial crisis, and (iii) determine the optimal investment strategies of an investor 
who invest in an economy that is exposed to both diffusion and jump risks. Furthermore, 
the optimal consumption and investment strategies as well as optimal net debt ratio 
under power utility function were obtained. 
 
 



C 11 E.A. Adeleke , I. Adinya and M.E. Adeosun ( University of Ibadan, Nigeria and Osun 

State College of Technology, EsaOke. Nigeria. Nigeria) 

Efficient Portfolio Selection of Some Assets in the Nigeria Market 

In any financial institution, an optimal portfolio of assets is correctly designed by some 
methods which include reliable mathematical programs called optimizers. Investors are 
often faced with the problem of selecting varying choices as well as optimizing or 
maximizing expected returns in the face of a high level of risk. Based on the above 
mentioned, this work therefore employs the Lagrange multiplier method(LMM) in 
constructing the portfolio which consist of three assets namely: Stocks Nigerian Stock 
Exchange Indices for a period of 10 years, Cash-FGN 90 days Treasury Bills and Bonds-
FGN 12 year Bond. With the aid of a computational soft-package, the LMM was used to 
obtain an optimal solution for the minimization problem. The result obtained shows a 
higher expected return for both Cash and Bonds than Stocks in the period under study, 
which depicts the prevailing economy situation in Nigeria. 

C 12 K. Iwezulu  (Community College Parkway, Palm Bay, Florida) 

Discrete Versus Continuous Operational Calculus in 
Antagonistic Stochastic Games 
 
We consider a class of antagonistic stochastic games in real time between two players A 
and B formalized by two marked point processes. The players attack each other at 
random times with random impacts. Either player can sustain casualties up to a fixed 
threshold. A player is defeated when its underlying threshold is crossed. Upon that time 
(referred to as the first passage time), the game is over. We introduce a joint functional 
of the first passage, along with the status of each player upon this time, meaning the 
cumulative magnitude of casualties to each player upon the end of the game, obtained 
in an analytically tractable form. We then use discrete and continuous operational 
calculus for the transform inversion. We demonstrate that in a special case that the 
discrete operational calculus is more efficient allowing us to avoid numerical inversion. 
It leads to explicit formulas for the joint distribution of associated random variables (first 
passage time and the status of cumulative casualties to the players upon the end of the 
game). 

C 13 V.F. Payne (University of Ibadan, Nigeria)  and  T.S. Faniran (Lead City University,  

Nigeria) 

The asymptotic behaviour of malaria dynamics Equilibrium solution with non-drug 

compliant human Compartment 

 



In this paper, we develop a mathematical model to study and analyze malaria 

dynamics involving ordinary differential equations for the human and mosquito 

populations. The model incorporates a class of non-drug compliant humans in the 

infective class. An equivalent system is obtained, which has two equilibria: a disease 

free-equilibrium and an endemic equilibrium. The existence and stability analyses 

of the disease-free and endemic equilibria are obtained. We establish local stability 

of disease-free equilibrium points by solving the linearized system and calculating a 

classical epidemiology threshold, Rm, called the basic reproduction number, which 

is obtained from next generation matrix. Local stability of endemic equilibrium 

points are determined based on the sign of the eigenvalues of the Jacobian matrix 

associated with the system. 

 

C 14  T.G. Ireren and A.Yahaya (Ahmadu Bello University, Zaria) 

On the Choice of Two Lomax-Based Continuous Probability Distributions 
 
 Probability distributions and their generalizations have contributed greatly to 
modeling and statistical analysis of random variables. However, due to the increased 
introduction of new distributions there has been a major problem with the 
applications of the several distributions in the literature which has to do with deciding 
the most appropriate distribution to be used for a given set of data. Most times it is 
discovered that the data set in question fits two probability distributions and hence 
one has to be chosen between the two. The Lomax-Weibull and Lomax-Log-Logistic 
distributions introduced by Cordeiro et al. (2014) using a Lomax-based generator were 
found to be positively skewed and may be victims of this situation when modeling 
positively skewed data sets. In this paper, we apply the two distributions to some 
selected data sets to compare their performance and provide useful solutions to the 
problem of selecting between them in real life situations. We used the value of the  
AIC,CAIC, BIC, HQIC, Cram’er-Von Mises (W*), Anderson Darling (A*) and K-S statistics 
as test tools for selecting between these two distributions. 

C 15 S. E. Fadugba (Ekiti State University, Nigeria),  C. R. Nwozo (University of Ibadan, 
Nigeria) 

Mellin Transforms and its Application in perpetual American power put 
options valuation 
 
A perpetual American power put option is a special flavor of power put option. It 
grants its holder rights, but not obligation to sell an underlying stock in a fixed price at 



any time up until infinite future.   In option valuation, the Mellin transforms enables 
option equations to be solved directly in terms of market prices rather than log-prices, 
providing a more natural setting to the problem of valuation. In this paper we present 
the Mellin transforms and its applications in perpetual American power put option 
valuation with non-dividend paying stock. We obtain the integral representations for 
the price and the free boundary of American power put option by means of the Mellin 
inversion formula and value-matching condition, respectively.  We also extend our 
results to obtain the free boundary and the fundamental analytic valuation formula for 
perpetual American power put option.  The main tool in this approach is the principle 
of smooth pasting condition.  We assume assets are driven by geometric wiener 
process. Numerical result shows that the value of a perpetual American power put 
option with 1n  on a non-dividend paying stock coincides with the value of Merton 
(1973). Hence, the Mellin transforms is a good alternative approach for the valuation 
of perpetual American power put option. 

  

C 16 Miheso  O’Connor and  S.R. Ondigi (Kenyatta University, Kenya),  P. Dogo (Abubakar 

Tarari Ali University, Nigeria) 

Effects of English Language Proficiency on Junior Secondary School 

Students’ Performance in Mathematics in Bauchi State, Nigeria. 

The study was aimed at establishing the effect of English language on the Nigerian junior 

secondary schools two students performance in mathematic.  Solomon Four Group design 

was used as a research design for the study.  The target population comprised of junior 

secondary school students in Bauchi Southern educational zone of Bauchi State, Nigeria, 

who were in Boarding schools. The accessible population was Junior Secondary two 

students in the same types of schools and in the same educational zone of the state. 

Purposeful sampling technique was used in chosen the four boarding schools for the 

study. The exact number of JSS2 students found in each school formed the sample in the 

study. 
 

C 17 

 
A.S. Olabode ( Yaba College of Technology, Nigeria.) 
Applications of Markov decision process and semi Markov decision processes on real 
problems 
 
An interesting area of stochastic dynamical programming called Markov Decision 
Process (MDP) which was first studied in the 1960s and has been used to model and 
solve decision problems that occurs over infinite horizon. The Semi Markov Decision 
Processes (SMDP) is a special type of MDP with additional characteristics. These 
additional characteristics are stated in this work. A survey of some applications of MDP 
and SMDP are randomly selected in no particular order. Observations are made on 
various features of the selected applications. Some of the problems inhibiting 
applicability of Markov models are also provided. 



 

C18 Livinus U. Uko  (Georgia Gwinnett College, USA) 
On the Magic Squares Census problem 
 
A magic square is a square array of order greater than two whose entries are taken 
from a set of consecutive whole numbers  -- beginning from 1 -- 
with the property that the numbers in any row, column or diagonal of the array add up 
to the same sum.  For centuries, they have been a source of exciting mathematical 
amusements and challenging unsolved problems. One of the latter is the census 
problem of determining the number of magic squares of order six and above. 
 
In this paper we discuss some progress that have been made in the census problem, 
namely the magic squares census formulas obtained recently by  Kathleen Ollerenshaw 
and David Br'ee for most perfect magic square of doubly even order, and the census 
formula derived by Uko for uniform step magic squares of odd order. 
We also present a result obtained by parametrizing magic squares and show how it can 
be used in the study of the general magic squares census problem. 
 

C 19 Sunday Idowu (Babcock University, Nigeria) 

Open Source Software in Emerging Technologies for Sustainable Economic 

Growth 

 

Information Technology has proved to be the greatest agent of change in our society and 

powerful engine that supports various economic development today. Emerging 

technologies have provided a vivid power of innovation to improve lives, transform 

industries and empower businesses. Open source software (OSS) is becoming 

undoubtedly the engine of innovation; ranging from operating systems to various 

applications that support cloud computing, big data analytics, IoT and so on. This paper 

explores potentials and capabilities of open source software for innovative 

entrepreneurship development and propose potential economic insights into OSS 

capacities that can nurture market growth and expansion more than proprietary software. 

 
 

 

C 20 Isaac Yusuf ( University of Ibadan, Nigeria) 
Mathematical Model of Gastroenteritis Dynamics Based on Age in Kebbi State, Nigeria 
 
The Malthusian model was applied to model gastroenteritis dynamics mathematically based 
on age-range in Kebbi state using the data obtained from the Epidemic Control Unit, Ministry 
of Health, Kebbi State. The result appropriately revealed that gastroenteritis is more common 
amongst children within the age-range of 11-20 years. Therefore the present efforts aimed at 
bringing gastroenteritis to a naught should be improved, strengthened and expanded. People 
should be educated on how to ensure good and adequate hygiene measures and also, parents 
should apply, inculcate and maintain a high level of hygiene on themselves and their children. 
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The Vice-Chancellor, Deputy Vice-Chancellor (Administration), Deputy Vice-
Chancellor (Academic), Registrar, Librarian, Provost of the College of Medicine,
Dean of the Faculty of Science, Deans of other Faculties and Postgraduate
School, Dean of Students, Distinguished Ladies and Gentlemen.

1. PREAMBLES

It is my desire to start this lecture by thanking and praising God Almighty
through Jesus Christ our Lord, for making this occasion a reality. The Om-
nipotent, Omnipresent and Omniscience God has been faithful and merciful
to me and my family in many ways. I thank the Creator of Heaven and the
Earth for keeping me alive to see this day. Glory be to His holy name.

I pay tribute to all my teachers who had delivered previous inaugural lectures
from the Department of Mathematics in this university. I must mention in
particular, Professor H.O. Tejumola, who delivered his lecture, Mathematics:
A Tool for All Human Sciences, in 1978, late Professor C.O.A. Sowunmi who
delivered his lecture, A Mathematical Essay on Polygamy and Mass Action in
1986; Professor A.O. Kuku who delivered his lecture, Mathematics as a Uni-
versal Language in 1987; Professor S.A. Ilori delivered his inaugural lecture,
Mathematics for Recognition and Relevance in the year 2003 and the most
recent inaugural lecture from the Department of Mathematics, titled Proofs
and Paradigms: A Mathematical Journey into the Real World was delivered
by my former doctoral research supervisor, Professor G.O.S. Ekhaguere on
April 8, 2010. My inaugural lecture today is the sixth from the Department
of Mathematics, since its establishment in 1948. I deliver this lecture as the
13th person to occupy a Chair in mathematics of this University and I thank
God and the present University Administration for fast tracking the process
that enabled me to give the lecture before the first year anniversary of the
announcement of my professorship.

Professor S.A. Ilori in his inaugural lecture, Mathematics for Recognition
and Relevance talked briefly on two of the traditions to inaugural lectures.
First tradition is to give an opportunity to the newly appointed or newly
promoted Professor to justify his or her elevation to a Chair and the other
tradition is to address a particular problem of public interest in the Profes-
sor’s discipline and offer possible solutions.

As a newly appointed Professor by promotion, I shall blend the two tradi-
tions but heavily lean on the first tradition in order to justify my appointment

1



and announce my research accomplishments. Since mathematics learning, re-
search and applications have not found the much needed favour and interest,
especially in most developing nations, including Nigeria, I shall give accounts
of some of the existing non-trivial applications of the subject, with a view of
stimulating interests of our people in the applications of mathematical results
and techniques to diverse areas of research activities in our university and
elsewhere in this country.

2. THE LIFE AND SURVIVAL OF MATHEMATICAL

IDEAS

Michael F. Barnsley, a Professor of mathematics at the Mathematical Sci-
ences Institute, Australian National University recently declared (Barnsley,
2010) that nature and evolution provide the notion of a creative system: a
core stable form, a fertile environment, a determination to survive, and a
random stimuli. In the same vein, the mind of a mathematician provides
a locus for creative systems, a place where mathematical structures live and
evolve.

In the first chapter of the book of Genesis, God created the heaven and
the earth after which He created man in His own image, blessed them and
ordered them to Be fruitful and multiply; fill the earth and subdue it; have
dominion over the fish of the sea, over the birds of the air and over every
living thing that moves on the earth. (Genesis, 1; 28) NKJV.

We learn from some mysterious events in the scriptures that everything in
our universe is a living thing. According to the divine injunction, mathe-
maticians and other professionals are faced with the extraordinary richness
and complexity of the physical observable universe, which we are part of.
What on earth can a mathematician create? The answer is: a vast land-
scape of lovely constructions, born for the first time, to live on the realm of
ideas. For the realm of ideas belongs to sentient beings like us. The divine
order enjoins us to dominate the universe, albeit, within our natural human
capability because there is a spiritual world above the comprehension of the
human brain but which is below God in the supernatural. God questioned
Job during the time of his affliction in the book of Job Chapter 38, verses 4
- 11 and I quote:

Where were you when I laid the foundations of the earth? Tell me if you
have understanding. Who determined its measurements? Surely you know!
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Or who stretched the line upon it? To what were its foundations fastened?
Or who laid its cornerstone, when the morning stars sang together, and all
the sons of God shouted for joy? Or who shut in the sea with doors, when it
burst forth and issued from the womb; when I made the clouds its garment,
and thick darkness its swaddling band; when I fixed my limit for it , and set
bars and doors, when I said ” This far you may come, but no farther, and
here your proud waves must stop.
Verses 17- 21: Have the gates of death been revealed to you? Or have you
seen the doors of the shadow of death?. Have you comprehended the breadth
of the earth? Tell me if you know all this. Where is the way to the dwelling
of light? And darkness where is its place, that you may know the paths to its
home? Do you know it because you were born then, or because the number
of your days is great?

The above scriptures tell us about the limitation of human knowledge and
ideas in spite of God’s divine order for us to have dominion over the earth.
Nevertheless, it is clear that the system of which we are part is by its very
nature creative. Our genes are creative and allow creative mutations but
they must be stable in their creativity. Their creativity is our wellspring.
Not only must our genes, through the mechanisms of biology and random
mutation invent new viable forms, they must also be prone to do so.
Our mathematical creativity may actually be initiated by random events
at the deepest level, after deductive reasoning, consistencies, experience, and
even intuition are factored out of the process. But the creative mind contains
something much more important than a random idea generator; it provides
an environment in which the wild seed of a new idea is given a chance to sur-
vive. It is a fertile place. It has its refugia and extinctions. In giving credit
for creativity, we really praise not random generation but the determination
to give life to new forms.

But when does a newly thought-up mathematical concept, C survive? Ac-
cording to Barnsley 2010, C must be consistent with the existing mathemat-
ics, true, correct, non-trivial and interesting. An important condition for C
to survive in the minds and words of mathematicians is that it is, itself, a
creative system and adaptable in some mathematical sense. Stochastic anal-
ysis and applications, which is my major research area has been found to be
a creative system. This shall become clear later when I dwell on my research
experience in what follows.
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3. THE NATURE AND STRUCTURE

OF MATHEMATICS

Mathematics has been in the world for a long time. It emerged in Baby-
lonia in the 3rd millennium BC and has ever since permeated science and
civilisation. It crosses both national boundaries and subject boundaries and
in the words of R.W. Hamming (The unreasonable effectiveness of mathe-
matics, American Math Monthly 87, 1980)-

Our main tool for carrying out the long chains of tight reasoning required
by science is mathematics.

All over the advanced and front-line developed worlds, mathematics is given
the prominence its deserves with respect to all round developments. The
subject is everywhere in applications although it may sometimes be hidden,
not obvious on the surface. Mathematics develops the power to reason. It
shows better than any other subject, how reason can lead to truth. In most
cases in other sciences, there are some intermediaries between the problem
and the reasoning, there are no such standing things in mathematics.

Economists reason as well, but sometimes two economists reason to two dif-
ferent conclusions. Philosophers reason, but never come to any conclusion.
In mathematics, problems can be solved, using reason, and solutions can be
checked and shown to be correct. Reasoning needs to be learned, and math-
ematics is the best way to learn it.

In the year 1906, J. D. Fitch wrote to his fellow Americans:

Our future lawyers, clergy, and statesmen are expected at the University to
learn a good deal about curves, angles, number and proportions; not because
these subjects have the smallest relation to the needs of their lives, but be-
cause in the very act of learning them they are likely to acquire that habit of
steadfast and accurate thinking, which is indispensable in all the pursuits of
life.

We do not know who J.D. Fitch was, but his statements remain correct
till this day.

In the same vein, Thomas Jefferson (1743-1826), the US third President said
Mathematics and natural philosophy are so peculiarly engaging and delightful
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as would induce everyone to wish an acquaintance with them. Besides this,
the faculties of the mind, like the members of a body, are strengthened and
improved by exercise. Mathematical reasoning and deductions are, therefore,
a fine preparation for investigating the abstruse speculations of the law.

Also in 1834, the US Congressional Committee on Military Affairs reported:
Mathematics is the study which forms the foundation of the course at West
Point. This is necessary, both to impart to the mind that combined strength
and versality, the peculiar vigour and rapidity of comparison necessary for
military action, and to pave the way for progress in the higher military sci-
ences.

According to Underwood Dudley, a retired mathematician at DePauw Uni-
versity, ( Notices of the AMS, Vol 57 (5), 2010, 608-613) a contemporary
student gave the following testimony:

The summer after my freshman year I decided to teach myself algebra. At
school next year my grades improved from a 2.6 gpa to a 3.5 gpa. Tests were
easier and I was much more efficient when taking them and this held true in
all other facets of my life. To sum this up: algebra is not only mathemati-
cal principles, it is a philosophy or way of thinking, it trains your mind and
makes otherwise complex and overwhelming tests seem much easier both in
school and in life.

The above quotations are foods for thought especially for us as a nation.
It is therefore, important for us as a nation to deeply appreciate the roles
and connections of mathematical sciences to the technological, scientific and
socio-economic development of all nations. In so doing, the government and
the governed would appreciate the need for aggressive efforts necessary for
the development of this vital sector of our education. Our recent experi-
ence of diminishing success of students in West African Examination Coun-
cil (WAEC) and National Examination Council (NECO) examinations in
mathematics and the unpopularity of the subject as a course of study at the
tertiary levels further underscores the need for intensive efforts in the devel-
opment and awareness of mathematical sciences in Nigeria. This lecture is
aimed at shedding lights on the various connections of mathematics to devel-
opment, thereby encouraging our government and stake holders in education
to undertake profitable policy formulations and actions.

Professor A.O. Kuku (1987), about eight years ago, made detailed expla-
nations concerning the phenomenal growth of mathematics in the last one
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hundred years, This had made contemporary developments in the subject
inaccessible to most literate people the world over. Various cultures like the
Egyptians, Babylonians, Greeks, Indians, Mayans, Chinese, Europeans, etc.
had made significant contributions to the developments of mathematics at
various periods of history. The historical development of the subject, as well
as the evolution of modern mathematics, are replete with lessons in sym-
biosis between pure and applied mathematics, with pure mathematics, once
created, helping to solve applied problems ,while applied mathematics moti-
vates the creation of new areas of pure Mathematics. However, the subject
has come a long way since Archimedes used to struggle to find the volume
of a sphere through weighing of infinitesimals (into which such a sphere was
divided). Methods currently applied have become very profound, sophisti-
cated, rather technical and diversified, and we rightly see mathematics today
in its various ramifications. These are:

Number - involving such activities and counting, measurements of length,
weights, etc. and displaying such deep understanding of rational, real, com-
plex, p-adic numbers, etc;
Shape - leading to studies in geometries, topology, Lie groups with applica-
tions to gauge field theories, fractals, catastrophes, strange attractors, etc.
Movement - of waves, planets, involving the use of ordinary and partial
differential equations, Fourier Analysis, calculus of variations;
Chance and Randomness - with associated mathematics like probability,
statistics, stochastic differential equations, etc.

The developments in mathematics in the last one hundred years in particu-
lar, have been so extraordinary and phenomenal that it is believed that more
mathematics has been created in the last fifty years than in all previous age
together. The subject is now so large with so many sub-disciplines that it is
absolutely impossible for any one to grasp it all. The fact that the subject
continues to grow phenomenally in various directions also creates a crying
need to continue to find efficient; economical ways of coordinating and unify-
ing ideas. At the moment, we have 97 sections in Mathematics according to
the 2010 edition of the classifications by the American Mathematical Society
(www.ams.org).

Virtually every area of human activities now requires sophisticated math-
ematics for their in-depth study, while problems in mathematics that have
confounded mathematicians over the years have been solvable only through
highly sophisticated and abstract techniques. Furthermore, as we find ways
of solving other still outstanding problems, there will be more theories de-
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veloped, and earlier results generalised to deepen our insight. All these con-
siderations; therefore, raise serious pedagogical issues as to how to minimise
the current global illiteracy in contemporary mathematics that has resulted
in hostility towards the subject from parents, funding institutions and the
general public. A lot of ideas that should have filtered down to the industry,
business, government and the entire educational system are still circulating
among relatively few specialists.

4. CLASSIFICATION OF MATHEMATICS

History of the development of Mathematics shows that by the beginning
of the twentieth century, the central core of Mathematics - Algebra, Analysis
and Topology had emerged; the knowledge of which is sine-que-non for any
modern practicing Mathematician. Indeed, efficiency in the understanding
and usage of the language of these three areas is imperative for frontier re-
search excellence in contemporary mathematics. This central core is usually
referred to as Pure Mathematics, while each of these areas has also been bro-
ken into various subdivisions constituting part of the core of Mathematics,
e.g. Algebra has such subdivisions as algebraic number theory, linear alge-
bra, commutative algebra, group representations, category theory, k-theory
etc. Analysis has such subdivisions as Real analysis, Complex analysis, Func-
tional analysis, Harmonic analysis, Stochastic analysis, Fourier analysis, etc.
Topology has such ramification as Differential topology, Algebraic topology,
Analytic topology, etc. A modern Mathematician soon realises the cross
fertilisation of ideas to the extent that some areas are difficult to classify
under the rubrics of algebra, analysis or topology since they could be a com-
bination of all. Under the rubrics of Applied Mathematics, also extending
into Mathematical Sciences, we have such area as mechanics, electromag-
netic theory, quantum mechanics, various types of Engineering, Operations
research, Computer science, Statistics, Mathematical modelling, Mathemat-
ical physics, Mathematical economics, Mathematical biology, Mathematical
linguistics, even Mathematical history otherwise known as Cliometrics, each
of which invariably makes use of ideas from the central core. Many areas of
natural, technological and social sciences now require profound and sophis-
ticated Mathematics for their in-depth study resulting even in new Mathe-
matics and further extension of Mathematical frontiers.
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5. IMPACT OF MATHEMATICS ON SCIENCE

AND TECHNOLOGY

Most of the reasons for the well known underdevelopment of our nation could
be traced to low level of science and technology development, which in turn
could be reduced to low level of development in the mathematical sciences.
The present developing and least developed countries are those that were left
behind during the radical mathematical, scientific and technological revolu-
tions of the 19-20th century. Many developed countries in realisation of this
fact, are devoting a sizeable part of their budget on education to training in
the mathematical sciences. Recent statistics showed that in the U.S.A. for
instance, Mathematical education which involves at least 40 million students
and two million teachers accounts for about ten percent of the Nation’s ed-
ucational annual expenditure (Kuku, 1987). The picture is similar in most
European and Asian countries.

Indeed, some industries and technologies would not exist as they do today
without mathematical sciences. For instance:

(a). Unification theory (of electricity and magnetism) of Faraday has led
to electrical generation technology.

(b). Maxwell mathematical equations are the fundamental foundation of
modern communication systems - radio, television, etc;

(c) Computer Revolution is Mathematics revolution.
There would have been no computers today without the work of Alan Turing,
an English Mathematician who a few years before the Second World War,
gave a cogent and complete analysis of the motion of computation leading
to the conclusion that it should be possible to construct universal computers
which could be programmed to carry out any possible computation. Turing’s
logical proof of the existence of universal computers resulted in the modern
all purpose digital computers and influenced the thinking of other pioneers
in the development of modern computer like John Von Neuman. Computers
have not only been useful in improving the quality of life of people, but also
recorded success in its use to solve outstanding Mathematical problems (e.g.
four colour problem, classification of simple groups). Computer graphics or
computer vision, and shape analysis in particular have recently benefited
from the intervention of the Gromov-Hausdorff distance results of the fa-
mous Russian Mathematician and the recipient of the 2009 Abel prize of

8



the Norwegian Academic of Science and Letters, Mikhail Gromov (Notices
of the AMS, Volume 57 (3), 391-403). Moreover, new areas of Mathemat-
ics have been created through the computer (e.g. complexity theory, proof
theory, theory of algorithms), while computers are currently being used to
teach Mathematics (e.g. calculus, matrices, probability, statistics, and some
geometry). Computers have also opened the way to new technologies for the
betterment of the society as well as proved useful in solving various problems
arising in technology, business, commerce, economics, etc. Thus, computer
is a creation and a creator of mathematics, and hence a creative system.

(d) The abstract area of Mathematics known as Fourier Analysis has since
become a subject important in studying electromagnetic waves such as X-ray,
visible light, microwaves, radio waves, and their harmonic components. Many
electrical and electronic devices such as nuclear magnetic resonance and X-ray
crystallographic spectrometers are based on Fourier Analysis. Also, Fourier
Analysis has provided a basis for understanding quantum theory, and hence,
modern chemistry and physics. It also led to the discovery of the time-series
analyses used in oil exploration for interpreting seismic rocks suspected of
bearing petroleum. An ability to decompose sound into its harmonic compo-
nents using Fourier analysis has allowed computers to generate and recognise
human speech.

(e) Like Fourier analysis, wavelet analysis deals with expansion of functions,
but in term of wavelets i.e. given fixed function with mean zero. Variations
of this theory have found applications in image processing. Acoustics, cod-
ing (in form of quadratic mirror filters and pyramid algorithms) and in oil
exploration, analysis of rapidly changing transient signals, electric currents
in the brain, impulse underwater sounds and monitoring of power plants.
It has also served as a scientific tool for sorting out complicated structures
occurring in turbulence, atmospheric flows, and study of stellar structures.

(f) It is noteworthy that the 1985 Nobel Prize in Chemistry was awarded
to the Mathematicians, H.H. Hauptmann and J. Karle - for their develop-
ment of the models for the determination of crystalline structure based on
Fourier Analysis and probability. Similarly, the 1997 Nobel Prize in Eco-
nomics was jointly awarded to two mathematicians, Scholes and Merton for
their development of option price models based on the dynamics of the un-
derlying asset price that follows a geometric Brownian motion (Black and
Scholes, 1973; Merton, 1973).

(g) Group theory, discovered (in the abstract) by Galois while studying math-
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ematical symmetries associated with the solution of polynomial equation, has
subsequently been applied to significant advantage in the study of subatomic
particles, in crystallography, information theory, photochemistry and even in
the elucidation of certain complicated marriage systems studied by anthro-
pologists. Graph theory, the mathematical study of abstract networks, was
considered an esoteric kind of pure mathematics until it was applied to prob-
lems of transportation, communication, urban planning, electrical networks,
neurophysiology and sociology.

(h) Partial differential equations (PDE’s) have been used to model shocks
in non-linear waves, vortices in fluid flows with various applications includ-
ing accurate tracing of hurricanes, and to study blood flow through the heart,
the efficient mixing of fuel in the internal combustion engine, aircraft flight,
and the way in which radio telescopes sense distant galaxies. They have also
been used to model icebergs melting in the sea, crystal growth and the flow
of oil and water through a reservoir.

(i) Linear PDE’s govern small functions of small disturbances from equi-
librium while non-linear PDE’s govern large disturbances. The real world is
generally non-linear. PDE’s are being used to solve problems in geometry,
physics engineering etc. For example, non-linear elliptic equations are PDE’s
arising in geometry - especially in the construction of surfaces with prescribe
curvature with diverse applications in engineering and physics.

(j) Physiological fluid dynamics has various applications including compu-
tational models of the heart, the kidney, the pancreas, the ear and many
other organs. Blood flow in the heart is governed by coupled equations of
motion - of the muscular heart walls, elastic heart valve leaflets and the blood
flowing in the cardiac chambers. This will be explained a bit more below.
Computational Fluid Dynamic (CFD) is a primary aerodynamical design
tool for any problem and the wind tunnel is treated more of an evaluation
and confirmation tool.

(k) Computer solutions of PDE’s arising in physiological fluid allow the study
of flow of suspensions, blood clotting, wave propagation of the inner ear blood
flow in the arteries and veins and airflow in the lungs. Computer graphics
have been particularly useful in many studies including the theory of surface
inspired originally by the study of soap films. Computer graphics enhance
the understanding of global and stability problems in the calculus of varia-
tions.
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(l) Greenhouse effect is the warming of the surface of the earth due to re-
radiated energy by the Greenhouse gases - e.g. ozone methane etc. from the
atmosphere to the surface. The Greenhouse theory says that recent mod-
ification of the atmospheric gaseous composition will result in the gradual
warming of the earth’s surface as well as a cooling of the upper atmosphere,
leading to an unprecedented modification of the earth’s climate. A three-
dimensional circulation model, involving numerical solutions of PDE’s are
used to compute differences between a climate forced by increases in Green-
house gases and a controlled climate.

(m) At the turn of the 20th century, Poincare realised that the behaviour
of trajectories of celestial bodies could display a chaotic motion - a motion
forever oscillating yet irregular and aperiodic. In 1963, a numerical exam-
ination of some specific systems of Differential equations from meteorology
revealed the presence of chaotic trajectories in specific non-Hamilatonian sys-
tem but also suggested new directions of research in the theory of dynamical
systems. Copious applications of these ideas exist in ecology, economics,
physics, chemistry, engineering, fluid dynamics and meteorology. Dynamical
systems (especially those representing chaotic behaviour) involves topology,
number theory, measure and ergodic theory, combinatorics, etc.

(o) The Nineteenth Century witnessed the study of Hamiltonian mechan-
ics i.e. study of many particles moving without friction and governed by
equations which take standard form when the Hamiltonian - total energy of
the system is taken as the standard point. Modern Hamiltonian mechanics
is the study of symplectic manifolds - sympletic geometry. A sympletic man-
ifold is a higher dimensional surface on which the Hamiltonian procedure of
passing from Hamiltonian to differential equations can be implemented.

(p) A lot of social and economic problem can be modelled mathematically
using notably the theory of games or combinatorial scheduling theory. Prob-
lems connected with inventory control, industrial production and efficiency
in the allocation of resources can be solved by various methods in operations
research including simplex method in linear programming.

(q) Population biology has to do with counting, estimating and predicting
population sizes. The problems involved range from determining the mech-
anisms that cause and maintain biological rhythms to problems posed by
the management of exhaustible resources like timber and fish or even to ge-
ographical distribution of genes, age distribution of populations, the spread
of forest disease, and genetic engineering. It is noteworthy that population
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problems have led to the development of many theories and methods that
are central to the core of mathematics e.g. theories of probability, dynamical
system and wave propagation.

6. RECENT APPLICATIONS IN MEDICINE,

BUSINESS, INDUSTRY AND GOVERNMENT

Applications of Mathematics to development projects in medicine, business,
industry and government all over the world, offer a wealth of exciting prob-
lems for Mathematicians. In a variety of settings, Mathematics is a key
component in important projects. Recent applications and breakthrough
in mathematics were published in the Mathematical Moments section of
the American Mathematical Society website (www.ams.org/mathmoments).
Some extracts from the site are contained in what follows:

(a) Forecasting Weather: Forecasting the weather requires enormous amounts
of data and computation. In order to have an accurate model of the weather,
one must know the temperature, humidity, air pressure and wind speed
(among other things) at different points and elevations. Although incorrect
forecasts may be more memorable, current three- to seven-day forecasts are
better than 36-hour forecasts were just 20 years ago. Increases in comput-
ing power have helped improve weather forecasts, but it’s the mathematics
behind the models that has led to the great increase in accuracy. Collected
information is the basis for numerical calculations that output approximate
solutions to the relevant nonlinear partial differential equations. Weather
models take into account the rotation of the Earth and the perpetual inter-
action among land, sea, and air. While more data and better computers are
obvious sources of improved forecasting, the not-so-obvious sources of better
sampling techniques and better use of data have helped as well. Mathematics
is also used in models for forecasting atmospheric conditions, such as ozone
levels, in major metropolitan areas.

(b) National Security, Defence Industry and Criminology: Mathe-
matics has helped investigators in several major cases of human rights abuses,
election fraud, and in national security.

(i) Use of Mathematics for Business Information Security: Professor
M. O. Ajetunmobi (2006) talked extensively on the use of mathematics for
business information security. These are physical security, operational secu-
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rity and management and policy securities. A mathematician’s major con-
cern is therefore, on the operational security, which deals with how business
environment does things and includes the use of computers, telecommunica-
tion systems, computers and management information. Operational issues
include access control, authentication and security topologies. The goals of
business information security are: prevention of security breaches, detection
of security breaches and response to develop strategies and techniques to
deal with an attack or loss of data. Cryptography, the mathematical sci-
ence of keeping oral and written forms of communication secret has found
applications in all kind of security issues. Cryptographic algorithms span
the mathematical world of number theory, complexity theory, elliptic curves,
vector calculus, tensors and set theory.

Mathematics is a key to the promotion of national and world peace. Ac-
cording to information provided at the website of the US National Security
Agency/Central Security Service
(NSA/CSS) (www.nsa.gov), the agency of the Defence Department respon-
sible for solving cryptographic problems for the US federal government, is
the largest employer of mathematicians in the US. NSA mathematicians use
tools from diverse areas of mathematics including number theory, Fourier
analysis, statistics, to solve cryptographic problems. The core missions are
to protect U.S. national security systems and to produce foreign signals in-
telligence information. The National Security Agency/Central Security Ser-
vice (NSA/CSS) is home to America’s code-makers and code-breakers. The
National Security Agency has provided timely information to U.S. decision
makers and military leaders for more than half a century. The Central Se-
curity Service was established in 1972 to promote a full partnership between
NSA and the cryptologic elements of the armed forces. NSA/CSS provides
products and services to the Department of Defense, the Intelligence Commu-
nity, government agencies, industry partners, and select allies and coalition
partners. In addition, the agency delivers critical strategic and tactical in-
formation to war planners and war fighters.

The Signals Intelligence mission collects, processes, and disseminates clas-
sified intelligence information from foreign signals for intelligence and coun-
terintelligence purposes and to support military operations. This Agency
also enables Network Warfare operations to defeat terrorists and their orga-
nizations at home and abroad, consistent with U.S. laws and the protection
of privacy and civil liberties. According to the Director NSA, Lt. General
Keith Alexander :The majority of our nation’s intelligence for counterterror-
ism, hard targets and support to military operations comes from the National
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Security Agency /Central Security Service. For the good of the nation, it is
imperative that NSA/CSS maintain its cryptologic superiority.

(ii) Mathematics Techniques in the Design and analysis of Future
Military Systems: The operational Requirements Analysis has two pri-
mary roles: (1) analysis of tactical systems to determine their operational
requirements and (2) the performance of simulation analysis of the advanced
weapons systems. Mathematics is used at every step of the design and anal-
ysis phases to assess the mission effectiveness of proposed and existing sys-
tems. Data on mission, system, and crew performance, such as survivability,
system effectiveness, crew workload, enemy encounters, etc is collected dur-
ing simulator tests. The raw data is processed using several mathematical
and statistical methods and computing and the results are compared across
different system versions or tactical concepts. Relevant mathematical dis-
ciplines include modelling, probability, statistics, differential equations and
applied mathematics. Other scientists and engineers together with computer
programmers work as a team with mathematicians in the defence industry
(Society for Industrial and Applied Mathematics: Career in Mathematics).

(iii) The 2009 Election in Iran: A mathematical result known as Ben-
ford’s Law states that the leading digits of truly random numbers aren’t
distributed uniformly, as might be expected. Instead, smaller digits, such as
1’s, appear much more frequently than larger digits, such as 9’s. Benford’s
Law and other statistical tests have been applied to the 2009 election in Iran
and suggest strongly that the final totals are suspicious.

(iv) Guatemalan Disappearances: Here, Mathematics and Statistics are
being used to extract information from over 80 million National Police archive
pages related to about 200,000 deaths and disappearances. Sampling tech-
niques give investigators an accurate representation of the records without
them having to read every page. Families are getting long-sought after proof
of what happened to their relatives, and investigators are uncovering patterns
and motives behind the abductions and murders. Tragically, the people have
disappeared. But because of this analysis, the facts won’t. Graph theory,
combinatorics and statistics are just some of the Mathematical fields being
used today by real life investigators in advanced countries to solve actual
crimes.

(c) Revealing Secrets of Nature: Mathematical ecology deals with the
study of Mathematical modelling of complex biosystem. Mathematical ecol-
ogy researchers are faced with the task of simulating several interconnected
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networks of organisms across different scales of time, size and space. New
areas of Mathematics such as nonlinear dynamical systems and spatial statis-
tics have become applicable.

(d) Medical Applications of Mathematics

(i) Mathematical Models in Population Biology and Epidemiology:
These are concerned with analysing the spread of disease using a system of
evolutionary equations that reflect the dynamics among three distinct cate-
gories of population, those susceptible S to a disease, those infected I with
the disease, and those who recovered R from the disease. This SIR model is
applicable to a range of diseases from small pox to HIV/AIDS. Armed with
reliable models, mathematicians help public health officials in battling the
complex, rapidly changing world of modern diseases.

(ii) Health Care Delivery: Mathematical fields of probability and statis-
tics play a role. For example, years of data proved that the annual chest
x-ray and some diabetes drugs actually did more harm than good. Those
practices have now been abandoned, saving lives and money. An area of
medicine that requires more analysis is chemotherapy. Many dosing strate-
gies are prescribed based on a patient’s ability to tolerate side effects not
necessarily on demonstrated efficacy. At times, untreated tumours shrink,
while the treated tumours grow, and differential equations and numerical
analysis have been used to solve this puzzle by modelling the interactions of
tumour cells, immune cells, host cells, and drugs in patients. This allows for
more complex combinations of chemotherapy and immunotherapy so as to
maximise the treatments benefits while minimising their side effects.

(iii) Defeating Disease: From modelling microscopic genes and proteins to
tracing the progression of an epidemic through a country, mathematics plays
an important role in combating disease. For example, the basic model used to
analyse the dynamics of infectious disease is a system of differential equations.
A new field called data mining’, involving statistics and pattern recognition,
helps to locate significant information in the vast amounts of data collected
from studies of diseases in populations. Mathematics also plays a key role in
connecting changes in the human genome to specific diseases. Mathematics
has helped recent fights against foot-and-mouth disease in the United King-
dom and against Chagas disease, a disease affecting millions of people in
Latin America. Epidemiologists studying the mouth and foot epidemic also
use mathematical models to conclude that early efforts were insufficient to
stop what would become a calamitous spread of the disease. The govern-
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ment accepted the conclusions and took a course of action that, although
drastic, did indeed arrest the outbreak. In Latin America, mathematicians
computationally tested several courses of action against Chagas disease and
found a surprisingly simple yet highly effective step (keeping dogs out of
the bedroom) to greatly reduce the infection rate. These examples share
three important characteristics: a mathematical model of the disease, mod-
ern computers to do calculations required by the model and researchers with
the insight to design the former so as to take advantage of the power of the
latter.

(iv) Genetic Information about Diseases: The state-of-the-art tech-
nology used by researchers to identify active (expressed) genes in cells is
the microarray: a gene chip imprinted, not with circuits, but with DNA.
Active genes or fluorescently tagged cell samples placed on the chip reveal
themselves when they bind with their DNA complements on the chip. The
amount of data generated by this microscopic activity is enormous: just one
row in an array can have 15,000 points. Pattern recognition and image anal-
ysis are two fields which use mathematics to help extract important genetic
information about several diseases, including Alzhiemer’s and Parkinson’s
from microarray data. In the future, microarrays may enable an individu-
alised approach to medicine, in which your doctor could use these chips to
diagnose disease and determine the best treatment for your unique genetic
profile. In one particular area of medicine, cancer research, the points in each
column of an array can be thought of as genetic coordinates of samples from
tumours. Yet there are so many coordinates that it is difficult to determine
which tumours are similar. Algorithms employ statistics and different mea-
sures of distance in higher dimensions to group genetically similar tumours
into clusters so that experiments can be done on treatments corresponding
to the clusters. In one case, microarray technology not only distinguished
between two different types of leukaemia (verifying in the time it took to
hit ”Return” what had taken 35 years to discover) but also found different
clusters within tumours that had been thought to be similar - resulting in
clinical trials to confirm the distinction.

(v) Source Localisation in the Human Brain: Surgical therapy has
become an important therapeutic alternative for patients with medically in-
tractable epilepsy. Based on the EEG signal, a mathematical algorithm with
the appropriate software tools have been developed to obtain a correct and
anatomically precise localisation of the epileptic focus.

(vi) Toxicology: Mathematicians together with other scientists have been
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involved in the development of mathematical models to simulate the flow of
air in the respiratory tract. These models are used to determine where chem-
icals end up in the respiratory tract as a result of air flow. The simulation
of the airflow within the respiratory tract has provided needed information
in the study of the evolution of cancer tumours
(www.chalmers.se/Math/EN/research/gmmc/solved-problems).

(e) Applications in Politics: Making Votes Count: Mathematicians
study voting methods in the hope of finding equitable procedures, so that no
one is unfairly left out in the cold. The outcome of elections that offer more
than two alternatives with no preference by a majority is determined more
by the voting procedure used than by the votes themselves. Mathematicians
have shown that in such elections, illogical results are more likely than not.
For example, the majority of this group wants to go to a warm place but the
South Pole is the group’s vacation destination, in the same way most elec-
tions are conducted; they will all go to the South Pole and six people will be
disappointed, if not frostbitten. Elections in which only the top preference
of each voter is counted are equivalent to a school choosing its best student
based only on the number of A’s earned. The inequity of such a situation has
led to the development of other voting methods. In one method, points are
assigned to choices, just as they are assigned to grades. Using this procedure,
these people will vacation in a warm place, a more desirable conclusion for
the group.

(f) Resolving Traffic Problems: The mathematical study of traffic is
relatively new, but a US Federal report concluded that the information rev-
olution, i.e., the combination of more powerful computers, telecommunica-
tions and better numerical models will affect transportation as much as the
invention of the automobile and jet engine. Analysing traffic (like predict-
ing weather) requires many variables (driver speed, length of trip, time of
day and origination point) and involves chaos theory (a small change down
the road can drastically change travel conditions). Unlike weather; however,
traffic can change in response to a forecast as alternative routes are chosen
today by drivers and in the future, perhaps by the cars themselves.

(g) Finding Oils: As high as the prices of petroleum products are, they
would be much higher without modern oil exploration techniques, which
make operations more efficient (and cleaner). Drilling a well can cost 20
million dollars, so drillers now rely on mathematical models of reservoirs
rather than hunches, to choose sites. The models approximate a reservoir’s
characteristics from data collected using sound waves beamed underground,
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and from the resulting systems of nonlinear equations. In fact, one company
estimates that it solves over 250,000 systems a day. The reservoir simula-
tions are derived from partial differential equations describing fluid flow and
from terabytes of data, but they still contain a good deal of uncertainty. Re-
searchers are using statistics to quantify the uncertainty involved, thus giving
planners models that are more descriptive of subsurface properties such as
permeability. One thing is certain, however: Finding new sources of energy
to meet future energy demand will continue to depend on advances in the
mathematical sciences.

(h) Revolutionising Computing: In about 20 years, computer chips will
be so small that the effects of quantum mechanics will replace the physical
laws we take for granted. While today’s computing is based on bits that
are either 0 or 1, the basic unit in quantum computing is the quantum bit
- the qubit - which can be 0 and 1 simultaneously (with a probability asso-
ciated with each). In the strange world of quantum computing, complicated
procedures such as factoring large numbers are done much faster because
the many steps involved can be done concurrently. The ultimate goal of
mathematicians, physicists, computer scientists and engineers in the field is
to create a quantum computer that could solve in seconds some problems
that would take today’s most powerful computers billions of years to solve.
Among the capabilities of a quantum computer would be the ability to do the
calculations necessary to break today’s electronic encryption methods. This
is not as alarming as it may sound, because cryptographers have already de-
signed algorithms to take advantage of the quantum mechanics principle that
observing a system’s state changes it. Thus, users of a quantum communica-
tions network could detect any attempt to intercept their communication. It
is somehow ironic that the laws that govern the barrier to the miniaturisation
of today’s computers may provide a boom to future computing.

(i) Preserving the Past: Structures that have stood for thousands of years
are now crumbling because of air pollution. Mathematicians are using mod-
els that incorporate factors such as humidity, temperature and the level of
pollution to better understand the degradation process (which occurs when
pollutants reacting with water vapour transform the outer surface of stone
into a vulnerable layer of porous gypsum). The models, based on differential
equations, can point to better strategies for restoring ancient monuments,
perhaps preventing their destruction. One difficulty in modelling the deteri-
oration is that the process depends heavily on constantly changing conditions
among many variables, such as humidity. Due to this large number of rele-
vant features, simplifying assumptions are made - for example, that the air
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temperature equals that of the gypsum layer along the air-gypsum bound-
ary, to make the models manageable. The resulting non-linear equations are
then solved numerically, and despite the simplifications, the predictions are
accurate. Researchers who developed these models have recently discovered
the following: that there is a humidity threshold below which stone isn’t con-
verted to gypsum, that removing existing gypsum can be counterproductive,
and that the size of the advancing decaying front varies with the square root
of both time and the concentration of pollutants.

(j) Power Distribution in Parliament: Votes are cast by full membership
in each house of Congress, but much of the important manoeuvring occurs in
committees. Graph theory and linear algebra are two mathematics subjects
that have revealed a level of organisation in Congress, groups of commit-
tees, above the known levels of subcommittees and committees. The result
is based on strong connections between certain committees that can be de-
tected by examining their memberships but which were virtually unknown
until uncovered by mathematical analysis. Mathematics has also been ap-
plied to individual congressional voting records. Each legislator’s record is
represented in a matrix whose larger dimension is the number of votes cast
(which in a House term is approximately 1000). Using mathematical notion
of eigen-values and eigenvectors, researchers have shown that the entire col-
lection of votes for a particular Congress can be approximated very well by a
two-dimensional space. Thus, for example, in almost all cases the success or
failure of a bill can be predicted from information derived from two coordi-
nates. Consequently it turns out that eigenvalues are some of the important
values.

(k) Recognising Speech: Current speech recognition systems perform
fairly well in non-conversational settings such as dictation or requests for
directory assistance. Applications like this may not appear impressive, but
because of accents, inflections, and pauses, even simple situations require so-
phisticated techniques to transform speech waveforms into words accurately.
One of the most common techniques is a mathematical tool known as a
hidden Markov model, involving conditional probabilities, which trains on
candidate sounds so as to locate the best match for a given input. Dictat-
ing directions to machines, a luxury now, may become a necessity as input
devices become too small. Researchers are looking for new mathematical
models and algorithms (which will probably use subjects like statistics and
machine learning) that can filter out noises, understand casual speech, and
adjust to different speakers. Those are difficult problems, but once solved, it
won’t be long before your voice replaces your keyboard, mouse, and - best of
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all - your many remotes.

(l) Tracing Travelling Routes: The Travelling Salesman Problem entails
finding the shortest route that passes through each assigned town exactly
once. The problem is noteworthy for its complexity, which grows exponen-
tially with the number of towns, and for its applications, which range from
wiring a chip to scheduling airline crews. Mathematics researchers use graph
theory and linear programming to solve the problem when feasible and to find
near-optimal solutions in other instances, saving industry time and money.
There may never be a workable general solution to the Travelling Salesman
Problem. Yet even without knowing the best answer, mathematicians still
can estimate how close to optimal a given route is. Perhaps even more sur-
prising: Operating on a map of 25,000 towns, current algorithms design paths
whose lengths are within 0.01% of that of a shortest path.

(m) Predicting Storm Surges: Storm surge is often the most devastat-
ing part of a hurricane. Mathematical models used to predict surge must
incorporate the effects of winds, atmospheric pressure, tides, waves and river
flows, as well as the geometry and topography of the coastal ocean and the
adjacent floodplain. Equations from fluid dynamics describe the movement
of water but most often such huge systems of equations need to be solved by
numerical analysis in order to better forecast where potential flooding will
occur. Much of the detailed geometry and topography on or near a coast
require very fine precision to model, while other regions such as large open
expanses of deep water can typically be solved with much coarser resolution.
So, using one scale throughout either has too much data to be feasible or
is not very predictive in the area of greatest concern, the coastal floodplain.
Researchers solve this problem by using an unstructured grid size that adapts
to the relevant regions and allows for coupling of the information from the
ocean to the coast and inland. The model was very accurate in tests of his-
torical storms in Southern Louisiana and is being used to design better and
safer leeves in the region and to evaluate the safety of all coastal regions.

(o) Determining Rogues: It doesn’t take a perfect storm to generate a
rogue wave, an open-ocean wave that is much steeper and more massive
than its neighbours, and which appears with little or no warning. Some-
times, winds and currents collide causing waves to combine non-linearly and
produce towering walls of water. Mathematicians and other researchers are
collecting data from rogue waves and modelling them with partial differ-
ential equations to understand how and why they are formed. A deeper
understanding of both their origins and their frequency will result in safer
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shipping and offshore platform operations. Since rogue waves are rare and
short lived (fortunately), studying them is not easy; so some researchers are
experimenting with light to create rogue waves in a different medium. Re-
sults of these experiments are consistent with sailors’ claims that rogues, like
other unusual events, are more frequent than what is predicted by standard
models. The standard models had assumed a bell-shaped distribution for
wave heights, and anticipated a rogue wave about once every 10,000 years.
This purported extreme unlikelihood led designers and builders to not ac-
count for their potential catastrophic effects. Today’s recognition of rogues
as rare, but realistic, possibilities could save the shipping industry billions of
dollars and hundreds of lives.

(p) Environmental Engineering: There is a formidable interplay between
mathematical modelling, technology and stochastic control in solving envi-
ronmental engineering problems. Environmental engineering is invariably
aimed at controlling the evolution of systems that contains inherent uncer-
tainty. Existing theory in this field has applied mathematical results in state
space models, Markov decision processes, dynamic programming, control of
linear systems, Kalman filtering, system identification and adaptive control.
Environmental engineering has challenged mathematicians in managing un-
certainty. There is a fast exploding research field aimed at developing math-
ematical models and techniques that adequately deal with the problems of
uncertainty encountered in environmental decision making. There are many
fast developing branches of mathematics that contain concepts, techniques,
theorems, and algorithms that have much to offer in this area. The latter
include the theories of signal processing, stochastic and robust programming,
large deviation theory and the theory of singular perturbations of operators
and viability theory [Notices of the AMS, 57 (10): 2010].

(q) Combustion Engine Optimisation: It is nowadays possible to utilise
computational fluid dynamics (CFD) methods to simulate the physical and
chemical processes inside combustion engines. By varying the design pa-
rameters of the engine, different configurations can be simulated and their
performances compared over a set of representative engine load conditions.
The goals when designing a new engine are typically in conflict: for highly
efficient engines, we have high burning temperatures which may result in the
formation of a lot of nitrogen oxides, in addition to high fuel consumption.
Multi-criteria optimisation techniques have been employed to get good de-
signs that have Pareto optimal points taking into account constraints on the
combustion process, like a maximum pressure inside the engine during the
combustion stroke. Even the best CFD codes can take days to run one simu-
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lation, while the still will produce numerical errors giving a serious challenge
for optimisation. Recently, a team of researchers consisting of engineers,
mathematicians, physicists and computer scientists at Chalmers University
of Technology, Goteborg, Sweden, Volvo Car Corporation and Volvo Pow-
ertrain Corporation have devised and tested a new algorithm for the design
of a new diesel engine (www.chalmers.se/Math/EN/research/gmmc/solved-
problems). For a given set of evaluated designs, an explicit approximation
model is constructed, based on radial basis functions. Its approximate Pareto
optimal set guides the search for one or more new designs, with the aim to
reduce the uncertainty of the approximation model near the Pareto front.
The new method avoids potential pitfalls stemming from simulation errors,
and further produces a final approximation model that can be used for post-
processing of the proposed designs.

(r) Mathematical Cardiology/Physiology: The exposition here is a
short extract from a very recent article published by Professor John Cain
of Virginia Commonwealth University (Cain, 2011). There are many im-
portant research problems in cardiology that have been jointly attacked by
mathematicians, clinicians and biomedical engineers, and which have con-
tributed to improved understanding of cardiac abnormalities. Since some
of the most exciting research problems in mathematical cardiology involve
electrical wave propagation in heart tissue, research in cardiac electrophysi-
ology has attracted deep attention of the above named group of researchers.
The quantitative study of electrophysiology was pioneered by George Ralph
Mines (1886-1914), and his contribution has continued to influence the math-
ematical study of reentrant arrhythmia. Nearly half a century after Mines’
death, in a stunningly elegant blend of mathematics and experimentation,
British physiologists Alan Hodgkin and Andrew Huxley introduced a model
of electrical propagation in the squid axon. The first of many adaptation of
their mathematical model to cardiac tissue soon after led Hodgkin and Hux-
ley to share the 1963 Nobel Prize in Medicine or physiology for their efforts.
Examining the electrical activity in a person’s body can reveal a great deal
of physiological information.

Electrical activities in the brain and the heart are respectively recorded
by someone undergoing electroencephalogram (EEG) and electrocardiogram
(ECG). Bodily fluids contain positively charged ions that transverse cell
membranes, the resulting electrical currents elicit changes in the voltage V
across the cell membrane. In the absence of electrical stimulation, V stays
at rest at a constant value. Electrical stimuli can cause a resting cardiac cell
to respond in a rather dramatic fashion resulting in an abnormality called
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an action potential. Mathematically modelling the cardiac action potential
is an attractive research topic partly because such models tend to be rooted
in the Nobel Prize winning work of Hodgkin and Huxley. The key idea is
to model the cardiac cell membrane as an electrical circuit. In building a
realistic model, the tricky part is to determine the specific form of the ionic
current. A major modelling challenge is to simultaneously keep the model
minimally complicated so that it is amenable to mathematical analysis but
make the model sufficiently detailed that it can reproduce as much clinically
relevant data as possible. There is a large repository of ionic models available
in the literature. Although the model span a wide range of complexity, most
are based upon the original Hodgkin Huxley formalism and are presented as
systems of ordinary differential equations (Cain, 2011).

Adapting this single cell model to the tissue level, the resulting system of
partial differential equations has been well studied, revealing (i) the exis-
tence of travelling pulse solutions (solitary action potentials) (ii) existence of
periodic wave train solutions (iii) stability of these solutions and how they
involved from initial data (iv) asymptotic estimates of action potential du-
ration and velocity in terms of the parameters (v) existence of spiral (2-D
tissue) and scroll (3-D tissue) wave solutions (vi) asymptotic estimates of
the rotation frequencies of spiral and scroll waves which are important in
the genesis of certain arrhythmias. Action potentials can propagate through
cardiac tissue because individual cells are electrically coupled. In the domain
Ω formed by the heart tissue, transmembrane voltage has both spatial and
temporal dependence: V = V (x, y, z, t) where (x, y, z) belongs to Ω. A model
of the electrical wave propagation in cardiac tissue has emerged in the form
of a boundary value problem for partial differential equations involving V,
its gradients, ionic current with Neumann boundary conditions (Keeners and
Sneyd, 1998). The resulting equation presents a nice challenge for numerical
analysts. Many diverse related cardia-vascular problems are similarly receiv-
ing mathematical treatments. Modelling groups around the world including
those led by Peter Hunter of Auckland Bioengineering Institute, University
of Auckland and Rob Macleod (Scientific Computing and Imaging Institute,
University of Utah) have made considerable progress in this field.

(s) Mathematical Biology: Avner Friedman, a Distinguished Professor of
Mathematics and former Director of the Mathematical Biosciences Institute
at Ohio State University explained some recent achievements and direction
of research in Mathematical Biology (Friedman, 2010). What follows is a
short summary from the article.
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Recent years have witnessed unprecedented progress in the biosciences. Per-
haps the most visible event is the completion of the Human Genome Project -
the first step toward a molecular genetic understanding of the human organ-
isms. Subsequent discovery of non-coding genes and deeper understanding of
the genomic/proteomic machinery continue to advance biology at a revolu-
tionary pace. Advances are reported continually in the fights against cancer
and degenerative diseases of the brain, such as Alzheimer’s, Parkinson’s, and
ALS, and in the management of health threats such as AIDS, insect dis-
ease vectors, and antibiotic resistance. Society is eager to see basic research
quickly translated into longer and better quality of life through deeper under-
standing of disease mechanisms and better medical treatment. Accordingly,
many topics from bioscience have been given high priority on the US national
agenda.

Behind the headlines lie astonishing advances in basic science and tech-
nology, including medical imaging, nanoscale bioengineering, and gene ex-
pression arrays. These technologies have rapidly generated massive sets of
loosely structured data and enabled researchers to elucidate basic biomed-
ical mechanisms and pathways. This explosion of experimental results has
challenged researchers’ abilities to synthesise the data and draw knowledge
from them. Thus the emergence of models and the existence of large data
sets that require quantitative analysis, coupled with strong public support
for accelerated progress in the biosciences, present a great opportunity for
the mathematical sciences.

To successfully exploit this opportunity will require mathematical scientists
to learn the bioscientists’ language so that they can understand the under-
lying biology clearly enough before they bring the power of mathematics to
bear. While we can expect that established methods in mathematical sciences
will be of immediate use, the quantitative analysis of fundamental problems
in bioscience will undoubtedly require new ideas and new techniques. In-
deed, when viewed over a long time scale, biological applications launched
new fields within mathematics, for example, pattern formation in reaction-
diffusion equations and combinatorial problems arising in sequence align-
ment. There already exist several mathematical bioscience research groups
in departments of mathematics, statistics, computer science and biology, as
well as biostatistics centres in medical research facilities around the country.
In addition, individual topics from mathematical biosciences have been fea-
tured in the programs of some of the existing mathematical institutes in the
United States.
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Nevertheless, the current size of the mathematical biosciences community
is relatively small compared with the demands of the biosciences. Therefore,
there is a need to encourage an influx of mathematicians and statisticians
into mathematical biosciences and to nurture a new generation of researchers
more systematically than before. Friedman revealed further that these chal-
lenges have motivated the founding of the Mathematical Biosciences Institute
at Ohio State University as one of the National Science Foundation/ Division
of Mathematical Sciences (NSF/DMS) -sponsored Mathematical Institutes.
Since 2002 when the Institute became operational, there have been influx of
thousands of enthusiastic, both mathematicians and biologists to the Insti-
tute.

What is Mathematical Biology?: If the unit of physics is an atom, then
the unit of life is a cell; but a cell is infinitely more complex. A cell in mam-
mals typically contains 300 million molecules. Some are very large, such as
the DNA molecules, which consist of many millions of atoms. But a cell is
not just a huge collection of molecules. The cell maintains control and order
among its molecules as exemplified, for instance in the DNA-RNA-protein
machinery. A cell absorbs nutrients and generates biomass to perform spe-
cific functions, such as secreting chemicals or engulfing pathogens; it adapts
to its microenvironment by moving toward sources of nutrients or by remain-
ing quiescent when resources are scarce, and a cell replicates when conditions
are favourable. Consequently, mathematical modelling of cellular processes
is quite challenging. Furthermore, since the human body has 1013 cells of
different types and functions continuously talking to each other, it is quite
clear that mathematical models of biological processes are extremely chal-
lenging.

Work in mathematical biology is typically a collaboration between a math-
ematician and a biologist. The latter will pose the biological questions or
describe a set of experiments, while the former will develop a model and
simulate it. In order to develop a model, for instance in terms of a system
of differential equations, the mathematician needs to determine a diagram
of relationships among the biological variables and specify rate parameters.
Typically some of these parameters are not found in the literature and need
to be estimated. They are determined in an iterative process of simulations
aimed at achieving good fit with the experimental data. This process may
take much iteration. Hence, it is crucial that each simulation does not take
too much computational time. When the model simulations finally agree
with experimental results, the model may be considered useful for suggesting
new hypotheses that are biologically testable. It may suggest, for example,
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a particular therapy that is represented, in the model, in the form of an in-
crease in one or several rate parameters.

How useful is mathematical biology? This is a question with two parts: (1)
does mathematics advance biology and (2) does biology inspire new mathe-
matics? What follow are examples of research conducted at the Mathematical
Biosciences Institute, which illustrate how both disciplines, mathematics and
biology, benefit from each other.

Ischemic Wounds: Chronic wounds represent a major public health prob-
lem worldwide, affecting 6.5 million individuals annually in the United States
alone. Vascular complications commonly associated with problematic wounds
are primarily responsible for wound ischemia (shortage of blood flow), which
severely impairs healing response. Recent experiments with a porcine model
to study healing in a preclinical approach were conducted by Roy et. al.
in (Friedman, 2010). In those experiments, a full-thickness bipedicle dermal
flap was developed first, such that blood supply was isolated from underneath
the flap and from two long edges. One circular wound was then developed
in the centre of the flap (ischemic wound) and another on the normal skin
(non-ischemic wound) of the same animal as a pair-matched control.

In order to determine therapeutic strategies that may help heal ischemic
wounds, Xue et. al. (Friedman, 2010 and references therein) developed a
mathematical model that incorporates the main variables involved in the
wound closure phase of the healing process, namely, several types of blood
and tissue cells, chemical signals, and tissue density. The model was formu-
lated in terms of a system of partial differential equations in a viscoelastic,
partially healed domain where a portion of the boundary, namely the open
wound’s surface, is a free boundary unknown in advance. However, each sim-
ulation of the free boundary problem in the 3-dimensional geometry takes
too much time. The challenge then was how to simplify the geometry while
still imposing conditions of ischemia. Xue et. al. assumed that the wound
is circular with radius r but that many small incisions of size δ are made at
r = L with adjacent incisions separated by distance ε. Taking δ, ε → 0 in
appropriate proportions and applying homogenisation theory, they deduced
that each boundary condition u = us (for a solution of ∆u = f) before the
incisions changed into a boundary condition

(1− α)(u− us) + α
∂u

∂r
= 0 at r = L

after the incisions were made, where α is a measure of ischemia; α near 1
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means extreme ischemia. The results are in tight agreement with the exper-
imental results of Roy et al. The model is now going to be used as a tool to
suggest biologically testable hypotheses for improved healing, thereby reduc-
ing the need for guesswork and time-consuming animal testing.

Cancer-Inspired Free Boundary Problems: The mathematical theory
of free boundary problems has developed extensively over the last forty years
but the range of new applications has remained modest. Recently, histolog-
ical changes in biology offered new mathematical models and inspired new
theories and examples occurred in tumour growth, wound healing, and devel-
opmental biology, to name a few. Consideration here is on tumour models in-
volving a new class of free boundary problems related to symmetry-breaking
bifurcations of a spherical tumour and its stability. Consider a tumour that
occupies a region Ω(t) at time t and assume that all the cells in Ω(t) are
identical tumour cells and are uniformly distributed; due to proliferation,
the region Ω(t) will expand but only as long as there is sufficient supply of
nutrients σ assuming that the concentration satisfy a diffusion system:

σt −∆σ + σ = 0 in Ω(t), σ = 1 on ∂Ω(t),

and the proliferation rate S is assumed to depend linearly on σ:

S = µ(σ − σ̃) (µ > 0, 0 < σ̃ < 1);

roughly speaking, if σ > σ̃, the tumour expands, and if σ < σ̃, the tumor
shrinks. Tumour models with several types of cells (proliferating, quiescent
and dead) have been analysed mathematically but the existence of spherical
stationary solutions and their bifurcation and stability remain mostly open
problems.

Mr Vice Chancellor Sir, it is clear from the foregoing discussion that math-
ematics is indeed a formidable vehicle for development, as its use permeates
all fields of human activities and promotes frontier research. I will now pro-
ceed to give an account of my major contributions to mathematical research
and applications.

7. ACCOUNT OF MY CONTRIBUTIONS

7.1. Stochastic Differential Equations (SDE)

Let me start by giving a brief appraisal of what this field is all about. I shall
give a short definition and motivation for studying Stochastic Differential
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Equations (SDE) and where this field has found applications. An SDE is a
generalisation of a deterministic ordinary differential equation incorporating
random phenomenon into its formulation and parameters. This makes SDEs
more useful for modelling real life problems much more realistically than
their deterministic counterpart. It also involves much more complex analysis
using specially developed calculus called stochastic calculus (e.g. Ito Cal-
culus pioneered in 1949 by K. Ito (1915-2008), a Japanese mathematician)
as distinct from the Newtonian calculus which is applicable to deterministic
equations.

Systems in many branches of science, engineering, industry and government
are often perturbed by various types of environmental noise arising from some
uncertainties and random errors in measurements. If we consider the simple
population growth model:

dN

dt
(t) = a(t)N(t) (7.11)

with initial condition N(0) = N0, where N(t) is the size of the population
at time t and a(t) is the relative growth. It might happen that a(t) is not
completely known or subject to some random fluctuation so that it may be
written in the form:

a(t) = r(t) + σ(t)ξ.

Here ξ stands for the noise process. Equation (7.11) then becomes:

dN

dt
(t) = r(t)N(t) + σ(t)N(t)ξ,

which is given in integral form by:

N(t) = N0 +
∫ t

0
r(s)N(s)ds+

∫ t

0
σ(s)N(s)ξ(s)ds. (7.12)

The question is: What is the mathematical interpretation for the noise term
(t) and what is the integration∫ t

0
σ(s)N(s)ξ(s)ds? (7.13).

It turns out that a reasonable mathematical interpretation for the ’noise’ term
ξ(t) is the so called white noise which is formally regarded as the derivative of
a Brownian motion (a Wiener process) B(t). Hence we have ξ(t) = dB

dt
(t) or

ξ(t)dt = dB(t) and therefore, we have the integral that appears in Equation
(7.12) given by ∫ t

0
σ(s)N(s)ξ(s)ds =

∫ t

0
σ(s)N(s)dB(s). (7.14)
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If the Brownian motion B(t) were differentiable, then the integral would have
no problem at all. Unfortunately, we know that B(t) is nowhere differentiable
hence the integral cannot be defined in the ordinary way. The stochastic
nature of the Brownian motion was used by K. Ito in 1949 to establish the
integral now known as Ito stochastic integral. This led to the study of a class
of stochastic differential equations driven by a Brownian motion defined on
a probability space (Ω,F , P ) of the form:

dX(t) = E(t,X(t))dt+ F (t,X(t))dB(t), X(0) = X0, t ∈ [0, T ], (7.15)

where the coefficients E, F belong to the appropriate spaces of real or vector

valued stochastic processes.

Let it be known that many generalisations and extensions of Ito integral

have appeared in the literature. These include generalisation to stochastic

integrals driven by semimartingales and several formulations of the non com-

mutative quantum stochastic integrals driven by operator valued processes

on certain topological spaces.

7.2. Some Examples of Applications of SDE
to Real Life Problems

In order to motivate my audience and stimulate multidisciplinary research
collaborations, I will proceed to list some of the recent areas where SDE
(7.15) has been applied for modelling and solving real life problems. Individ-
uals interested in the details are welcome to the Department of Mathematics,
University of Ibadan and the newly established Adegoke Olubummo Interna-
tional Mathematical Centre (AOIMC), in our Department, for collaborations.
Some of these areas are:

(a) Population Dynamics, Protein Kinetics and Genetics
The simplest deterministic model of population growth is the exponential
equation

dN

dt
(t) = AN(t), A > 0. (7.21)

Allowing the vagaries of environment, A can be modelled to vary randomly as
A+σξ(t), for some zero mean process ξ(t). Incorporating a finite supportable
carrying capacity K, Equation (7.21) becomes

dN

dt
(t) = A(K −N(t))N(t)

= λN(t)−N2(t) (7.22)
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where AK = λ.
On randomizing the parameter λ in Equation (7.22) to λ+ σξ(t), we obtain
an SDE of the form

dN(t) =
[
λN(t)−N2(t)

]
dt+ σN(t)dW (t) (7.23)

which is explicitly solvable.
A frequently studied deterministic model of multi-species interaction is the
Voltera-Lotka system:

dNi

dt
(t) = Ni(t)

Ai +
d∑
j=1

bi,jNj(t)

 , i = 1, 2 · · · d

in the case of d different species. Randomising the growth parameters Ai
as Ai + σiξi(t) leads to a system of SDE with independent Wiener processes
given by:

dNi(t) = Ni(t)

Ai +
d∑
j=1

bi,jNj(t)

 dt+ σiNi(t)dWi(t). (7.24)

Explicit solutions are not known for equation (7.24), so approximate solu-
tions are usually obtained numerically.

Protein Kinetics
Stochastic counterparts of many ordinary differential equations modelling
chemical kinetics such as the Brusselor equations can be derived by random-
izing coefficients. For example, the kinetics of the proportion X of one of two
possible forms of certain proteins can be modelled by an ODE of the form

dX

dt
(t) = α−X − λX(1−X) (7.25)

where 0 ≤ X ≤ 1 and the other form has proportion Y = 1−X. For random
fluctuations of the interaction coefficients λ of the form λ+σξ(t), with white
noise ξ(t), we have the stochastic version of (7.25) given by the Stratonovich
SDE:

dX(t) = (α−X(t) + λX(t)(1−X(t))dt+ σX(t)(1−X(t))dW (t). (7.26)

The solutions of (7.26) are not known explicitly but remain in the interval
[0, 1].
The Ito equation equivalent to (7.26) given by

dX(t) = AX(t)dt+ σX(t)(1−X(t))dW (t) (7.27)
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has been applied to genetics with X(t) representing the proportion at time
t of one of the two possible alleles of a certain gene. A discrete time Markov
process can be constructed to model the changes from generation to genera-
tion in the alleles proportion due to natural selection.

(b) Experimental Psychology and Neuronal Activity
The coordination of human movement particularly of periodically repeated
movement has been extensively investigated by experimental psychologists
with the objective of gaining deeper understanding into neurological con-
trol mechanism. The neurological system is extremely complicated, yet in
some situations, a single characteristic appears to dominate and a satisfac-
tory phenomological SDE model can be constructed to describe its dynamics.

Neuronal Activity: Many stochastic models have been proposed to de-
scribe the spontaneous firing activity of a single neutron. These are usually
based on jump processes and allow arbitrary large hyperpolarisation values
for the membrane potential. A model incorporating several features of neu-
tronal activities has been derived in the form of SDE.

(c) Investment Finance and Option Pricing
Investment Finance: SDE have been used to model share price dynamics
in models of investment finance. Merton [47] considered an investor who
chooses between two different types of investment, one risky and the other
safe (riskless). At each instant of time, the investor must select the fraction
f of his wealth that he put into risky asset with the remaining fraction 1− f
going into the safe one. If his current consumption rate c ≥ 0, then his
wealth X(t) satisfies the SDE

dX(t) = ({(1− f)a+ fb}X(t)− c)dt+ fβX(t)dW (t). (7.28)

If the investor has perfect information about his current wealth, Markovian
feed back controls of the form:
U(t,X(t)) = (f(t,X(t)), C(t,X(t)) provides a natural way for choosing his
current investment and consumption rate.

Option Pricing: Suppose that the price X(t) of a risky asset evolves ac-
cording to the ItO SDE in integral form given by:

X(t) = X0 +
∫ t

0
b(s,X(s))dW (s), t ∈ [0, T ]

an European call option with strike price K gives the right to buy the stock
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at time T at a fixed price K. The resulting payoff is then given by

f(X(T )) = (X(T )−K)+.

Suppose that we apply a dynamical portfolio strategy or hedging strategy
(ct, ηt) where ηt is the amount of riskless asset of constant value 1 say, and
the amount ct is the risky asset. Then the value V (t) of the portfolio at time
t is

V (t) = ctX(t) + ηt

An important problem is to determine the fair price of the option. By the
Nobel prize winning Blacks-Scholes formula, we have

V (0) = E(f(X(T )).

The corresponding self financing hedging strategy in quite general situation
leads to a perfect replication of the claim

V (T ) = f(X(T )).

Please note that the Black - Scholes equations have been applied to real op-
tion valuation of assets and valuation of flexibility or opportunity for real
investments in the energy sector such as oil and gas, electricity as well as in
the real sector.

(d) Turbulent Diffusion and Radio - Astronomy
SDE have long been used to model turbulent diffusion and related issues,
dating back to Langevin’s equations for Brownian motion. If X(t) ∈ IR3

represents the position of a fluid particle at time t and V (t) its velocity, a
simple model for the Lagrangian dynamics of such a particle is of the form:

dX(t) = V (t)dt

dV (t) = − 1

T
V (t)dt+ σdW (t) (7.29)

where T is a large relaxation time for the process V (t). Variation of the
last equations have been considered with coloured noise. In some instances,
Poisson processes have been used as the driving processes. Other areas of
research activities where SDE have found applications are:
(e) Helicopter Rotor and Satellite Orbit Stability,
(f) Biological Waste Treatment, Hydrology and Indoor Air Quality,
(g) Seismology and Structural Mechanics,
(h) Fatigue Cracking, Optical Bistability and Nemantic Liquid Crystals,
(i) Blood Clotting Dynamics and Cellular Energetics,
(j) Josephson Junctions, Communications and Stochastic Annealing
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7.3. My Contribution to Classical Stochastic

Differential Equations

Mr. Vice Chancellor Sir, my contributions in this field concern some qualita-
tive and numerical aspects of classical stochastic differential equations driven
by Brownian motions.

Oscillatory Behaviour of Solutions of Stochastic Delay

Differential Equations

1. My former doctoral student, Dr. A.O. Atonuje and I have published
some results (Atonuje and Ayoola, 2007) concerning the non-contribution to
the oscillatory behaviour of solutions of stochastic delay differential equations
(SDDE) of the form:

dX(t) = −
n∑
j=1

ai(t)X(t− ri)dt+ µX(t)dB(t), t ≥ 0

X(t) = ν(t), t ∈ [t̃− ρ, 0]. (7.31)

We were able to prove that even when non-oscillatory solutions exist in the
corresponding deterministic delay differential equation, the presence of noise
perturbation stimulates an oscillation subject to certain conditions on the
delay terms
.
2. We have also shown that in the absence of the noise term, non -oscillatory
solutions can occur for the deterministic case but with the presence of noise,
all solutions of SDDE oscillate almost certainly whenever the feedback in-
tensity is negative (Atonuje and Ayoola, 2007, 2008a, b). Delay and noise
play complementary roles in the oscillatory behaviour of the solution of the
SDDE (7.31).
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Finite Element Solutions of Stochastic Partial Differential Equa-
tions

3. Another former doctoral student of mine, Dr. I. N. Njoseh and my-
self published some results (Njoseh and Ayoola, 2008a) on the finite element
method for a strongly damped stochastic wave equation driven by a space -
time noise of the form:

Utt + αAUt + AU = dW in Ω, t > 0,

U(·, t) = 0, on δΩ, t > 0

U(0) = φ, Ut(0) = ν, in Ω (7.32)

where Ω is a bounded domain in IRd, d ≥ 2, with smooth boundary δΩ and
A = −4 self adjoint operator, W a Wiener process.
We provided some error estimates of optimal order for semi-discrete and fully
discrete finite elements schemes by using L2 - projections of the initial data
as starting values.

4. We also carried out a finite element analysis of the stochastic Cahn-
Hilliard Equation (Njoseh and Ayoola, 2008b) of the form:

Ut −4(−4U + f(U) = a(U)Wtx on Ω

with initial condition

U(0, ·) = u0, in Ω and
∂U

∂n
=

∂

∂n
4U = 0, on ∂Ω, (7.33)

where Ω is a smooth bounded domain in IRd.
The equation is a semi-linear parabolic of fourth order. It has been used to
model phase separation and coarsening phenomena in a melted alloy that is
quenched to a temperature at which only two different concentration phases
can exist stably.
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7.4 My Contribution to Quantum Stochastic

Differential Equations and Inclusions

Quantum stochastic calculus is a differential calculus incorporating various
noises in quantum world. The first quantum stochastic calculus was intro-
duced by R. L. Hudson and K.R Parthasarathy (Hudson and K.R
Parthasarathy, 1984), for Boson noises. This is roughly speaking, a sort of
Ito calculus for the most fundamental noises in quantum theory. The study
of stochastic calculi for several types of noises such as Boson, Fermi, free,
Boolean, monotonic, etc is still a hot topic.

Quantum stochastic differential equations (QSDE) are stochastic differen-
tial equations for operator processes driven by quantum noises. In addition
to reducing to classical SDE in special cases, they are applied in the study
of quantum information, quantum open systems, quantum measurement, in
the study of quantum Markov processes and dilations of quantum Markov
semi-groups.

Quantum information theory treats any problem related to transmission of
information through quantum systems, to storing, encoding, decoding infor-
mation in quantum systems. Foundations of quantum mechanics are relevant
and measurement theory is involved in modelling decoding and error proce-
dures, at least.

Quantum Markov semi-groups are the natural mathematical objects for mod-
elling the irreversible evolution of open quantum systems. This is governed
by the so-called master equation whose solutions are given by a Markov semi-
group. These are mathematically viewed as non-commutative generalisation
of classical Markov semi-groups acting on a commutative algebra (a function
space).

Quantum measurement theory is a very important topic in quantum proba-
bility. It deals with the issues of measurements of observables inside quan-
tum mechanics. It has applications in open system theory, quantum optics,
operator theory, quantum probability and quantum and classical stochastic
processes.

Quantum probability is a transversal subject which finds its fundamental
axioms in quantum physics and has deep connections with domains such
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as quantum mechanics, quantum field theory, quantum optics and scatter-
ing theory (Attal, 1998). Sometimes, quantum probability is regarded as
part of functional analysis (C∗-algebra,, von Neumann algebra theory, non-
commutative geometry, quantum groups, etc)

Building upon the fundamental foundation laid by G.O.S. Ekhaguere in his
pioneering paper (Ekhaguere, 1992) concerning the existence and some qual-
itative properties of Lipschitzian quantum stochastic differential inclusions
of the form (7.63) below, my research activities in this field concern both the
theoretical and numerical aspects of quantum stochastic differential equa-
tions (QSDE) and inclusions (QSDI) driven by quantum martingales and
semi-martingales in the weak and strong sense within the framework of the
Hudson-Parthasarathy (H-P) [37] formulations of quantum stochastic calcu-
lus (QSC). It is well known that the H-P formulation of QSC sufficiently
generalise the Ito calculus.
Quantum stochastic calculus employs the principles of quantum probability
which is a non-commutative generalisation of classical theory of probability.
Random variables (or observables in the language of physics) are represented
by self adjoint operators in a complex Hilbert space and probabilities, or
states are represented by unit vectors in the Hilbert spaces. Thus, problems
in classical stochastic calculus can be reformulated in quantum forms based
on the fact that given any family S = St, t ∈ T ) of commuting self adjoint
operators in a complex Hilbert space H, which are collectively cyclic, (i.e
there exists a unit vector φ ∈ H for which the set {eixStφ : x ∈ IR} is total
in H), it can be shown that there exists a probability space (Ω, F P ), is
a family of real valued measurable functions (classical stochastic processes)
(Xt : t ∈ T ) on Ω and a Hilbert space isomorphism

DS : H → L2(Ω,F , P )

such that the vacuum vector (unit vector in H) is mapped to the function
identically 1 and the operator St becomes the operator of multiplication by
Xt ( Hudson, 2001 ).

A quantum stochastic process consisting of commuting self - adjoint opera-
tors is completely equivalent to a classical stochastic process (Attal, 1998).
In general, quantum stochastic calculus concerns non-commuting self adjoint
operators thereby containing the classical theory as a special case. It should
therefore, be noted that several benefits have been achieved by interpreting
classical probability in non-commutative quantum form. Such benefits in-
clude a better understanding of classical stochastic flows and some parts of
Wiener space analysis and Wiener chaos expansions where a fundamental
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chaotic representation property of the Azema martingales have been discov-
ered (Mayer, 1993; Hudson, 2001). However, it is well known that the subject
of quantum probability is far from being reduced to a simple non commu-
tative extension of classical probability theory. It is not exclusive to finding
non-commutative analogues of the classical theorems. Its connection with
quantum field theory is very deep as earlier stated.

7.5. Fundamental Concepts and Structures

Among my contributions, I employed the formulations of the H-P quantum
stochastic calculus as described briefly in what follows.
Let D be an inner product space and H, the completion of D. We denote
by L+(D, H), the set

{X : D → H /X is a linear map with D ⊆ DomX∗},

where X∗ is the operator adjoint of X. We remark that L+(D, H) is a
linear space under the usual notions of addition and scalar multiplications of
operators.

If H is a Hilbert space, then the Boson Fock space Γ(H) determined by
H is the Hilbert space direct sum given by :

Γ(H) =
∞⊕
n=0

H(n)

where H(0) = CI. For n ≥ 1, H(n) is the subspace of the n-fold Hilbert space
tensor product of H with itself comprising all symmetric tensors:

H(n) = (H ⊗ · · · ⊗H)sym

For each f ∈ H, an element of the form:

e(f) =
∞⊕
n=0

(n!)−
1
2

n⊗
f

is called an exponential or coherent vectors in Γ(H). Here
⊗0 f = 1 and⊗n f is the n-fold tensor product of f with itself for n ≥ 1. The element

e(0) in Γ(H) is called the vacuum vector.

It is well established that the exponential vectors enjoy a number of proper-
ties. Its linear span is dense in the Fock space, the set of exponential vectors
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is linearly independent among other properties. These properties aid the use
of exponential vectors for the development of the H-P QSC calculus.

For an arbitrary inner product space ID and its completion R, and γ some
fixed Hilbert space we write

A = L+(ID⊗IE,R⊗ Γ(L2
γ(IR+))) (7.51)

where L2
γ(IR+) is the Hilbert space of square integrable, γ-valued maps on

IR+ and ⊗ denotes the algebraic tensor product. Many other relevant spaces
are similarly defined and employed. Motivated by the first and second funda-
mental formula of H-P (Hudson and Parthasarathy, 1984), Ekhaguere (1992)
equipped the linear space A with a locally convex topology generated by a
family of seminorms

{x→ ‖x‖ηξ = | < η, xξ > |, x ∈ A, η, ξ ∈ ID⊗IE.}

The space A is similarly equipped with another locally convex topology gen-
erated by the family of semi norms:

{x→ ‖x‖ξ = ‖xξ‖, ξ ∈ ID⊗IE}

following the second fundamental formula of H-P. The completions of these
spaces are employed in my research activities in this field. Thus, we define a
quantum stochastic process as an Ã valued map on some intervals contained
in the positive segment of the real number line.

For the coefficients of the QSDE ( resp. QSDI) E, F, G, H : [0, T ]×Ã → Ã
(resp.E, F, G, H : [0, T ] × Ã → 2Ã) belonging to appropriate spaces and
with the solutions X(t) enjoying suitable properties, the following is a brief
account of my contributions.

7.6 MY RESEARCH CONTRIBUTIONS

(1) Numerical Schemes for Solving Quantum Stochastic

Differential Equations.

Mr. Vice Chancellor Sir, I proposed, developed and multi-step schemes
for solving numerically Lipschitzian quantum stochastic differential equation
(LQSDE) (Ayoola, 2000a) of the form:

dX(t) = E(t,X(t))dΛπ(t) + F (t,X(t))dA+
f (t)
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+G(t,X(t))dAg(t) +H(t,X(t))dt (7.61)

in an interval [t0, T ] with initial condition X(t0) = X0. The driving processes
Λπ, A

+
f , Ag are the stochastic integrators in the Boson Fock space quantum

stochastic calculus. Convergence of the discrete schemes to the exact so-
lutions and error estimates were obtained for explicit scheme of class A in
the locally convex space of solutions. Results in (Ayoola, 2000a) contain the
Euler-Maruyama schemes for Ito stochastic differential equations as a spe-
cial case and numerical examples were given. Explicit and exact solutions
of LQSDE (7.61) are rarely available, making the search for approximate
solutions a necessary and worthwhile endeavour. Prior to the publication of
Ayoola (2000a), very little, if any at all, was known about the features of
numerical solutions of LQSDE (7.61). As the LQSDE is a non-commutative
generalisation of the classical Ito stochastic differential equation (Ito SDE),
driven by Brownian motion, the implementation of the multi-step schemes
and other discrete schemes developed in my subsequent works completely
eliminated the need for the computation of random increments by random
number generators as obtained in the implementation of stochastic Taylor
schemes for simulation of sample paths and functional of solutions of classical
Ito SDE. This paper, (Ayoola, 2000a) has opened further research directions
concerning the refinement of the schemes in several ways, as well as the study
of numerical stability associated with the multi-step schemes. The conver-
gence and stability of a general multi-step scheme for (7.61) was considered
in (Ayoola, 2000b). For the Mathematical Reviews database published by
the American Mathematical Society (AMS), the reviews of the articles (Ay-
oola, 2000a,b) were respectively written in the years 2001 and 2004. The
first was written by one of the founding fathers of quantum stochastic calcu-
lus, Emeritus Professor K. R. Parthasarathy of the Indian Statistical
Institute, and the other written by Professor Henri Schurz of Southern
Illinois University, Carbondale, USA. The assigned review numbers are re-
spectively:: MR 2001e:81065 and MR: 2004:81072.

(2) One Step Schemes for Solving Quantum Stochastic Differen-
tial Equations (QSDE)

My article in Ayoola (2000a) was concerned with the development, analysis
and applications of several one-step schemes for computing weak solutions
of LQSDE (7.61). The work was accomplished in the framework of Hudson
and Parthasarathy formulation of quantum stochastic calculus and subject
to the matrix elements of solution being sufficiently differentiable. The re-
sults here concern non-commutative generalisation of the usual Euler scheme,
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Runge-Kutta schemes and an integral scheme for computing solutions of the
LQSDE. The paper contains results for the Ito SDE as a special case with
Ito processes as multiplication valued operators in a simple Fock space. The
schemes exhibit important implementation benefits as in Ayoola (2000a,b).
The article in Ayoola (2001) is 40 page long and contains the main existence
results of Ayoola (1998) as appendix, as well as some numerical experiments
to illustrate the main features of the different schemes and their error esti-
mates. The one step schemes here also generalise discrete schemes reported
in Ayoola (1999a) and Ayoola (1999b). Extension of the results here to the
case of continuous time Euler approximation scheme and a computational
scheme under Caratheodory conditions was undertaken in Ayoola (2002b).
The findings in Ayoola (2001a) has created further research questions involv-
ing extensions to LQSDE (7.61) of various improvements already established
for classical discrete schemes in the finite dimensional setting. The math-
ematical review of my article, Ayoola (2001a) was written by Professor
Rolando Rebolledo Berroe of Zentralblatt Mathematics Database, Ger-
many with review number: Zbl 0998.60056 and the Abstract is listed in the
AMS Mathematical Review with number MR 2002f:65017.

(3)Kurzweil Equations Associated with QSDE

In Ayoola (2001b), I introduced and studied Kurzweil equations associated
with LQSDE (7.61) and I established the non-commutative quantum exten-
sions of classical Kurzweil integrals and some technical results. In addition,
I proved the interesting equivalence between LQSDE (7.61) in integral form
and the Kurzweil equation of the form:

d

dτ
< η,X(τ)ξ >= DΦ(X(τ), t)(η, ξ)

on [t0, T ] and for t ∈ [t0, T ], for a suitable map Φ and η, ξ belonging to an ap-
propriate class. Investigation of approximate solutions of LQSDE (7.61) by
utilising established results on Kurzweil integrals and equations was afforded
by the equivalence results. It was shown in the paper that the associated
Kurzweil equation may be used to obtain reasonably high accurate solutions
of the LQSDE. This paper extends established relationship between Lebesgue
and Kurzweil integrals to quantum stochastic integrals. This particular study
generalised some numerical results in Ayoola (2000a,b) since the results in
Ayoola (2001b) hold under pure Caratheodory conditions where the matrix
elements of solutions need not be differentiable more than once. The results
also generalised several analogous results for classical initial value problems
to the non commutative quantum setting involving unbounded linear oper-
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ators on a Hilbert space. Further research problems have thus been opened
by the paper of Ayoola (2001b) concerning the issue of variational stability
of LQSDE (7.61).
The review of the article Ayoola (2001b) was written in the year 2002 by
Professor Debashish Goswami of Indian Statistical Institute for the AMS
Mathematical Reviews with review number MR 2002g: 81078.

(4) Construction of Approximate Attainability Set for QSDI

I presented similarly, a numerical method for constructing with a specified
accuracy, attainability set R(T )(x0)(η, ξ) (Ayoola (2001c) defined by

R(T )(x0)(η, ξ) = {< η,Φ(T )ξ >: Φ(·) ∈ S(T )(x0)} (7.62)

for the Lipschitzian quantum stochastic differential inclusion (LQSDI) in
integral form:

X(t) ∈ x0 +
∫ t

t0
(E(s,X(s))dλπ(s) + F (s,X(s))dAf (s)

+ G(s,X(s))dA+
g (s) +H(s,X(s)

)
ds, t ∈ [t0, T ]. (7.63)

where S(T )(x0) is the set of solutions to LQSDI (7.63).
An algorithm is described for numerically approximating the attainability set
within any prescribed accuracy. Results in this paper generalised an analo-
gous classical result of Komarov and Pevchikh to non-commutative quantum
stochastic differential inclusion (7.63). Attainability sets are important for
several characterisation of the set of trajectories of LQSDI (7.63). In (Ayoola
(2008b), I established the existence of solutions of QSDI (7.63) satisfying a
general Lipschitz condition. The Lipschitz condition of Ayoola (2001c) is a
special case and extension of the numerical algorithm of this paper to general
case is still open.
The AMS review of (Ayoola (2001c) was written by Professor Volker Wih-
stutz of North Carolina State University, Charlotte for the AMS Mathemat-
ical Reviews with review number MR 2002f:65018.

(5)Lagrangian Quadrature for Computing Solutions of QSDE

Investigations in Ayoola (2002a) concerned the analysis of the Lagrangian
quadrature schemes for computing weak solutions of LQSDE (7.61) with
matrix elements that are sufficiently smooth. Results concerning the con-
vergence of Lagrangian schemes to exact solutions were obtained. Precise

41



estimates for an error term were given in the case when the nodes of ap-
proximations are chosen to be roots of the Chebyshev polynomials. Some
important features of the quadrature schemes are the conversion of LQSDE
(7.61) to solvable algebraic equations in term of the nodal values and that
the nodes need not be equally spaced. This paper established the possibil-
ity of applying numerous results in linear and computer algebra for investi-
gating numerical solutions to LQSDE (7.61). Numerical experiments were
performed by solving associated linear systems taking into consideration,
computational complexity of the algorithm and round off errors.
The AMS review of this paper was written by Professor Vassili N. Kolokoltsov
of Warwick University, UK, for the AMS Mathematical Reviews with review
number MR 2003e:60121.

(6) Topological Properties of Solution Sets of QSDI

In Ayoola (2008c), I established a continuous mapping of the space of the ma-
trix elements of an arbitrary nonempty set of quasi solutions of Lipschitzian
QSDI (7.63) into the space of the matrix elements of its solutions. As a corol-
lary, I furnished a generalisation of my previous selection result in Ayoola
(2004b). In particular, when the coefficients of the inclusion are integrally
bounded, it was shown that the space of the matrix elements of solutions
is an absolute retract, contractible, locally and integrally connected in an
arbitrary dimension. As usual, we employ the Hudson and Parthasarathy
formulation of quantum stochastic calculus.
The AMS review of this paper was written by Professor Vassili N. Kolokoltsov
of Warwick University, UK for the AMS Mathematics Reviews with assigned
number MR 2008k: 81174.

(7) Existence of Strong Solutions of LQSDE

In Ayoola (2002c), the existence, uniqueness and stability of strong solu-
tions of LQSDE (7.61) were established. The locally convex topology on the
space of quantum stochastic processes in this case is generated by a family
of semi-norms induced by the norm of the Fock space. The second funda-
mental formula of Hudson and Parthasarathy concerning the estimate of the
square of the norm of the values of stochastic processes on exponential vec-
tors facilitates the existence results by method of successive approximations.
Results here generalise analogous results concerning classical SDE driven by
Brownian motion. Convergence in the sense of this paper generalise the root
mean square convergence of successive approximation in the case of classical
Ito process considered as quantum stochastic process in a simple Fock space.

42



The study of Ayoola and Gbolagade (2005) happened to be a continuation of
Ayoola (2002c) concerning the existence and stability of solutions of QSDE
satisfying a general Lipschitz condition in the strong topology. Ayoola and
Gbolagade (2005) established a class of Lipschitzian QSDE where the coef-
ficients are merely continuous on the locally convex space of the quantum
observables. The AMS Mathematical Reviews of paper Ayoola (2002c) and
Ayoola and Gbolagade (2005) were written respectively by Professor Vas-
sili N. Kolokoltsov of Warwick University, UK and Professor Debashism
Goswami of Indian Statistical Institute for the AMS Mathematical Reviews
with review numbers respectively given by MR 2003b: 60081 and MR 2005m:
81179.

(8) Exponential Formula for the Reachable Set of QSDI

Ayoola (2003a) was my second major work on quantum stochastic differential
inclusions (QSDI) (7.63). The paper was a continuation of my previous work
Ayoola (2001c) concerning the QSDI, where the coefficients are assumed to
have suitable regularity properties. The basic set-up of the paper is that of
multi-valued functions with appropriately defined multi-valued stochastic in-
tegrals. By endowing the family of closed subsets of the locally convex space
of quantum observables with a Hausdorff topology, the paper established the
following exponential formula:

R(T )(x0) = lim
N→∞

(
I +

T

N
P
)N

(x0) (7.64)

where R(T )(x0) is the reachable set of QSDI (3), I is the identity multifunc-
tion.
Repeated composition of multi-functions is understood in some sense and
the limit in Equation (7.64) is interpreted as the Kuratowski limit of sets.
Equation (7.64) has a direct consequence for the convergence, to the exact
value, of discrete approximations to the reachable set. The basic motivation
for considering QSDI (7.63) concerns the need to develop a reasonable nu-
merical scheme for solving QSDE (7.61) with discontinuous coefficients since
many of such interesting QSDE can be reformulated as QSDI with regular
coefficients.
The AMS review of Ayoola (2003a) was written by Professor Debashish
Goswami of Indian Statistical for the AMS Mathematical Reviews with re-
view number MR 2004e:81073.

(9) Discrete Approximation of Solutions of QSDI
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Ayoola (2003b) was a continuation of my study of discrete approximation
of QSDI (7.63). This paper is concerned with the error estimates involved
in the solution of a discrete version of QSDI (7.63). The main results relied
on some properties of the averaged modulus of continuity for multi-valued
sesquilinear forms associated with QSDI (7.63). The paper established a
sharp estimate for the Hausdorff distance between the set of solutions of
QSDI (7.63) and the set of solutions of its discrete approximations. This
paper however, extended the result of Dontchev and Farkhi (1989) concern-
ing classical differential inclusions to the present non-commutative quantum
setting involving inclusions in certain locally convex spaces.
The AMS review of this paper was written by Professor Habib Querdiane
of the University of Tunis El Manar, Tunisia for the AMS Mathematics Re-
views with review number MR 2005a: 60109.

(10) Existence of Continuous Selections of Solution

and Reachable Sets

Ayoola (2004b) established the existence of continuous selections of solution
set of Lipschitzian QSDI (7.63). The paper precisely proved that if

S(T )(a)(η, ξ) =: {t→< η,X(t)ξ >, X ∈ S(T )(a)}

is a set of absolutely continuous complex valued functions associated with the
set of solutions S(T )(a) of QSDI (7.63), then the multifunction < η, aξ >→
S(T )(a)(η, ξ) admits a continuous selection for all a ∈ A given that the set of
matrix elements A(η, ξ) of A is compact in the field of complex numbers.
As corollaries to the main result, I proved that the solutions set map, as well
as the reachable sets of QSDI (7.63) admitted some continuous representa-
tions. A search in the AMS Mathematical Reviews and the ISI Web of Science
databases showed that Ayoola (2004a) was the first known selection result
concerning QSDI (7.63) in the framework of the Hudson -Parthasarathy for-
mulation of quantum stochastic calculus. Consequently, the paper opened
further research questions in respect of the refinement, generalisation and
applications of the selection results in parallel with the classical cases of dif-
ferential inclusions in finite dimensional Euclidian spaces. Ayoola (2008a)
was a follow up publication, where I showed that a continuous selection from
the set of solutions exists directly defined on the space of stochastic processes
with values in the space of adapted weakly absolutely continuous solutions.
As a corollary, the reachable set multifunction admits a continuous selection.
Ayoola and Adeyeye (2007) also extended the selection results in Ayoola
(2004a) as an interpolation to cover a finite number of trajectories. The
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AMS Mathematical reviews of Ayoola (2004a), Ayoola and Adeyeye (2007)
and Ayoola (2008a) were written by Professor C. R. Belton of Mathe-
matics Department, Lancaster University, UK and Professor Vitonofrio
Crismale of Muhammad Ibn University Saudi Arabia, for the AMS Math-
ematical Reviews with review numbers MR 2005i: 81076, MR 2008m:65012
and MR 2011d:81177 respectively.

(11) Mayer Problem for Quantum Stochastic Control
In the framework of Ekhaguere’s formulation of the multi-valued analog of
H-P quantum stochastic calculus, Ogundiran and Ayoola (2010), published
jointly with my former doctoral student Dr. Michael Ogundiran, concerns
some results on quantum stochastic control. In particular, we studied the
regularity properties of the value function inherited from the multi-valued
quantum stochastic processes involved. We showed that under the assump-
tion of directional differentiability of the value function, the associated Mayer
problem had at least one optimal solution. Our theory covered earlier work
on quantum stochastic control by Belavkin and by Andreas Boukas.
The AMS Review of this paper was written by Professor Andreas Boukas
of Southern Illinois University, Carbondale, USA, with Review number 2011d:81180.

As evidence of the high impact factors of the journals where these publi-
cations appeared, abstracts of the papers can be accessed in the database of
the well-known Thomson ISI Web of Science. The web consists of abstracts
of articles published by the world’s most prestigious and influential journals
in the basic and applied sciences. It is gratifying to know that through the
help of the Postgraduate School, for which we are very grateful to the current
Dean, Professor Olorunisola and other officers of the Postgraduate School,
our university currently holds a 2-year subscription to the MATHSCINET
database, the online version of the AMS Mathematical Reviews. This aids
the research works of both postgraduate students and staff as we can easily
get informed of the reviews of thousands of new mathematics results that are
regularly posted to the database. We can also search the database for old
but useful results that are up to 60 years old and more. The site is also useful
for the assessment of research accomplishments of applicants for sabbatical
and regular positions in mathematics and for fellowship applications all over
the world.
From the database, we are able to get information about the works of our
senior colleagues which serve as important motivations for postgraduate stu-
dents and upcoming mathematicians. An author’s publication search in the
MATHSCINET reveals Professor Ekhaguere’s and my articles as leading ma-
jor publications in quantum stochastic differential equations and inclusions,
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confirming our research leadership in the field. As can be seen by any visitor
to the website anywhere in the world, our publications have received very
positive and commendable reviews and comments from experts in all con-
tinents of the world. However, we do not yet have access to the Thomson
ISI Web of Knowledge/Science, which serves similar purposes as MATH-
SCINET for all disciplines. I am therefore, using this opportunity to renew
my old recommendation that our university Library subscribe to the web as a
matter of urgency as we have in most standard universities all over the world.

8. SOME PROBLEMS CONFRONTING

MATHEMATICAL SCIENCES IN NIGERIA

Mr Vice-Chancellor, from the foregoing, it is clear that basic scientific re-
search as exemplified by Mathematics is intimately connected with develop-
ment. As a nation, we should strive to develop our resources in all positive
direction i.e. apart from producing Scientists and Technologists who are pur-
suing developmental research; we should endeavour to develop a critical mass
of Mathematical Scientists who can contribute to frontier knowledge. As the
general scientific concern, the far more serious issue is projecting a much
greater effort in getting funds for educating and motivating young people to
embrace mathematics. We must be asking questions and proposing solutions
to our problems. According to the famous mathematician Abel, a problem
that seems insurmountable is just seemingly so because we have not asked the
right questions. You should always ask the right questions and then you can
solve the problem.

For the sake of emphasis, I will now highlight some specific problems that
are making giant strides in Mathematical Sciences elusive in this country:

(i). Inadequate Access to Journals, Books, Teaching and Research Facili-
ties.
It cannot be over-emphasised that mathematical, scientific and technologi-
cal research can only be productive in an atmosphere of adequate journal,
books and facilities. Most scientific researches in Nigeria are carried out in
the Universities where the library, teaching and research facilities are less
than adequate. Online digital library system, which is now in vogue all over
the world, is either grossly underdeveloped or virtually non-existent in most
universities in Nigeria. Well known professional databases (e.g. Thomson
ISI web of knowledge / science) that aid collaborative works are rare in our
libraries. Because of low value of the Nigerian currency, imported books at
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all levels are very expensive. In Nigeria, primary and secondary school books
are written and published locally, thus reducing cost; however, most tertiary
mathematics texts are imported, and so are unaffordable by students, teach-
ers and sometimes libraries. Inadequate funding of education and research
institutions result in lack of good libraries, infrastructures, computers, teach-
ing aids and other facilities.

(ii). Nigerian Mathematical Scientists Work in Relative

Isolation

Specialties in various areas of Mathematical Sciences are spread thin all over
the country. Relatively, few universities have viable Research groups. Col-
laborative research with other scientists, engineers, clinicians is rare and
un-encouraged in most of our universities. While access to the Internet has
improved of recent, it is still a far cry from the situation in Europe and Amer-
ica where every lecturer has access to high quality information technology
and highly efficient internet network devoid of electric power failure. Since
no library on its own can stock all needed books and journals at all times,
networking of libraries is a common things in advanced countries providing
interlibrary digital loan facilities. Lack of library networking in Nigeria fur-
ther expands the problem of isolation of researchers.

(iii).Poor Preparation and Shortage of Mathematics

Teachers at All Levels
Many primary and secondary schools have no choice but to employ teach-
ers who have no specialist training in mathematics because of shortage of
mathematics staff. Many University Mathematics Departments in Nigeria
are under-staffed. As a result, mathematics courses suffer quite a lot in term
of quality of instruction, inevitability of large classes, inadequate tutorials,
etc. Those of them offering graduate courses have to stretch their meagre
human resources and facilities beyond reasonable limits. Research in math-
ematics in our department covers about 30 sections out of the 97 sections in
the AMS 2010 subject classification and this is about the highest coverage
in any Nigerian University.

(iv). Brain Drain of Nigerian Mathematicians
Many well trained Nigerian Mathematicians prefer working abroad where
their contributions and expertise are well rewarded and appreciated. Other
reasons are lack of enough facilities for productivity, poor remuneration and
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lack of access to meaningful research grants. In the US, Europe, Japan,
China, other emerging Asian countries and South Africa, there are many re-
search foundations that support mathematical research. Institutions such as
National Science Foundation (NSF) in the US, South African Research Foun-
dation support frontier mathematical research in all areas without restriction
to applications. Some institutions such as the US Army, Navy, NSA give gen-
erous grants for mathematical research. The reverse is the case in Nigeria
with the exception of government agencies like Petroleum Trust Develop-
ment Fund (PTDF) and Education Tax Funds (ETF) that are motivating
applied research. In addition, many multi-national companies in Nigeria fail
to meaningfully contribute to our science and mathematics capacity building
efforts through their unwillingness to consider Nigerian Universities for the
awards of Research and Development contracts in these subjects and related
disciplines.

(v).Environmental Problems
Environmental handicaps in the form of malfunctioning public utilities (such
as electricity, pipe-borne water) porous security of life and properties make it
an uphill task to practice as a Mathematician. Moreover, quite a number of
Mathematicians trained in sophisticated difficult areas of mathematics have
problems continuing with their research in those areas in Nigeria. So, they
are forced to abandon those areas of research or quit the country. A related
problem is lack of interest in the study of basic sciences and mathematics by
capable and talented students. Many prefer applied disciplines like engineer-
ing, medicine and law because of the Nigerian reward systems and limited
employment opportunities in the Nigerian economy. Many students study-
ing mathematics and other basic sciences are in most cases rejects from other
areas and therefore not well motivated. High level of corruption in the polity
where hard work is not adequately rewarded compared to mediocrity further
compounds the problem.

9. RECOMMENDATIONS
Professor Aderemi Kuku in his 2004 N.A.S Quarterly lecture (Kuku, 2004)
and other mathematics inaugural lecturers have made a number of appropri-
ate and well-thought out recommendations for the improvements of Science,
Technology and Mathematics learning, research and applications in Nigeria.
These recommendations are still very relevant today. Precisely, the various
recommendations have touched on:

(a) The need to intensify the popularisation of science, mathematics and
inculcation of scientific culture in the society.
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There is a need for an attitudinal change to Mathematics in particular and
all the basic sciences in general by the government and all of our policy mak-
ers. The need for popularisation of Mathematics is particularly compelling.
From the historical development of Mathematics, it is clear that most people
who have studied Mathematics at secondary-school level know little more
than was known in the Seventeenth century. Most tertiary education in
Mathematics hardly goes beyond what was discovered in the nineteenth cen-
tury. Much spectacular and fundamental Mathematics discovered in the
last 100 years has only been circulating among relatively few initiates, with
a consequent global illiteracy in contemporary Mathematics. The antipa-
thy towards Mathematics by administrators in government, many parents,
funding agencies and the general public, sustained by lack of appreciation
of what Mathematicians do, dictates a pressing need for a more aggressive
and well-organised popularisation programme for Mathematics at local and
global levels in Nigeria. Due to the present ugly trend, it is generally feared
that the present inadequate number of active professional mathematicians
may be very difficult to replace if the situation is not arrested quickly.
Other recommendations include:
(b) The need for massive improvements in teaching and research facilities.
(c) The need for the intensification of scientific, industrial and technology
self reliance in the country.
(d) The need for increased funding and fund raising for mathematics, science
and technology.
(e) The need for a massive mobilisation effort for tertiary scientific and math-
ematics textbooks development.
(f) The need for an overhaul and renovation of mathematics curriculum at
all levels.
(g) The need for closer links between universities, research institutes, gov-
ernment and industry.
(h) The need for Nigeria to spearhead the overall industrial and technological
development of Africa.
(i) Aggressive program of financial incentives for talented mathematicians,
students of mathematics and other basic
sciences comparable at least to that of the medical profession in the country.
(j) The need for the identification of contemporary areas of mathematics to
be developed.
(k) The need to generate good students for research and career in the math-
ematical sciences.
(l) The need to stimulating interests of our people in the applications of
mathematics.
It is clear that Nigeria is yet to have a critical mass of mathematical scien-
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tists for development purposes. As earlier stated, the problem continues to
get worse everyday as many people are opting for professional courses in our
universities.
It is important for us to do good quality and contemporary mathematics
that will realign Nigerian Mathematicians with the rest of the world. There
was a time when our Faculty was one of the best ten in the Commonwealth
as our effort in the past led to the recognition of what was then known as
Ibadan School of Differential equations, Ibadan School of Functional Analy-
sis, Ibadan Algebra and lately Ibadan School of Non-Commutative Quantum
Stochastic Analysis and Applications. As highlighted before, many areas of
human activities now require rather sophisticated Mathematics for their in-
depth study and even several simply posed problems have only been solvable
through highly sophisticated, abstract and powerful techniques. Nigerian
scholars, government officials, politicians and members of the public should
see frontier mathematical and scientific research as development oriented,
relevant and consistent with our culture and aspirations.
It is important that Nigerian experts in mathematics should continue to en-
lighten the public about how knowledge of frontier mathematics are being
translated into further development in the already developed countries. Nige-
ria cannot afford to distance itself from the frontiers if only to register our
capacity to do other deep things apart from music, sports, entertainment,
literature etc in the eyes of the world. We have to leapfrog into the various
frontiers. We thank the present University of Ibadan Administration for en-
couraging us by recently approving a Mathematical Research Centre named
after the first Nigerian Professor of Mathematics, the late Professor Adegoke
Olubummo. It is envisaged that given the needed supports, top level math-
ematical research that will realign us with the rest of the world, will be done
at the Centre.

Other recommendations worthy of consideration are:

(a) Just like the Education Tax Fund (E. T. F) and other laws, there is
need for legal instruments compelling multinational companies to use cer-
tain percentage of their annual profits to support research and development
in Mathematics and other basic sciences in Nigeria. This is the practice in
some front line developing nations like Japan, China and India.

(b) The Federal Government as a matter of urgency is advised to assemble a
pool of top level active professionals in Mathematics and the Basic Sciences
to form a think-tank on the directions of Nigerian Science and Mathematics.
This is needed to leapfrog Nigeria to the 21st century research and appli-
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cations of the subjects in line with vision 20:2020. The group will serve as
a consultancy concerning the contemporary use of mathematical and other
scientific techniques as employed in other lands and offer useful and workable
advice for our domestic applications in Government, Business and Industry.

(c) In particular, efforts must be made to make use of recent mathemati-
cal and scientific results and methods to address our pressing security and
defence problems as in the US NSA and the US defence industry. It should
be known that no nation will spare the best of her manpower in security
issues for our country due to the classified and expensive nature of security
duties and training of personnel. This is particularly important because of
the reality of terrorism in our nation in recent times.

(d) Any restriction that ties down research grants in mathematics to only
application areas must be removed. There is no area of mathematics no mat-
ter how abstract that cannot be applied to real life problems one day.

(e) Nigerian defence, that is, the Army, the Navy, the Air Force and the
SSS, must be made to emulate their US counterparts by sponsoring top level
mathematical and scientific research that aids the defence mission and de-
velopment of the country.

(f) The establishment of a national research foundation in Nigeria is long
overdue. A division of mathematical sciences must be created to cater for
the diverse kinds of problems facing mathematics teaching and learning in
Nigeria analogous to the Division of the Mathematical Sciences (DMS) of
the US National Science Foundation. According to the report by William
Kirwan and his team in the Notices of the American Mathematical Society,
Volume 57, March 2010, in the 1980s and 1990s, there was concern within
the American mathematical sciences community that post secondary edu-
cation in the mathematical sciences was in trouble. A series of challenges
was identified in important national reports, including inadequate funding,
insufficient numbers of students interested in mathematics, and shortcoming
in the shape and direction of post-secondary mathematics education. The
reports raised many issues among which are: the number of students receiv-
ing degrees; the lack of racial and gender diversity among the mathematics
graduate student body; the declining fraction of US citizens receiving ad-
vanced degrees in mathematics and lack of sufficient postdoctoral fellowships
for new doctorates.

Four issues were identified with respect to the structure of training in the
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mathematical sciences: the need for increased breadth; providing a better
balance of education and research; decreasing the time period to acquire
the??? degree and creating a more positive learning experience. These led
the DMS of the NSF to establish the Grants for Vertical Integration of Re-
search and Education in the Mathematical Sciences (VIGRE) program. The
goals of the VIGRE program have changed from year to year but consis-
tently included: integration of research and education; enhanced interaction
across undergraduates, graduates, postdoctoral fellows and faculty; broad-
ened educational experiences of students to include workforce and early re-
search opportunities; and more students motivated to study mathematics and
statistics. Giant strides in the development of all facets of the mathematical
sciences in the US are eloquent testimonies of the success of this intervention
by the DMS program of NFS. Nigeria should emulate these progressive pro-
grams and policy as witnessed in the US. All the problems that have been
identified concerning the mathematical sciences in the US are much more
relevant here in Nigeria and even more. The activities of similar research
foundation in South Africa are some of the secrets behind the current top
rankings of South African universities in the African and whole world cate-
gories.
There was a time when our Faculty of Science was one of the best ten in
the Commonwealth as our effort in the past led to the recognition of what
was then known as Ibadan School of Differential equations, Ibadan School
of Functional Analysis, Ibadan School of Algebra and lately Ibadan School
of Non-Commutative Quantum Stochastic Analysis and Applications. I pay
tribute to erudite scholars like Professors Atkinson, Kathleen Collard, Chike
Obi, Adegoke Olubunmmo, Professors James Ezeillo, H. O.Tejumola, C. O.
A. Sowumi, Oluremi Olaofe, Aderemi Kuku, S. A. Ilori, Olusola Akinyele,
Akangbe Kenku, Victor Babalola, G.O.S. Ekhaguere and Olabisi Ugbebor,
who had laboured to put Ibadan on the world mathematical map.
We thank the present University of Ibadan Administration for encouraging us
by recently approving a Mathematical Research Centre named after the first
Nigerian Professor of Mathematics, the late Professor Adegoke Olubummo.
It is envisaged that given the needed supports, top level mathematical re-
search will be done at the Centre.

(g) It is recommended that in future, our university consider mathemat-
ics courses for the Pan African University hub for Earth and Life Sciences,
because as we have seen, the curricula are incomplete without Mathematics
courses.
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Abstract. Lagrangian quadrature schemes for computing weak solutions of Lipschitzian quan-
tum stochastic differential equations are introduced and studied. This is accomplished within the
framework of the Hudson–Parthasarathy formulation of quantum stochastic calculus and subject to
matrix elements of solution being sufficiently differentiable. Results concerning convergence of these
schemes in the topology of the locally convex space of solution are presented. Numerical examples
are given.

Key words. quantum stochastic differential equations, Boson Fock spaces, exponential vectors,
sesquilinear form valued maps, Lagrangian quadrature, error estimates
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1. Introduction. There have been intense research activities in the development
of numerical schemes for solving classical stochastic differential equations of the form

dX(t, w) = H(t,X)dt+ F (t,X)dQ(t),

X(t0) = X0, t ∈ [t0, T ],(1.1)

where the driving process Q(t) is a martingale and H, F are sufficiently smooth,
deterministic, and ordinary functions. Each of the schemes exhibits specific features
depending on the driving process and the solution space of (1.1) (see [14, 16, 18, 19,
27, 28, 31, 37]).

A noncommutative generalization of (1.1) is the following quantum stochastic
differential equation introduced by Hudson and Parthasarathy [13]:

dX(t) = E(t,X(t))d ∧π (t) + F (t,X(t))dA+
f (t)

+G(t,X(t))dAg(t) +H(t,X(t))dt,(1.2)

X(t0) = X0, almost all t ∈ [t0, T ].
In (1.2), the coefficients E, F, G, H lie in a certain class of stochastic processes for
which quantum stochastic integrals against the gauge, creation, and annihilation pro-
cesses ∧π, A+

f , Ag and the Lebesgue measure are defined. These integrator processes
are formally defined in the next section. Equation (1.2) involves unbounded linear
operators on a Hilbert space.

It is important to emphasize that several benefits have been achieved by interpret-
ing standard probability in a noncommutative quantum setting. Such benefits include
a better understanding of classical stochastic flows and of some parts of Wiener space
analysis and Wiener chaos expansions, which have recently been renewed through a
fundamental discovery of the chaotic representation property of the Azema martin-
gales (see Meyer [17]).

∗Received by the editors June 14, 1999; accepted for publication (in revised form) August 21,
2001; published electronically January 30, 2002.
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Quantum stochastic differential equations of the type (1.2) often arise as math-
ematical models which describe, among other things, quantum dynamical systems
and several physical problems in quantum stochastic control theory and quantum
stochastic evolutions (see, for example, [5, 6, 7, 10, 11, 13, 34, 35, 36]). Approximate
solutions of these models are imperative since analytical solutions are often difficult
to obtain in practice. In addition, (1.2) reduces to the classical Ito stochastic dif-
ferential equation (1.1) by a suitable choice of parameters in a simple Fock space.
In this case, the Ito process is regarded as a multiplication operator-valued process.
In general, quantum stochastic differential equations have undergone rapid analyti-
cal developments without corresponding developments in their numerical analysis (cf.
[3, 5, 6, 7, 9, 11, 12, 13, 23, 24, 33]).

In the work of Ekhaguere [5], (1.2) has been reformulated in the following equiv-
alent form:

d

dt
〈η,X(t)ξ〉 = P (t,X(t))(η, ξ),

X(t0) = X0, t ∈ [t0, T ],(1.3)

which is an ordinary differential equation of nonclassical type. The solution stochastic
processX(t) is a densely defined linear operator on some tensor product of two Hilbert
spaces, one of which is the Boson Fock space; η, ξ lie in a dense subset of the tensor
product Hilbert space and 〈η,X(t)ξ〉 is the inner product of the elements η and X(t)ξ
in the space. The map (η, ξ) → P (t,X)(η, ξ) is a sesquilinear form for fixed (t,X).
For processes which leave their domain invariant and for any positive integer m, the
mth power Xm(t) of the unknown process is understood in the sense of composition
of the operator X(t) with itself m times. However, our considerations in this work
concern (1.2) involving the unknown process of degree m = 1.

In this paper we study techniques based on Lagrangian quadrature, which can be
applied for computing weak solutions of the quantum stochastic differential equation
(1.2). By imposing the conditions that a choice of nodes should force the Lagrangian
interpolating projection to yield a best approximation in a suitable norm, the criterion
for the quadrature algorithm is derived.

As a special case of (1.2), our present work may be used to obtain discrete ap-
proximate solutions, in the weak sense, of a class of the quantum stochastic evolution
equation

X(t) = X(t0) +

∫ t

t0

X(s)[L1dΛ(s) + L2dA(s) + L3dA
+(s) + L4ds],(1.4)

considered in [13, 32], where Λ(t), A(t), A+(t), respectively, the gauge, annihilation,
and creation processes of strengths π = g = f = I and Lj , j = 1, 2 · · · 4, are opera-
tors defined on the initial space. As highlighted in [13], the unitary solutions of the
evolution equations generate uniformly continuous semigroups of completely positive
maps. Consequently, our schemes may be used in the integration of irreversible equa-
tion of motion described by such semigroups. These concepts as well as applications
to quantum theory of open systems and heat baths will be addressed elsewhere.

The quadrature method may also be used to generate approximations of the
expected value of solution of (1.1). We present an example for the linear case. Exten-
sion of our work to the case of nonlinear stochastic differential equations will definitely
involve a certain class of quantum stochastic processes which leave their domain in-
variant. This issue will be addressed in our subsequent papers.
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An important feature of quadrature methods is that the nodal points in the inter-
val of integration need not be equidistant. The schemes here involve less complicated
analysis, and the order of convergence is independent of some approximation proce-
dures similar to those based on stochastic Taylor expansions for real valued processes
as obtained in the numerical solution of (1.1) (see, for example, [14, 18, 37]). Another
important feature concerns implementations. Computations of the discrete values of
the matrix elements of solution are carried out directly as obtained in the implemen-
tations of discrete schemes for solving initial value problems for ordinary differential
equations. This is an advantage compared with the implementation of discrete Taylor
schemes for simulations of sample paths and functionals of the solution of stochastic
differential equation (1.1), where the random increments of the driving process have
to be computed by a random number generator. We do not have a uniform tightness
type of requirement or a correction term in the limit as in the case of the Wong–Zakai
approximation of the noise terms in the classical setting (see [14, 18, 31, 37]).

There are many other interesting motivations for studying quadrature solutions
of deterministic ordinary and partial differential equations. For an account of these
and some limitations of the methods, we refer the reader to [4, 20, 21, 22]. In these
references, quadrature methods have been applied to ordinary and partial differential
equations. In general, the quadrature method is a fast and efficient method involving
substantial savings in computational efforts for a suitable value of the total nodal
points N .

Under an appropriate optimality condition, the Lagrangian quadrature transforms
the quantum stochastic differential equation to purely algebraic equations in terms
of the nodal values only. Since common stochastic processes are not differentiable in
the classical sense, quadrature method cannot be applied directly to solve ordinary
stochastic differential equations with respect to weak convergence criteria. We are able
to apply this method by considering the equivalent form of the quantum analogue of
these equations. This yields a benefit of quantization of ordinary stochastic differential
equations.

Since the ordinary differential equation (1.3) is of a nonclassical type, stability
analysis is much more complicated compared with the classical initial value problems.
In subsequent papers, we will examine the stability of the quadrature schemes.

The rest of the paper is organized as follows: In section 2, we outline some
fundamental definitions, notations, and structures that are foundations of the Boson
Fock space stochastic calculus employed in what follows. These are adopted from
[5]. Section 3 is devoted to the derivation of the Lagrangian quadrature appropriate
for quantum stochastic differential equations under some optimality conditions. In
section 4, we describe the procedures for choosing the Lagrangian interpolants and
the computation of quadrature coefficients. The establishment of bounds for the local
and global discretization error is done in section 5. Some examples of (2.2) and results
of numerical experiments are reported in section 6. In comparison with the accuracy
of the Euler and a 2-step scheme employed in [2] to solve the same model problem
considered in Example 2, it is discovered that the Lagrangian quadrature scheme
produced better results and that numerical values of the matrix elements of solution
depend on the chosen exponential vectors.

2. Preliminaries. Let D be an inner product space and H be the completion
of D. We denote by L+(D,H) the set of all linear maps X from D into H such that
Dom[X∗] ⊇ D, where X∗ is the adjoint of X. We remark that L+(D,H) is a linear
space under the usual notions of addition and scalar multiplication of operators.
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If H is a Hilbert space, we denote by Γ(H) the Boson Fock space determined by
H. For f ∈ H, e(f) denotes the exponential vector in Γ(H) corresponding to f. We
remark here that the subspace E of Γ(H) generated by the set of exponential vectors
in Γ(H) is dense in Γ(H). Since the exponential vectors are linearly independent, an
operator with domain E is well defined by specifying its action on e(f), f ∈ H. For
other properties enjoyed by the exponential vectors and Boson Fock space, we refer
the reader to [1, 5, 17, 23, 24].

In what follows, D is some inner product space with R as its completion, and Y
is some fixed Hilbert space:

(i) For each t ∈ R+, we write L2
Y (R+) (resp., L

2
Y ([0, t)); resp., L

2
Y ([t,∞))) for

the Hilbert spaces of square integrable, Y -valued maps on [0,∞) (resp., [0, t);
resp., [t,∞)).

(ii) The noncommutative stochastic processes which we shall discuss are densely
defined linear operators on R⊗Γ(L2

Y (R+)); the inner product of this complex
Hilbert space will be denoted by 〈·, ·〉 and its norm by ‖ · ‖.

(iii) Let E,Et, and E
t, t > 0, be the linear spaces generated by the exponential

vectors in Γ(L2
Y (R+)),Γ(L

2
Y ([0, t))), and Γ(L

2
Y ([t,∞))), respectively; then we

introduce the following spaces:
(a) A ≡ L+(D⊗E,R⊗ Γ(L2

Y (R+))),
(b) At ≡ L+(D⊗Et,R⊗ Γ(L2

Y ([0, t))))⊗ 1t,
(c) At ≡ 1t ⊗ L+(D⊗E

t,R⊗ Γ(L2
Y ([t,∞)))), t > 0,

where ⊗ denotes algebraic tensor product and 1t (resp., 1t) denotes the iden-
tity map on R⊗ Γ(L2

Y ([0, t))) (resp., Γ(L
2
γ([t,∞)))), t > 0.

We note that At and At, t > 0, may be naturally identified with subspaces of A.

For η, ξ ∈ D⊗E, we define ‖ · ‖ηξ on A by ‖x‖ηξ = |〈η, xξ〉|, x ∈ A. Then
{‖ · ‖ηξ, η, ξ ∈ D⊗E} is a family of seminorms on A; we write τW for the locally

convex Hausdorff topology on A determined by this family. We denote by Ã, Ãt, and
Ãt the completions of the locally convex topological spaces (A, τW ), (At, τW ), and
(At, τW ), t > 0, respectively. The net {Ãt : t ∈ R+} is a filtration of Ã.

2.1. Boson quantum stochastic integration. Before defining the quantum
stochastic integral employed in the subsequent sections, we present a number of im-
portant notations and definitions.

Let I ⊆ R+; then we have the following:

(i) A map X : I → Ã is called a stochastic process indexed by I.
(ii) A stochastic process X is called adapted if X(t) ∈ Ãt for each t ∈ I. We

denote by Ad(Ã) the set of all adapted stochastic processes indexed by I.
(iii) A member X of Ad(Ã) is called

(a) weakly absolutely continuous if the map t → 〈η,X(t)ξ〉, t ∈ I, is ab-
solutely continuous for arbitrary η, ξ ∈ D⊗E.—we denote this subset of

Ad(Ã) by Ad(Ã)wac;
(b) locally absolutely p-integrable if ‖X(·)‖pηξ is Lebesgue measurable and

integrable on [t0, t) ⊆ I for each t ∈ I, p ∈ (0,∞) and arbitrary η, ξ ∈
D⊗E.—we denote this subset of Ad(Ã) by Lploc(Ã).

Stochastic integrators. Let B(Y ) denote the Banach space of bounded endo-
morphisms of Y and let the spaces L∞

Y,loc(R+) (resp., L
∞
B(Y ),loc(R+)) be the linear

space of all measurable, locally bounded functions from R+ to Y (resp., to B(Y )).
If f ∈ L∞

Y,loc(R+) and π ∈ L∞
B(Y ),loc(R+), then πf is the member of L∞

Y,loc(R+)

given by (πf)(t) = π(t)f(t), t ∈ R+. For f ∈ L2
Y (R+) and π ∈ L∞

B(Y ),loc(R+),
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we define the operators a(f), a+(f), and λ(π) in L+(D,Γ(L2
Y (R+))) as follows:

a(f)e(g) = 〈f, g〉L2
Y

(R+)e(g), a
+(f)e(g) = d

dσ e(g+σf)|σ=0, λ(π)e(g) =
d
dσ e(e

σπf)|σ=0

for g ∈ L2
Y (R+). These operators give rise to the operator-valued maps Af , A

+
f , and

∧π defined by Af (t) ≡ a(fχ[0,t)), A
+
f (t) ≡ a+(fχ[0,t)), ∧π(t) ≡ λ(πχ[0,t)), t ∈ R+,

where χI denotes the indicator function of the Borel set I ⊆ R+.
The operators a(f), a+(f), and λ(π) are the annihilation, creation, and gauge

operators of quantum field theory, respectively. The maps Af , A
+
f , and ∧π are

stochastic processes, called the annihilation, creation, and gauge processes, respec-
tively, when their values are identified with their ampliations on R⊗Γ(L2

Y (R+));
i.e., for any r ∈ {Af , A+

f ,∧π} and η = c ⊗ e(α), with α ∈ L2
Y (R+), c ∈ R, then

r(t)(c⊗ e(α)) = r(t)c⊗ e(α).
These are the stochastic integrators in the Hudson and Parthasarathy [13] for-

mulation of Boson quantum stochastic integration which we adopt in the rest of this
paper. Next we present the definition of the stochastic integrals, beginning with
simple stochastic processes.

A stochastic process p ∈ Ad(Ã) is called simple if there exists an increasing
sequence tn, n = 0, 1, 2, . . . , with t0 = 0 and tn → ∞ such that for each n ≥ 0, p(t) =
p(tn) for t ∈ [tn, tn+1). Let p, q, u, v ∈ Ad(Ã) be simple adapted stochastic processes
and let f, g ∈ L∞

Y,loc(R+) and π ∈ L∞
B(Y ),loc(R+). Then the family of operators M =

{M(t) : t ≥ 0} in Ad(Ã) defined by
M(0) = 0,

M(t) =M(tn) + p(tn)(∧π(t)− ∧π(tn)) + q(tn)(Af (t)−Af (tn))

+ u(tn)(A
+
g (t)−A+

g (tn)) + v(tn)(t− tn), tn < t < tn+1,

is called the stochastic integral of p, q, u, v with respect to ∧π, Af , A+
g , and the

Lebesgue measure. It is understood in integral form by

M(t) =

∫ t

0

(p(s)d ∧π (s) + q(s)dAf (s) + u(s)dA+
g (s) + v(s)ds)

and denoted in differential form as

M(0) = 0,

dM(t) = p(t)d ∧π (t) + q(t)dAf (t) + u(t)dA+
g (t) + v(t)dt.

Next we state the first fundamental result due to Hudson and Parthasarathy [13]
concerning quantum stochastic integrals of simple and adapted processes. In what
follows the inner product of the space Y is denoted by 〈·, ·〉Y .

Theorem 2.1.
(a) Let p, q, u, v be simple processes in Ad(Ã) and let M be their stochastic integral.

If η, ξ ∈ D⊗E with η = c⊗ e(α), ξ = d⊗ e(β), c, d ∈ D, α, β ∈ L∞
Y,loc(R+), and t ≥ 0,

then

〈η,M(t)ξ〉 =
∫ t

0

〈η, {〈α(s), π(s)β(s)〉Y p(s) + 〈f(s), β(s)〉Y q(s)
+〈α(s), g(s)〉Y u(s) + v(s)}ξ〉ds.(2.1)

(b) The result in (a) above remains true if for each integrand F ∈ {p, q, u, v} the
map t → F (t)ξ is measurable and satisfies∫ t

0

‖F (s)ξ‖2ds < ∞ ∀ t > 0 and ∀ ξ ∈ D⊗E.
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Extension of the stochastic integral above to integrands in L2
loc(Ã) requires esti-

mates of the integral in the family of seminorms {‖ · ‖ηξ, η, ξ ∈ D⊗E} that generates
the topology of Ã. First, we have the following proposition (Proposition 3.2 in [13]),
which is useful in extending Theorem 2.1 to integrands in L2

loc(Ã).
Proposition 2.2. Let p ∈ L2

loc(Ã). Then there exists a sequence p(n), n =
1, 2, . . . , of simple adapted processes such that for each t > 0 and for arbitrary η, ξ ∈
D⊗E, limn→∞

∫ t
0
‖p(s)− p(n)(s)‖2

ηξds = 0.
Next we present the following result which can be easily proved by applying

Theorem 2.1.
Proposition 2.3. Assume that the following hold:
(i) p, q, u, v are simple processes in Ad(Ã).
(ii) M(t) =

∫ t
0
(p(s)d ∧π (s) + q(s)dAf (s) + u(s)dA+

g (s) + v(s)ds)
for each t ∈ [0, T ], T > 0.

For arbitrary η, ξ ∈ D⊗E with η = c⊗ e(α), ξ = d⊗ e(β), c, d ∈ D, α, β ∈ L∞
Y,loc(R+),

let Kηξ,T be given by

Kη,ξ,T = sup
0≤s≤T

max{|〈α(s), π(s)β(s)〉|, |〈(s), β(s)〉|, |〈α(s), g(s)〉|, 1};

then

‖M(t)‖ηξ ≤ Kη,ξ,T

∫ T

0

[‖p(s)‖ηξ + ‖q(s)‖ηξ + ‖u(s)‖ηξ + ‖v(s)‖ηξ]ds.

Extension of the quantum stochastic integral. Let p, q, u, v be elements of L2
loc(Ã).

Then by Proposition 2.2, there exist simple adapted processes pn, qn, un, vn which
approximate p, q, u, v in L2

loc(Ã). We now let

Mn(t) =

∫ t

0

(pn(s)d ∧π (s) + qn(s)dAf (s) + un(s)dA
+
g (s) + vn(s)ds).

Applying the estimate of Proposition 2.3 to the difference Mn(t)−Mm(t), m, n ∈ N,
we find that the sequence {Mn(t)} is a Cauchy sequence in Ã and therefore converges
to a limit in Ã by the completeness of the locally convex space. The limit M(t) is
independent of the choice of approximating sequences and is defined to be the integral

M(t) =

∫ t

0

(p(s)d ∧π (s) + q(s)dAf (s) + u(s)dA+
g (s) + v(s)ds).

By employing the uniformity of the convergence on finite intervals, we may pass to
the limit of approximations by simple processes, so that Theorem 2.1 for coefficients
p, q, u, v belonging to L2

loc(Ã) remains valid.
Some fundamental notations and definitions.
(a) We denote the space of sesquilinear forms on D⊗E by sesq[D⊗E]. Thus,

sesq[D⊗E] = {a : D⊗E × D⊗E −→ C| the map (η, ξ) → a(η, ξ) is linear in ξ and
conjugate linear in η ∀ η, ξ ∈ D⊗E}.

(b) A stochastic process Φ will be called locally absolutely p-integrable if the map
t → ‖Φ(t)‖ηξ, t ∈ R+, lies in Lploc(I) for arbitrary η, ξ ∈ D⊗E and p ∈ (0,∞).

(c) For p ∈ (0,∞) and I ⊆ R+, L
p
loc(I×Ã) denotes the set of maps Φ : I×Ã −→

Ã, such that the map t −→ Φ(t,X(t)) lies in Lploc(Ã) for every X ∈ Lploc(Ã).
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In what follows, f, g ∈ L∞
Y,loc(R+), π ∈ L∞

B(Y ),loc(R+), 1 is the identity map on

R⊗ Γ(L2
Y (R+)). We introduce the processes Af , A+

g , ∧π, and s −→ s1, s ∈ R+ as
integrators.

(d) Let E,F,G,H ∈ L2
loc(I × Ã) and (t0, X0) be a fixed point of I × Ã. Then a

relation of the form

X(t) = X0 +

∫ t

t0

(E(s,X(s))d ∧π (s) + F (s,X(s))dAf (s)

+ G(s,X(s))dA+
g (s) +H(s,X(s))ds), t ∈ I,(2.2)

will be called a stochastic integral equation with coefficients E, F , G, H and initial
data (t0, X0) if X(t0) = X0.

As an abbreviation we shall sometimes write the foregoing equation as follows:

dX(t) = E(t,X(t))d ∧π (t) + F (t,X(t))dAf (t) +G(t,X(t))dA+
g (t) +H(t,X(t))dt

X(t0) = X0, almost all t ∈ I.

We refer to this as a stochastic differential equation with coefficients E, F , G, H and
initial data (t0, X0).

By a solution of the equation, we mean a weakly absolutely continuous stochastic
process φ ∈ L2

loc(Ã) such that
dφ(t) = E(t, φ(t))d ∧π (t) + F (t, φ(t))dAf (t) +G(t, φ(t))dA+

g (t) +H(t, φ(t))dt,

φ(t0) = X0, almost all t ∈ I.

(e) If Φ is a map from I × Ã into sesq[D⊗E], then for (t, x) ∈ I × Ã, the value of
Φ(t, x) at η, ξ ∈ D⊗E will be denoted by Φ(t, x)(η, ξ).

Such a map will be called Lipschitzian if for arbitrary η, ξ ∈ D⊗E,

|Φ(t, x)(η, ξ)− Φ(t, y)(η, ξ)| ≤ KΦ
ηξ(t) ‖x− y‖ηξ

∀x, y ∈ Ã and almost all t in I for some locally integrable functions KΦ
ηξ(t) on I. Φ will

be called continuous if the map (t, x) −→ Φ(t, x)(η, ξ) from I × Ã to C is continuous.
(f) Unless otherwise stated, E, F , G, H lie in L2

loc(I × Ã) and let (t0, x0) be

a fixed point of I × Ã. For η, ξ ∈ D⊗E, with η = c ⊗ e(α) and ξ = d ⊗ e(β), we
define µαβ , γβ , σα : I −→ C by µαβ = 〈α(t), π(t)β(t)〉Y , γβ(t) = 〈f(t), β(t)〉Y ,
σα(t) = 〈α(t), g(t)〉Y , t ∈ I.

To these functions, we associate the maps µE, γF , σG, P from I × Ã into the
set of sesquilinear forms on D⊗E defined by

(µE)(t, x)(η, ξ) = 〈η, µαβ(t)E(t, x)ξ〉,
(γF )(t, x)(η, ξ) = 〈η, γβ(t)F (t, x)ξ〉,
(σG)(t, x)(η, ξ) = 〈η, σα(t)G(t, x)ξ〉,

P (t, x)(η, ξ) = (µE)(t, x)(η, ξ) + (γF )(t, x)(η, ξ) + (σG)(t, x)(η, ξ)

+ H(t, x)(η, ξ),(2.3)

η, ξ ∈ D⊗E, (t, x) ∈ I × Ã, where H(t, x)(η, ξ) := 〈η,H(t, x)ξ〉.
The map P is known to have Lipschitz and continuity properties depending on

such properties of the coefficients of (2.2). Furthermore, it has been established that
if the coefficients E,F,G,H appearing in (2.2) belong to L2

loc(I × Ã), then (2.2) is
equivalent to (1.3). If, in addition, the coefficients are Lipschitzian, then for any fixed
point (t0, X0) of I × Ã, the existence and uniqueness of a solution Φ ∈ Ad(Ã)wac of
(2.2) are assured (see [1, 2, 5]).
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3. Lagrangian quadrature. Since the existence results hold with the general
Caratheodory conditions, we assume the following conditions in what follows:

(a) The map (t,X) → P (t,X)(η, ξ) of I × Ã to C is continuous for arbitrary
η, ξ ∈ D⊗E.

(b) P is Lipschitzian with continuous Lipschitz function Kp
ηξ(t) on [t0, T ] = I,

for η, ξ ∈ D⊗E.
(c) The unique exact solutionX(t) of (1.3) is such that the map t → 〈η,X(t)ξ〉 :=

Xηξ(t) is of class C
1(I) for arbitrary η, ξ ∈ D⊗E.

Suppose that t1, t2, t3, . . . , tN are N distinct points of [t0, T ] for some positive integer
N . Then we seek an interpolating approximation to the value X(t) of the exact
solution in the form

X(t) ∼=
N∑
p=1

Lp(t)X(tp),(3.1)

where

Lp(t) =

N∏
k=1
k �=p

[(t− tk)/(tp − tk)] , p = 1, 2, . . . , N, t �= tp(3.2)

= TN (t)/[(t− tp)T
′
N (tp)],

and

TN (t) = (t− t1)(t− t2) · · · (t− tN ).

We define the quadrature coefficient a
(n)
pk by

dn

dtn
Lk(t)|t=tp = a

(n)
pk .(3.3)

At the nodes tp, p = 1, 2, . . . , N , the Lagrangian interpolants satisfy Lk(tp) =

a
(0)
pk = δpk, where δpk is the Kronecker delta. This remains true under any linear
transformation t = au+ b. In most applications, we shall require the transformation
of the interval I = [t0, T ] of t into, say, the usually convenient interval [−1, 1] of u by
writing u = [2t− T − t0]/(T − t0).

The following lemma, which is due to Olaofe [20, 21], will be useful in what
follows.

Lemma 3.1.

∂

∂tm
Lp(t) = −a(1)

mpLm(t), where

a(1)
mp = L′

p(tm).

We shall write X(tp) for the value of the exact solution X(t) at tp and Xp as
its approximate value at tp. For nonnodal point t ∈ [t0, T ], we shall write Xt for the
approximate value of X(t). The global error at tp is given by ‖ep‖ηξ = ‖X(tp)−Xp‖ηξ
and the local error at any point t is given by ‖et‖ηξ = ‖X(t) − Xt‖ηξ for arbitrary
η, ξ ∈ D⊗E.
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Ordinarily, (3.1) may be used to interpolate 〈η,X(t)ξ〉 when 〈η,X(tp)ξ〉 are given
for p = 1, 2, . . . , N.During computation,Xp approximatesX(tp) so that (3.1) becomes

〈η,X(t)ξ〉 ∼=
N∑
p=1

Lp(t)〈η,Xpξ〉.

Definition 3.2. Let L,R : N×Ã �→ sesq[D⊗E]; then the numbers |L(N,X(t))(η, ξ)|
and |R(N,X(t))(η, ξ)| are called local truncation error and round-off error, respec-
tively, if the exact representation for 〈η,X(t)ξ〉 is given by

〈η,X(t)ξ〉 =
N∑
p=1

Lp(t)〈η,X(tp)ξ〉+ L(N,X(t))(η, ξ)(3.4)

and the computed representation by

〈η,Xtξ〉 =
N∑
p=1

Lp(t)〈η,Xpξ〉+R(N,X(t))(η, ξ).

The complex valued map Xηξ : [t0, T ] �→ C is defined by Xηξ(t) = 〈η,X(t)ξ〉 for
arbitrary η, ξ ∈ D⊗E, where X(t) is the exact solution of problem (1.3).

Putting 〈η,X(t)ξ〉 − 〈η,Xtξ〉 := 〈η, etξ〉, the global error ‖et‖ηξ satisfies

‖et‖ηξ ≤
N∑
p=1

|Lp(t)|‖ep‖ηξ + |L(N,X(t))(η, ξ)|+ |R(N,X(t))(η, ξ)|.

At the nodal point tk, L(N,X(tk))(η, ξ) = 0.
Next, we shall describe the notion of the Chebyshev minimax best approximation

of continuous complex valued functions.
Let C[t0, T ] denote the space of continuous complex valued functions on [t0, T ]

equipped with the uniform norm

‖f‖∞ = max
[t0,T ]

|f(t)|, f ∈ C[t0, T ].

For each positive integer N , let UN denote the linear subspace of C[t0, T ] consisting
of polynomials of degree at most N .

For f ∈ C[t0, T ], we define the distance from f to UN by

dist(f, UN ) = min
v∈UN

‖f − v‖∞.

Then we refer to the element u ∈ UN as a best approximation of f if and only if

‖f − u‖∞ = dist(f, UN ).
We now derive the quadrature algorithm which will ensure that the Lagrangian inter-
polating projection is a best approximation in the minimax sense for a suitable choice
of nodal points t1, t2, . . . , tN in [t0, T ].

By the Chebyshev minimax theory, it is well known that for any real valued
continuous function f on [t0, T ] and for each positive integer N , there is a polynomial
PN of degree N which is the best approximation to f in the minimax sense.
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To this end, suitable points t1, t2, . . . , tN in [t0, T ] can be found at which the error
function

RN (t) = f(t)− PN (t)

has alternate equal and opposite constant values (see, for example, Fox and Parker
[8], Powell [26]).

This condition holds if and only if

∂

∂tj
[RN (t)]

2 = 0, j = 1, 2, . . . , N.

Consequently, we have the following result.
Theorem 3.3. Let X(t) be the exact solution of problem (1.3) and let η, ξ ∈ D⊗E.

Then for a suitable choice of nodes t1, t2, . . . , tN in [t0, T ], the Lagrangian interpolating

projection Xηξ(t) ∼=
∑N
p=1 Lp(t)Xηξ(tp) satisfies

max
[t0,T ]

∣∣∣∣∣Xηξ(t)−
N∑
p=1

Lp(t)Xηξ(tp)

∣∣∣∣∣ = dist(Xηξ, UN )

if and only if

X ′
ηξ(tm) =

N∑
p=1

a(1)
mpXηξ(tp), m = 1, 2, . . . , N,

for each nonnodal point t ∈ [t0, T ] and ∀η, ξ ∈ D⊗E.
Proof. For η, ξ ∈ D⊗E, we have from (3.4)

|L(N,X(t))(η, ξ)| =
∣∣∣∣∣〈η,X(t)ξ〉 −

N∑
p=1

Lp(t)〈η,X(tp)ξ〉
∣∣∣∣∣ ,(3.5)

where Lp(t) = Lp(t; t1, t2, . . . , tN ) is defined by (3.2) and depends on the nodes
tp, p = 1, 2, . . . , N , for each t ∈ [t0, T ]. We now put

〈η,X(t)ξ〉 := Xηξ(t) = Uηξ(t) + iVηξ(t)

for some real valued functions t �→ Uηξ(t) and t �→ Vηξ(t). Then we have

L(N,X(t))(η, ξ) =

(
Uηξ(t)−

N∑
p=1

Lp(t)Uηξ(tp)

)
+ i

(
Vηξ(t)−

N∑
p=1

Lp(t)Vηξ(tp)

)
,

so that

|L(N,X(t))(η, ξ)|2 =
(
Uηξ(t)−

N∑
p=1

Lp(t)Uηξ(tp)

)2

+

(
Vηξ(t)−

N∑
p=1

Lp(t)Vηξ(tp)

)2

.

Since the maps Uηξ(t) and Vηξ(t) are continuous on [t0, T ], by the Chebyshev minimax
theory max[t0,T ] |L(N,X(t))(η, ξ)| will be minimum for a suitable choice of nodes
t1, t2, . . . , tN if and only if

∂

∂tm
|L(N,X(t))(η, ξ)|2 = 0, m = 1, 2, . . . , N.(3.6)
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But

∂

∂tm
|L(N,X(t))(η, ξ)|2

=
∂

∂tm

(
Uηξ(t)−

N∑
p=1

Lp(t)Uηξ(tp)

)2

+
∂

∂tm

(
Vηξ(t)−

N∑
p=1

Lp(t)Vηξ(tp)

)2

= 2

(
Uηξ(t)−

N∑
p=1

Lp(t)Uηξ(tp)

)(
− ∂

∂tm

N∑
p=1

Lp(t)Uηξ(tp)

)

+ 2

(
Vηξ(t)−

N∑
p=1

Lp(t)Vηξ(tp)

)(
− ∂

∂tm

N∑
p=1

Lp(t)Vηξ(tp)

)
,(3.7)

m = 1, 2, . . . , N.

Since |L(N,X(t))(η, ξ)| does not varnish identically, (3.7) is zero if and only if

− ∂

∂tm

N∑
p=1

Lp(t)Uηξ(tp) = 0

and

− ∂

∂tm

N∑
p=1

Lp(t)Vηξ(tp) = 0 , m = 1, 2, . . . , N.

These equations imply that

− ∂

∂tm

N∑
p=1

Lp(t)Xηξ(tp) = 0.(3.8)

From (3.8) and in view of Lemma 3.1,[
N∑
p=1

(
− ∂

∂tm
Lp(t)

)
Xηξ(tp) +

N∑
p=1

−Lp(t)
∂

∂tm
(Xηξ(tp))

]
= 0

or

Lm(t)

[
N∑
p=1

a(1)
mpXηξ(tp)−X ′

ηξ(tm)

]
= 0.

Since Lm(t) �= 0, consequently we have

X ′
ηξ(tm) =

N∑
p=1

a(1)
mpXηξ(tp), m = 1, 2, . . . , N.(3.9)

Remark 3.4.
(i) Equation (3.9) when applied at each of the nodes transforms the quantum

stochastic differential equation (1.3) to a purely algebraic system given by

N∑
p=1

a(1)
mpXηξ(tp) = P (tm, X(tm))(η, ξ), m = 1, 2, 3, . . . , N,
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with initial condition transforming to

N∑
p=1

Lp(t0)Xηξ(tp) ∼= Xηξ(t0).

(ii) If we write

Xηξ(t) = Uηξ(t) + iVηξ(t)

and

P (t,X(t))(η, ξ) = Re[P (t,X(t))(η, ξ)] + iIm[P (t,X(t))(η, ξ)]

for some real valued functions t → Uηξ(t), t → Vηξ(t), t → Re[P (t,X(t))(η, ξ)],
t → Im[P (t,X(t))(η, ξ)], then the system of the algebraic equations in (i) above may
be written in two parts, real and imaginary, as follows:

N∑
p=1

a(1)
mpUηξ(tp) = Re[P (tm, X(tm))(η, ξ)],

N∑
p=1

Lp(t0)Uηξ(tp) ∼= Uηξ(t0)

and

N∑
p=1

a(1)
mpVηξ(tp) = Im[P (tm, X(tm))(η, ξ)],

N∑
p=1

Lp(t0)Vηξ(tp) ∼= Vηξ(t0), m = 1, 2, 3, . . . , N.

We observe that each of the systems of equations consists of N+1 algebraic equations
in N unknowns. We shall discuss the methods of their solution in section 5.

(iii) The quadrature coefficients a
(s)
mp defined by (3.3) satisfy

a(s)
mp =

N∑
k=1

a
(s−q)
mk a

(q)
kp

∀q such that q = 1, 2, . . . , s− 1, with s < N (see [20, 21]).
The numerical solution of the systems in (i) and (ii) above is a simple task for

modern electronic computers. This is accomplished by using standard programs with

minimal computing time and storage for the N ×N matrix [a
(1)
ij ].

However, it is important to note that the computational complexity of Lagrange
polynomials is very large due to extreme number of multiplications and additions. In
practice, relatively low order quadrature is needed (that is, 3 ≤ N ≤ 15, say) so that
the total amount of storage and time needed on the computer is quite low.

Next, we present a corollary to the last theorem.
Corollary 3.5. Assume that for each pair of η, ξ ∈ D⊗E the exact solution

X(t) of problem (1.3) is such that

Xηξ(·) ∈ Cs+1[t0, T ], s = 0, 1, 2, . . . ;
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then the representation

X
(s)
ηξ (t)

∼=
N∑
p=1

Lp(t)X
(s)
ηξ (tp)

satisfies

max
[t0,T ]

∣∣∣∣∣X(s)
ηξ (t)−

N∑
p=1

Lp(t)X
(s)
ηξ (tp)

∣∣∣∣∣ = dist(X
(s)
ηξ , UN )

if and only if

X
(s+1)
ηξ (tm) =

N∑
p=1

a(s+1)
mp Xηξ(tp).

Proof. Using the inner product form of (3.1), ifXηξ(t) is replaced by its derivative,
then by Theorem 3.3

X ′
ηξ(t)

∼=
N∑
p=1

Lp(t)X
′
ηξ(tp)

is a best approximation of X ′
ηξ(t) provided that

X ′′
ηξ(tm) =

N∑
p=1

a(1)
mpX

′
ηξ(tp), m = 1, 2, . . . , N,(3.10)

where, by (3.9), we have

X ′
ηξ(tp) =

N∑
k=1

a
(1)
pkXηξ(tk).

Substituting in (3.10) for X ′
ηξ(tp), we have

X ′′
ηξ(tm) =

N∑
p=1

a(1)
mp

N∑
k=1

a
(1)
pkXηξ(tk)

=
N∑
p=1

N∑
k=1

a(1)
mpa

(1)
pkXηξ(tk)

=
N∑
p=1

N∑
k=1

a
(1)
mka

(1)
kpXηξ(tp).

Hence

X ′′
ηξ(tm) =

N∑
p=1

a(2)
mpXηξ(tp),
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where

a(2)
mp =

N∑
k=1

a
(1)
mka

(1)
kp ,

by Remark 3.4(iii) above.
It follows in general that the representation

X
(s)
ηξ (t)

∼=
N∑
p=1

Lp(t)X
(s)
ηξ (tp)

is a best approximation of X
(s)
ηξ (t) if and only if

X
(s+1)
ηξ (tm) =

N∑
p=1

a(1)
mpX

(s)
ηξ (tp),

i.e., if and only if

X
(s+1)
ηξ (tm) =

N∑
p=1

a(s+1)
mp Xηξ(tp),

where q can take any values from 1 to s− 1, with s < N.

4. Lagrangian interpolants and computation of quadrature coefficients.
In this section, we compute the Lagrangian interpolants Lp(t) and the quadrature co-

efficients a
(k)
ij . These computations are independent of η, ξ ∈ D⊗E and are carried out

in the same manner as in the classical context. For several benefits of orthogonality,
we choose the set {Lp(t)} to be orthogonal on the interval [t0, T ] with respect to the
weight function w(t) = 1 as in [20, 21]. Consequently, the interval [t0, T ] for t may be
transformed to the appropriate interval [−1, 1] for u by the equation

u =
2t− T − t0

T − t0
.

In this case, the product polynomial TN (u) associated with Lp(u) transformed to
u ∈ [−1, 1] is the Legendre polynomial PN (u) of degree N on [−1, 1].

Consequently, we consider for the computation of the quadrature coefficients a
(k)
ij ,

the case of the unit weight function in the interval [−1, 1] with the product polynomial
TN (u) of Lp(u) as the Legendre polynomial PN (u) of degree N.

Since a
(1)
mp = L′

p(um) for um ∈ [−1, 1], m = 1, 2, . . . , N , it is easy to show that

a(1)
pq =

P ′
N (up)

(up − uq)P ′
N (uq)

, p �= q(4.1)

and

a(1)
pp =

P ′′
N (up)

2P ′
N (up)

=
up

1− u2
p

,(4.2)

where

PN (u) =
1

2NN !
DN (u2 − 1)N , D =

d

du
, u ∈ [−1, 1].
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By considering the properties of Legendre polynomials (see [21, 29]), it can readily be
shown that

a(1)
pq = −a

(1)
N+1−p,N+1−q.

By using (4.1) and (4.2), the constants a
(1)
pq for any value of N , say N = 3, 4, . . . , 15,

can be easily calculated. These values are then used as input data for a given problem
once N has been chosen.

5. Bounds for the local and global truncation errors, convergence, and
application to quantum stochastic differential equation. We first establish
the existence of a bound for the local truncation error by assuming some smoothness
conditions of the map t �→ 〈η,X(t)ξ〉 for each pair of η, ξ ∈ D⊗E. We then use this
bound to show that |L(N,X(t))(η, ξ)| → 0 as N → ∞.

To this end, we assume that the maps (µE)(·, X(·))(η, ξ), (γF )(·, X(·))(η, ξ),
(σG)(·, X(·))(η, ξ), and H(·, X(·))(η, ξ) which define the map P (·, X(·))(η, ξ) in (2.3)
are of class CN−1[t0, T ] to ensure that the map Xηξ(·) is of class CN [t0, T ].

Theorem 5.1. Assume that X is the exact solution of problem (1.3) such that
Xηξ(·) is of class CN [t0, T ] for each pair η, ξ ∈ D⊗E and N , a positive integer. Then
the local truncation error L(N,X(t))(η, ξ) satisfies

|L(N,X(t))(η, ξ)| ≤ max
t∈[t0,T ]

[
|X(N)

ηξ (t)|
N !

∣∣∣∣∣tN −
N∑
p=1

Lp(t)t
N
p

∣∣∣∣∣
]
.(5.1)

Proof. By (3.4) we have

L(N,X(t))(η, ξ) = 〈η,X(t)ξ〉 −
N∑
p=1

Lp(t)〈η,X(tp)ξ〉,

= Xηξ(t)−
N∑
p=1

Lp(t)Xηξ(tp).(5.2)

We now put

Xηξ(t) = Uηξ(t) + iVηξ(t),

where t → Uηξ(t) and t → Vηξ(t) are real valued functions for η, ξ ∈ D⊗E. Since
Xηξ(·) is of class CN [t0, T ], then Uηξ(·) and Vηξ(·) are also of class CN [t0, T ].

By Taylor’s theorem, we can write, for 0 ≤ t ≤ 1, 0 < θ < 1,

Uηξ(t) =

N−1∑
p=1

tp

p!
U

(p)
ηξ (0) +

tN

N !
U

(N)
ηξ (θt)

and

Vηξ(t) =

N−1∑
p=1

tp

p!
V

(p)
ηξ (0) +

tN

N !
V Nηξ (θt).(5.3)
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Substituting in (5.2), we get

L(N,X(t))(η, ξ)

=
N−1∑
j=1

tj

j!
U

(j)
ηξ (0) +

tN

N !
U

(N)
ηξ (θt) + i


N−1∑
j=1

tj

j!
V

(j)
ηξ (0) +

tN

N !
V

(N)
ηξ (θt)




−
N∑
p=1

Lp(t)


N−1∑
j=1

tjp
j!
U

(j)
ηξ (0) +

tNp
N !

U
(N)
ηξ (θtp)




−i
N∑
p=1

Lp(t)


N−1∑
j=1

tjp
j!
V

(j)
ηξ (0) +

tNp
N !

V
(N)
ηξ (θtp)




=

N−1∑
j=1

tj

j!
U

(j)
ηξ (0)−

N∑
p=1

Lp(t)

N−1∑
j=1

tjp
j!
U

(j)
ηξ (0)

+i


N−1∑
j=1

tj

j!
V

(j)
ηξ (0)−

N∑
p=1

Lp(t)

N−1∑
j=1

tjp
j!
V

(j)
ηξ (0)




+
tN

N !

(
U

(N)
ηξ (θt) + iV

(N)
ηξ (θt)

)
− 1

N !

N∑
p=1

Lp(t)t
N
p

(
U

(N)
ηξ (θtp

)

− i

N !

N∑
p=1

Lp(t)t
N
p V

(N)
ηξ (θtp).

By the exactness theorem of Lagrangian interpolation formula (see Stroud [29]), the
last equation becomes

L(N,X(t))(η, ξ)

=
1

N !
tN [U

(N)
ηξ (θt) + iV

(N)
ηξ (θt)]−

1

N !

N∑
p=1

Lp(t)t
N
p [U

(N)
ηξ (θtp) + iV

(N)
ηξ (θtp)]

=
1

N !

[
tNX

(N)
ηξ (θt)−

N∑
p=1

Lp(t)t
N
p X

(N)
ηξ (θtp)

]
.(5.4)

If we employ the integral form of the remainder in (5.3) we get

Xηξ(t) =

N−1∑
j=0

tj

j!
U

(j)
ηξ (0) + i

N−1∑
j=0

tj

j!
V

(j)
ηξ (0)

+
1

(N − 1)!
∫ t

0

(t− r)N−1(U
(N)
ηξ (r) + iV

(N)
ηξ (r))dr.(5.5)

Using (5.5) in (3.4), we get

L(N,X(t))(η, ξ)

= Xηξ(t)−
N∑
p=1

Lp(t)Xηξ(tp)
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=

N−1∑
j=0

tj

j!
U

(j)
ηξ (0) + i

N−1∑
j=0

tj

j!
V

(j)
ηξ (0) +

1

(N − 1)!
∫ t

0

(t− r)N−1X
(N)
ηξ (r)dr

−
N∑
p=1

Lp(t)


N−1∑
j=0

tjp
j!
U

(j)
ηξ (0) + i

N−1∑
j=0

tjp
j!
V

(j)
ηξ (0)




− 1

(N − 1)
N∑
p=1

Lp(t)

∫ tp

0

(tp − r)N−1X
(N)
ηξ (r)dr

=
1

(N − 1)!
∫ t

0

(t− r)N−1X
(N)
ηξ (r)dr

− 1

(N − 1)!
N∑
p=1

Lp(t)

∫ tp

0

(tp − r)N−1X
(N)
ηξ (r)dr,(5.6)

by the exactness of the Lagrangian interpolation formula for polynomials of degree
less than or equal to N − 1.

From (5.6), if we put r = ts, then

L(N,X(t))(η, ξ)

=
1

(N − 1)!
∫ 1

0

(1− s)N−1tNX
(N)
ηξ (ts)ds

− 1

(N − 1)!
N∑
p=1

Lp(t)

∫ 1

0

(1− s)N−1tNp X
(N)
ηξ (tps)ds

=
1

(N − 1)!
∫ 1

0

(1− s)N−1

{
tNX

(N)
ηξ (ts)−

N∑
p=1

Lp(t)t
N
p X

(N)
ηξ (tps)

}
ds.

Now by (5.4)

N !L(N,X(t))(η, ξ) =

[
tNX

(N)
ηξ (ts)−

N∑
p=1

Lp(t)t
N
p X

(N)
ηξ (tps)

]
,

where 0 < s = θ < 1.
Hence, on account of (5.6),

L(N,X(t))(η, ξ)

=
1

(N − 1)!
∫ t

0

(t− r)N−1X
(N)
ηξ (r)dr

− 1

(N − 1)!
N∑
p=1

Lp(t)

∫ t

0

(tp − r)N−1X
(N)
ηξ (r)dr

− 1

(N − 1)!
N∑
p=1

Lp(t)

∫ tp

t

(tp − r)N−1X
(N)
ηξ (r)dr

=
1

(N − 1)!
N∑
p=1

∫ t

tp

Lp(t)(tp − r)N−1X
(N)
ηξ (r)dr
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= − 1

N !
X

(N)
ηξ (θt)

N∑
p=1

Lp(t)(tp − t)N .

Therefore

|L(N,X(t))(η, ξ)| ≤ 1

N !
max
[t0,T ]

[∣∣∣∣∣X(N)
ηξ (t)

∥∥∥∥∥tN −
N∑
p=1

Lp(t)t
N
p

∣∣∣∣∣
]
.

Consequently, |L(N,X(t))(η, ξ)| −→ 0 as N → ∞ for arbitrary η, ξ ∈ D⊗E and
L(N,X(tk))(η, ξ) = 0, k = 1, 2, . . . , N.

Remark 5.2.
(i) Upon application of (3.9) at each of the N nodes to (1.3), the following system

of difference equations is obtained:

N∑
p=1

a(1)
mpXηξ(tp) = P (tm, X(tm))(η, ξ), m = 1, 2, . . . , N.(5.7)

The initial condition yields the quadrature equation

Xηξ(t0) =

N∑
p=1

Lp(t0)Xηξ(tp).(5.8)

Equations (5.7) and (5.8) lead to a system of N +1 equations in N unknown approx-
imate nodal values Xηξ,p, p = 1, 2, . . . , N , which are to be determined.

It has been shown (see Olaofe [20, 21]) that the rank of the N ×N matrix [a
(1)
ij ] is

exactly N − 1. The matrix is singular. Hence (5.8) is chosen together with any N − 1
equations of (5.7). The remaining Nth equation of (5.7) is regarded as superfluous.
Since the remaining equation must also be satisfied by the computed solutions, the
measure of accuracy of the numerical result is given by the residual

Rr,η,ξ =

N∑
p=1

a(1)
rp Xη,ξ,p − P (tr, X(tr))(η, ξ)(5.9)

at the superfluous node t = tr.
The superfluous error equation (5.9) is a practical method of estimating the ac-

curacy of the numerical solution given by the Lagrangian quadrature method.
(ii) By Definition 3.2 above, the global error ‖et‖ηξ satisfies

‖et‖ηξ ≤
N∑
p=1

|Lp(t)|‖ep‖ηξ + |L(N,X(t))(η, ξ)|+ |R(N,X(t))(η, ξ)|.

If we now put

eηξ = max{‖ep‖ηξ, p = 1, 2, . . . , N},
then by inequality (5.1)

‖et‖ηξ

≤ eηξ

N∑
p=1

|Lp(t)|+ 1

N !
max
[t0,T ]

[
|X(N)

ηξ (t)|
∣∣∣∣∣tN −

N∑
p=1

Lp(t)t
N
p

∣∣∣∣∣
]
+ |R(N,X(t))(η, ξ)|.
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By continuity of the Lagrangian interpolant, the first term above is bounded. The
global error increases due to truncation error, as well as due to round-off error. The
truncation error decreases as N increases. The actual behavior of the round-off er-
ror will be determined in the investigation of numerical stability of the quadrature
method.

6. Examples of quantum stochastic differential equations and numeri-
cal experiments. We first present some examples of the quantum stochastic integral
equation (2.2) which satisfy the Lipschitz condition in the sense of this paper.

(a) Consider

X(t) = I+

∫ t

0

((L(s)X(s) + λexp[pA(s) + qA+(s) + rs])dΛ(s)

+ U(s)X(s)dA(s) + V (s)X(s)dA+(s) + (Z(s)X(s) +Q(s))ds), t ∈ [0, T ],(6.1)

where

A(t) = Af (t), A+(t) = A+
f (t), Λπ(t) = Λ(t),

f(t) ≡ g(t) ≡ π(t) ≡ 1, R = Y = C.

L, U, V, Z are continuous complex valued functions on [0, T ], Q : [0, T ]→ Ã is an
adapted process and λ, p, q, r are complex constants.

Consequently,

R⊗ Γ(L2
Y (R+)) ≡ Γ(L2

Y (R+))

and

D⊗E ≡ E, A = L+(E,Γ(L2
Y (R+))).

The coefficients

E(t,X(t)) = L(t)X(t) + λexp(pA(t) + qA+(t) + rt),

F (t,X(t)) = U(t)X(t), G(t,X(t)) = V (t)X(t),

H(t,X(t)) = Z(t)X(t) +Q(t), X(t) ∈ Ã,

are Lipschitzian with Lipschitz functions

KE
ηξ(t) = |L(t)|, KF

ηξ(t) = |U(t)|, KG
ηξ(t) = |V (t)|, KH

ηξ(t) = |Z(t)|,
respectively. That is, for each M ∈ {E, F, G, H}

‖M(t, x)−M(t, y)‖ηξ ≤ KM
ηξ (t)‖x− y‖ηξ, x, y ∈ Ã

and belongs to L2
loc([0, T ]× Ã) for X ∈ L2

loc(Ã).
For λ = 0, Q(t) ≡ 0, the existence, uniqueness, and the conditions for the solution

of (6.1) to be unitary in the strong topology are well known (see, for example, Hudson
[11]).
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However, our present work is useful for computations of discrete approximations
of the solution in the weak sense.

For η, ξ ∈ E, such that η = e(α), ξ = e(β), α, β ∈ L2
Y (R+), (6.1) is equivalent to

the initial value problem

d

dt
〈η,X(t)ξ〉 = P (t,X(t))(η, ξ),

X(t0) = I, t ∈ [0, 1],(6.2)

where, by (2.3),

P (t,X(t))(η, ξ) = [ᾱ(t)β(t)L(t) + β(t)U(t) + ᾱ(t)V (t) + Z(t)]〈η,X(t)ξ〉

+ λᾱ(t)β(t)〈η, [exp(pA(t) + qA+(t) + rt)]ξ〉+ 〈η,Q(t)ξ〉.(6.3)

By the Campbell–Hausdorff formula (see Meyer [17, p. 135]),

〈η, [exp(pA(t) + qA+(t) + rt)]ξ〉 = e(r+ 1
2pq)te

p
∫ t

0
β(s)ds

e
q
∫ t

0
ᾱ(s)ds

e〈α,β〉.

Hence, the map (t, x)→ P (t, x)(η, ξ) is Lipschitzian with Lipschitz function

KP
ηξ(t) = |ᾱ(t)β(t)L(t) + β(t)U(t) + ᾱ(t)V (t) + Z(t)|.

We note that for arbitrary h ∈ L2
C
(R+), if we set

λ = 0, Y (t) ≡ 0, V (t) = h(t), U(t) = −h̄(t), Z(t) ≡ 0,
and

Q(t) = −1
2
|h(t)|2I

in (6.1), then the solution X(t) is the well-known Weyl operatorW (hχ[0,t]) associated
with h, where χ is the indicator function on [0, T ] and I is the identity operator on
the Fock space (see [12]).

(b) Again, consider

X(t) = I+

∫ t

0

([X(s)A2(s) + λA2(s)]dΛ(s) +X(s)A(s)dA(s)

+ X(s)A(s)dA+(s) +X(s)A(s)ds).(6.4)

Equation (6.4) is equivalent to

d

dt
〈η,X(t)ξ〉 =

[
ᾱ(t)β(t)

∫ t

0

β(s)ds+ β(t) + ᾱ(t) + 1

]
〈η,X(t)A(t)ξ〉

+λᾱ(t)β(t)〈η,A2(t)ξ〉, t ∈ [0, T ],
〈η,X(0)ξ〉 = 〈η, ξ〉,(6.5)

where A(t) is the annihilation process satisfying

A(t)ξ =

∫ t

0

β(s)dsξ, ξ = e(β).
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The power of A(t) is that of composition of operators.
Equation (6.5) is Lipschitzian with Lipschitz function

KP
ηξ(t) =

∣∣∣∣
∫ t

0

β(s)ds

[
ᾱ(t)β(t)

∫ t

0

β(τ)dτ + β(t) + ᾱ(t) + 1

]∣∣∣∣ .(6.6)

We remark that for λ = 0, (6.4) is a special case of the stochastic evolution equation

X(t) = X(t0) +

∫ t

t0

X(s)[L1dΛ(s) + L2dA(s) + L3dA
+(s) + L4ds](6.7)

introduced in [13], with time dependent evolution operators Lj(t) given by

L1(t) = A2(t), L2(t) = L3(t) = L4(t) = A(t)

acting on Γ(L2(R+)).
It is well known that there exists a unique and unitary solution of (6.7) in the

strong topology if the operators Lj , j = 1, . . . , 4, fulfil certain conditions (see [13, 33]).
If we now choose the exponential vectors η, ξ, where η = e(α), ξ = e(β) such that

α(t) = 0, β(t) = et, then from (6.5)

d

dt
〈η,X(t)ξ〉 = (et + 1)〈η,X(t)A(t)ξ〉,
〈η,X(0)ξ〉 = 〈η, ξ〉 = e〈α,β〉 = 1, t ∈ [0, 1],(6.8)

with exact solution

〈η,X(t)ξ〉 = exp
[
1

2
e2t − t− 1

2

]
.(6.9)

Again by choosing α(t) = it, β(t) = −it, we have from (6.5)

d

dt
〈η,X(t)ξ〉 =

(
it4

2
− 2it+ 1

)
〈η,X(t)A(t)ξ〉 − λt2〈η,A2(t)ξ〉,

〈η,X(0)ξ〉 = 〈η, ξ〉 = e−
1
2 , t ∈ [0, 1],(6.10)

with exact solution for λ = 0 given by

〈η,X(t)ξ〉 = exp
[
t7

28
− t4

4
− it3

6
− 1
2

]
.

(c) Let R = C, and u ∈ L∞
loc,C(R+), a fixed locally bounded function. For a real

constant l ≥ 0 and f(t) = l
1
2 (eiu(t) − 1), we consider

dX(t) = X(t)

(
dΛeiu−I − dAe−iuf + dA+

f − 1
2
|f(t)|2dt

)
, t ≥ 0,

X(0) = X0.

The last equation is driven by the gauge, annihilation, and creation operators of
strengths eiu − I, e−iuf , and f , respectively. For η = e(α), ξ = e(β), its equivalent
form is given by

d

dt
〈η,X(t)ξ〉 = P (t,X(t))(η, ξ),

〈η,X(0)ξ〉 = 〈η,X0ξ〉,
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where

P (t,X(t))(η, ξ)

=

[
β(t)

(
ᾱ(t)eiu(t) − e−iu(t)f(t)

)
+ ᾱ(t)(f(t)− β(t))− 1

2
|f(t)|2

]
〈η,X(t)ξ〉

is Lipschitzian with Lipschitz function

KP
ηξ(t) =

∣∣∣∣
[
β(t)

(
ᾱ(t)eiu(t) − e−iu(t)f(t)

)
+ ᾱ(t)(f(t)− β(t))− 1

2
|f(t)|2

]∣∣∣∣ .
If we set

Vu(t) = exp

(
i

∫ t

0

l sinu(s)ds

)
X(t),

then by Proposition 6.2 in [13],

d

dt
〈η, Vu(t)ξ〉 = (eiu(t) − 1)(ᾱ(t) + l

1
2 )(β(t) + l

1
2 )〈η, Vu(t)ξ〉,

Vu(0) = X(0).

The equation is also Lipschitzian with Lipschitz function

Kηξ,u(t) = |(eiu(t) − 1)(ᾱ(t) + l
1
2 )(β(t) + l

1
2 )|.

Numerical examples.
Example 1. We apply the Lagrangian quadrature method to solve (6.8) by using

5 zeros of the Legendre polynomial P5(u) of degree 5 in the interval [−1, 1] as dis-
cretization points. Thus, we perform the integration in 5 nodes in each of the step
subintervals [0, 0.1], [0.1, 0.3], [0.3, 0.5], [0.5, 0.7], [0.7, 0.9], and [0.9, 1] of the interval
[0, 1].

By employing the linear transformation

u =
2t− T − t0

T − t0
,

we convert (6.8) in the variable t in each of the subintervals to the variable u ∈ [−1, 1].
For η = e(α), ξ = e(β), (6.8) transforms to the algebraic equations given by

5∑
p=1

a(1)
mpXηξ,p = P (um, Xm)(η, ξ)

=
1

2
(T − t0)(e

(T−t0)um+T+t0 − 1)Xηξ,m, m = 1, 2, 3, 4, 5,(6.11)

on each of the subintervals

[t0, T ] ∈ {[0, 0.1], [0.1, 0.3], [0.3, 0.5], [0.5, 0.7], [0.7, 0.9], [0.9, 1.0]}.
The initial value for the first subinterval [0, 0.1] transforms to

5∑
p=1

Lp(−1)Xηξ,p = 1.(6.12)
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Here, Xηξ,p approximates Xηξ(up), up ∈ [−1, 1], p = 1, 2, . . . , 5, and the initial value
for the subsequent intervals are given by

5∑
p=1

Lp(1)Xηξ,p,

where

Xηξ,p, p = 1, 2, . . . , 5,

are the computed values from the immediate preceding interval.
Equations (6.11) and (6.12) are 6 linear algebraic equations in 5 unknowns:

Xηξ,p, p = 1, 2, . . . , 5.

To solve for the unknowns, we treat as superfluous (i.e., we ignore) any one of the
internal nodal equations appearing in (6.11) and combine the remaining equations
with (6.12). The superfluous equation is then used to calculate the residual error of
the quadrature method.

In this example, we treat as superfluous the equation given by (6.11) for m = 1,
for each of the subintervals [t0, T ], i.e.,

5∑
p=1

a
(1)
1p Xηξ,p =

1

2
(T − t0)(e

(T−t0)u1+T+t0 − 1)Xηξ,1.(6.13)

The absolute residual error is then given by∣∣∣∣∣
5∑
p=1

a
(1)
1p Xηξ,p − 1

2
(T − t0)(e

(T−t0)u1+T+t0 − 1)Xηξ,1

∣∣∣∣∣ ,(6.14)

which is the error for which the quadrature solutions fail to satisfy the superfluous
equation.

The quadrature coefficients a
(1)
mp, m, p = 1, 2, . . . , 5, appearing in (6.11) are given

by

a(1)
pp =

up
1− u2

p

, a(1)
pq =

P ′
5(up)

(up − uq)P ′
5(uq)

, p �= q,(6.15)

and the Lagrangian polynomial Lp(u) of degree 4 is given by

Lp(u) =

5∏
k=1
k �=p

[(u− uk)/(up − uk)] , p = 1, 2, . . . , 5,(6.16)

where up, p = 1, . . . , 5, are the five zeros of Legendre polynomial P5(u) of degree 5.
By using Mathcad computational software on a Samtron personal computer, we

generate the following table of values.

p up Lp(−1) Lp(1)
1 0.000000 0.533333186 0.5333331845
2 0.538469 −0.267941412 −0.8931568153
3 −0.538469 −0.893156815 −0.2679414133
4 0.906180 0.076358457 1.5514065859
5 −0.906180 1.551406587 0.0763584582
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The quadrature coefficient matrix is given by

[a
(1)
ij ] =

j 1 2 3 4 5
i
1 0.000000000 1.435391432 −1.435391432 −0.301166462 0.301166462
2 −2.402748080 0.758352423 0.9285585610 0.960247980 −0.244414903
3 2.402748080 −0.928558561 −0.758352423 0.244414903 −0.960247980
4 4.043565172 −7.70199715 −1.960413273 5.067049385 0.551766757
5 −4.043565172 1.960413273 7.701997150 −0.551766757 −5.067049385

We solve the system of linear equations in each of the six subintervals on a Mega-
Image personal computer by using a software program developed with a single nu-
merical precision or word size to obtain the following results.

(a) For the subinterval [0, 0.1], u = 20t− 1, t = 1
20 (1 + u).

up tp Computed value Exact value Absolute error
〈η,Xpξ〉 〈η,X(tp)ξ〉 ‖Xp −X(tp)‖ηξ

0.000000 0.05000000 1.0025800697 1.0025888040 8.734× 10−6

0.538469 0.07692345 1.0062434016 1.0062521690 8.767× 10−6

−0.538469 0.02307655 1.0005324619 1.0005409610 8.499× 10−6

0.906180 0.09530900 1.0009733201 1.0097366680 3.467× 10−6

−0.906180 0.00469100 1.0000188125 1.0000220750 3.262× 10−6

1.000000 0.10000000 1.0107586190 1.0107588440 2.240× 10−7

Residual error for the subinterval = 3.260× 10−7.

(b) For the subinterval [0.1, 0.3], u = 10t− 2, t = 1
10 (2 + u).

up tp Computed value Exact value Absolute error
〈η,Xpξ〉 〈η,X(tp)ξ〉 ‖Xp −X(tp)‖ηξ

0.000000 0.2000000 1.0469640346 1.046982638 1.8603× 10−5

0.538469 0.2538469 1.0798827100 1.079913195 3.0485× 10−5

−0.538469 0.1461531 1.0238766814 1.023884223 7.542× 10−6

0.906180 0.2906180 1.1090291990 1.109052081 2.2882× 10−5

−0.906180 0.1093820 1.0129658746 1.012970158 4.284× 10−6

1.000000 0.3000000 1.117440811 1.117461282 2.0471× 10−5.

Residual error for the subinterval = 3.2754× 10−5.

(c) For the subinterval [0.3, 0.5], u = 10t− 4, t = 1
10 (u+ 4).

up tp Computed value Exact value Absolute error
〈η,Xpξ〉 〈η,X(tp)ξ〉 ‖Xp −X(tp)‖ηξ

0.0000000 0.4000000 1.2370270174 1.237100660 7.3643× 10−5

0.5384690 0.4538469 1.3302350684 1.330364540 1.29471× 10−4

−0.5384690 0.3461531 1.1653070910 1.165333229 2.5198× 10−5

0.9061800 0.4906180 1.4094136881 1.409532054 1.18366× 10−4

−0.9061800 0.3093820 1.1262680223 1.126295482 2.7460× 10−5

1.0000000 0.5000000 1.4319787790 1.432098590 1.19811× 10−4

Residual error for the subinterval = 1.40497× 10−4.
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(d) For the subinterval [0.5, 0.7], u = 10t− 6, t = 1
10 (u+ 6).

up tp Computed value Exact value Absolute error
〈η,Xpξ〉 〈η,X(tp)ξ〉 ‖Xp −X(tp)‖ηξ

0.0000000 0.6000000 1.7503830996 1.750774850 3.91751× 10−4

0.5384690 0.6538469 2.0029050837 2.003651551 7.46467× 10−4

−0.5384690 0.5461530 1.5594732874 1.559581521 1.08234× 10−4

0.9062800 0.6906180 2.2232129379 2.223963183 7.50245× 10−4

−0.9061800 0.5093820 1.4555795392 1.455722886 1.43347× 10−4

1.0000000 0.7000000 2.2870345930 2.287821337 7.86744× 10−4

Residual error for the subinterval = 7.96578× 10−4.

(e) For the subinterval [0.7, 0.9], u = 10t− 8, t = 1
10 (u+ 8).

up tp Computed value Exact value Absolute error
〈η,Xpξ〉 〈η,X(tp)ξ〉 ‖Xp −X(tp)‖ηξ

0.000000 0.8000000 3.2399942574 3.243056380 3.062123× 10−3

0.538469 0.8538469 4.0660804136 4.072535340 6.454926× 10−3

−0.538469 0.7461531 2.6572106604 2.657848547 6.378870× 10−4

0.906280 0.8906180 4.8380606659 4.845144775 7.084109× 10−3

−0.906180 0.7093820 2.3542432100 2.355193899 9.506890× 10−4

1.000000 0.9000000 5.0699378020 5.077523954 7.586152× 10−3

Residual error for the subinterval = 6.543177× 10−3.

(f) For the subinterval [0.9, 1.0], u = 20t− 19, t = 1
20 (u+ 19).

up tp Computed value Exact value Absolute error
〈η,Xpξ〉 〈η,X(tp)ξ〉 ‖Xp −X(tp)‖ηξ

0.000000 0.95000000 6.6285640837 6.638906201 1.0342117× 10−2

0.538469 0.97692345 7.7628308886 7.775406243 1.2575355× 10−2

−0.538469 0.92307655 5.7152021899 5.723748457 8.546268× 10−3

0.906280 0.99530900 8.6982084176 8.712154152 1.3945735× 10−2

−0.906180 0.90469100 5.1921131115 5.199930037 7.816926× 10−3

1.000000 1.00000000 8.961388104 8.975763940 1.4375836× 10−2

Residual error for the subinterval = 1.235407× 10−3.

Example 2. We consider the simple Fock space Γ(L2
Y (R+)), where Y = R =

C, f = g ≡ 1, and its L2(Ω,F ,W ) realization, where (Ω,F ,W ) is a Wiener space.
Each random variable X is identified with the operator of multiplication by X so that
Q(t) = A(t) + A+(t) = w(t) is the evaluation of the Brownian path w at time t. In
this case, it has been shown that quantum stochastic integrals of adapted Brownian
functional F such that

∫ t
t0
Ew[F (s, ·)2]ds < ∞ exist (see [1, 2]). Here Ew is the

expected value function.
For exponential vectors η = e(α) and ξ = e(β), where α, β are purely imaginary

valued functions in L2
C
(R+), the equivalent form (1.3) of the quantum analogue of the

classical Ito stochastic differential equation

dX(t, w) = H(t,X(t))dt+ F (t,X(t))dW (t),

X(t0) = X0, t ∈ [t0, T ],(6.17)
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is given by

d

dt
Ew[X(t, w)z(w)] = Ew[β(t)F (t,X(t))z(w)] + Ew[ᾱ(t)F (t,X(t))z(w)]

+ Ew[H(t,X(t))z(w)],

Ew[X(t0)z(w)] = Ew[X0z(w)], almost all t ∈ [t0, T ],(6.18)

where

z(w) = exp

{∫ ∞

0

(−α(s) + β(s))dw(s)− 1
2

∫ ∞

0

(α2(s) + β2(s))ds

}
(6.19)

(see [1, 2] for details).
By considering the linear functionals F (t, x) = bx, H(t, x) = ax, where a, b are

real constants, we apply the Lagrangian quadrature method to solve (6.18). Thus, as
in Example 1, we perform the integration in 5 nodes in each of the step subintervals
[0, 0.1], [0.1, 0.3], [0.3, 0.7], and [0.7, 1] of the interval [0, 1].

For a = 3
2 , b = 1, α(t) = β(t) = i, problem (6.18) after the necessary transforma-

tion to the variable u ∈ [−1, 1] becomes
d

du
Ew[X(u)z(w)] =

3

4
(T − t0)Ew[X(u)z(w)],

X(−1) = X0, u ∈ [−1, 1](6.20)

on each of the subintervals [t0, T ] ∈ {[0, 0.1], [0.1, 0.3], [0.3, 0.7], [0.7, 1]}.
Equation (6.20) transforms to the algebraic equations given by

5∑
p=1

a(1)
mpEw[Xp(w)z(w)] = P (um, Xm)(η, ξ)

=
3

4
(T − t0)Ew[Xm(u)z(w)], m = 1, 2, 3, 4, 5,(6.21)

with the initial value for the first subinterval [0, 0.1] transforming to

5∑
p=1

Lj(−1)Ew[Xp(w)z(w)] = Ew[z(w)] = e,(6.22)

where

〈η,X(u)ξ〉 ∼=
5∑
p=1

Lp(u)Ew[Xp(w)z(w)], p = 1, 2, . . . , 5.

The initial values for the subsequent intervals are given by

5∑
p=1

Lp(1)Ew[Xp(w)z(w)],

where

Ew[Xp(w)z(w)], p = 1, 2, . . . , 5,



QUADRATURE SCHEMES FOR QUANTUM EQUATIONS 1861

are the computed values from the immediate preceding interval.

Again, we treat as superfluous the equation given by (6.21) for m = 1 for each of
the subintervals [t0, T ]. This yields the absolute residual error given by

∣∣∣∣∣
5∑
p=1

a
(1)
1p Ew[Xp(w)z(w)]− 3

4
(T − t0)Ew[X1(w)z(w)]

∣∣∣∣∣ .(6.23)

We solve the system of linear equations in each of the four subintervals to obtain the
following results.

(a) For the subinterval [0, 0.1], u = 20t− 1, t = 1
20 (1 + u).

up tp Computed value Exact value Absolute
Ew[Xpz(w)] exp(1 + 3

2 t) error
0.000000 0.05000000 2.9299678213 2.929992901 2.5080× 10−5

0.538469 0.07692345 3.0507182716 3.050743023 2.4752× 10−5

−0.538469 0.02307655 2.8139973688 2.814022136 2.4768× 10−5

0.906180 0.09530900 3.1360391076 3.136048287 9.1800× 10−6

−0.906180 0.00469100 2.7374670005 2.737476471 9.4710× 10−6

1.000000 0.10000000 3.1581933020 3.158192910 3.9200× 10−7

Residual error for the subinterval = 3.01843× 10−6.

(b) For the subinterval [0.1, 0.3], u = 10t− 2, t = 1
10 (2 + u).

up tp Computed value Exact value Absolute
Ew[Xpz(w)] exp(1 + 3

2 t) error
0.000000 0.2000000 3.6692651703 3.669296668 3.1498× 10−5

0.538469 0.2538469 3.9779328927 3.977964873 3.1918× 10−5

−0.538469 0.1461531 3.3845492094 3.384579418 3.0209× 10−5

0.906180 0.2906180 4.2035278057 4.203539885 1.2080× 10−5

−0.906180 0.1093820 3.2029409383 3.202952370 1.1432× 10−5

1.000000 0.3000000 4.2631144550 4.263114515 6.0000× 10−8.

Residual error for the subinterval = 4.8735× 10−6.

(c) For the subinterval [0.3, 0.7], u = 5t− 2.5, t = 1
5 (2.5 + u).

up tp Computed value Exact value Absolute
Ew[Xpz(w)] exp(1 + 3

2 t) error
0.000000 0.50000000 5.7545129246 5.754602676 8.9752× 10−5

0.538469 0.60769380 6.7633539045 6.763501302 1.47398× 10−4

−0.538469 0.39230620 4.8961586520 4.896199540 4.0888× 10−5

0.906180 0.68123600 7.5521976331 7.552313952 1.16319× 10−4

−0.906180 0.31876400 4.3847871371 4.384808705 2.1568× 10−5

1.000000 0.70000000 7.767798135 7.767901106 1.02971× 10−4

Residual error for the subinterval = 1.156212× 10−4.
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(d) For the subinterval [0.7, 1.0], u = 20
3 t− 17

3 , t = 3
20 (u+

17
3 ).

up tp Computed value Exact value Absolute
Ew[Xpz(w)] exp(1 + 3

2 t) error
0.000000 0.85000000 9.7276915337 9.727919013 2.2748× 10−4

0.538469 0.93077035 10.8980614837 10.980879410 2.6458× 10−4

−0.538469 0.76922965 8.6177335813 8.617926194 1.92613× 10−4

0.906280 0.98592700 11.9277999780 11.928022930 2.2296× 10−4

−0.906180 0.71407300 7.9334830988 7.933620589 1.37491× 10−4

1.000000 1.00000000 12.1822979700 12.182493960 1.959906× 10−4

Residual error for the subinterval = 2.53749× 10−5.

Remark 6.1.
(i) Suppose that the numerical integration is to be performed for the interval

t0 ≤ t ≤ T , and to satisfy a prescribed error margin or tolerance. If the length T − t0
of the interval is sufficiently small and the number N of nodal points is sufficiently
large, one application of the quadrature algorithm may be adequate. However, usually
in practice, this will not be the case, and if N is conveniently fixed, the interval [t0, T ]
has to be divided into subintervals [t0, t1], [t1, t2] · · · [tq−1, tq], say. Thus starting with
the first subinterval [t0, t1] and the prescribed initial condition, numerical quadrature
integration is performed on N nodes in [t0, t1]. If the residual error at the superfluous
node is sufficiently small, then integration proceeds into the next interval [t1, t2] with
a computed initial condition obtained by the use of extrapolation formula

Xηξ(t1) =

N∑
p=1

Lp(t1)Xηξ(tp),

where Xηξ(tp), p = 1, 2, . . . , N , are the computed values for [t0, t1]. Otherwise the
length t1−t0 of the subinterval [t0, t1] is subdivided until the first subinterval produces
the desired results. However, we could increase the number of nodes to achieve the
same purpose. However, without loss of generality it is assumed that N is fixed.
Integration can proceed in this manner until the interval [tq, T ] is reached. Finally,
we remark that if the residual error at any stage [tk, tk+1] is much smaller than the
tolerance level, then the succeeding interval may be chosen by doubling the size of
the interval [tk, tk+1]. Stability of this method will be addressed elsewhere.

(ii) The numerical experiments given in Examples 1 and 2 above show that the
Lagrangian quadrature method is a method of high accuracy. We have convergence to
exact values at each of the discretization point to a minimum number of one decimal
place in Example 1 and three decimal places in Example 2. The accumulated error
at the final time instant t = 1 is 1.4375836× 10−2 in Example 1 with six subintervals
of [0, 1] and 1.959906× 10−4 in Example 2 with four subintervals of [0, 1].

In comparison with the Euler scheme and a 2-step scheme which were employed in
[2] to solve the same model problem of Example 2, we notice that the Euler and the 2-
step scheme produced accumulated errors of 0.78042828 and 0.11070989, respectively,
at the final time t = 1 with steplength of h = 2−4. This shows that the quadrature
method of this paper is more accurate than said schemes.

(iii) As a measure of the computational complexity of the quadrature scheme,
we estimate the arithmetic floating point operations required for implementation as

follows: By (6.15), computation of each diagonal element a
(1)
pp of the N×N quadrature
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coefficient matrix [a
(1)
pq ] requires 1 multiplication, 1 addition, and 1 division. For each

of the other entries, a
(1)
pq , p �= q, a maximum of 4N − 5 multiplications (i.e., if the

values of the derivative of the Legendre polynomial PN (u) of degree N are evaluated
directly), 2N − 1 additions and 1 division are required. The Lagrangian interpolant
Lp(u) defined by (6.16) requires 2(N − 1) additions, 2(N − 2) multiplications, and 1
division for each p = 1, 2, . . . , N , where N is the number of nodes.

As a result of the above estimates, the Lagrangian quadrature scheme has a large
number of multiplication, addition, and division floating point operations. This could
be calculated by employing the standardized weights for each type of floating point
operation as in [32, p. 193]. Since the number depends directly on the total nodal
points N , it is necessary that the total nodes be restricted to the range 1 ≤ N ≤ 15
for each of the subdivisions of the entire interval [t0, T ] in order to minimize the CPU
time. For the total nodes N = 5 employed in Examples 1 and 2 above, very short
CPU times were returned by the personal computer for each of the fragments of the
numerical computations reported in Examples 1 and 2 above.

Acknowledgments. I am grateful to my doctoral research supervisor, Professor
G. O. S. Ekhaguere, for his valuable advice and directions at all times. The main
results of this paper are parts of the general results reported in my Ph.D. thesis [1]. I
thank the anonymous referees for their constructive criticisms and suggestions which
helped to improve the final version of this paper.

REFERENCES

[1] E.O. Ayoola, On Numerical Procedures for Solving Lipschitzian Quantum Stochastic Differ-
ential Equations, Ph.D. thesis, University of Ibadan, Ibadan, Nigeria, 1998.

[2] E.O. Ayoola, Converging multistep methods for weak solution of quantum stochastic differ-
ential equations, Stochastic Anal. Appl., 18 (2000), pp. 525–554.

[3] C. Barnett, R.F. Streater, and I.F. Wilde, The Ito-Clifford integral II—Stochastic differ-
ential equations, J. Lond. Math. Soc. (2), 27 (1983), pp. 373–384.

[4] R.E. Bellman, B.G. Kashef, and J. Casti, Differential quadrature: A technique for the rapid
solution of nonlinear partial differential equations, J. Comput. Phys., 10 (1972), pp. 40–52.

[5] G.O.S. Ekhaguere, Lipschitzian quantum stochastic differential inclusions, Internat. J. The-
oret. Phys., 31 (1992), pp. 2003–2034.

[6] G.O.S. Ekhaguere, Quantum stochastic differential inclusions of hypermaximal monotone
type, Internat. J. Theoret. Phys., 34 (1995), pp. 323–353.

[7] G.O.S. Ekhaguere, Quantum stochastic evolutions, Internat. J. Theoret. Phys., 35 (1996),
pp. 1909–1946.

[8] L. Fox and I.B. Parker, Chebyshev Polynomials in Numerical Analysis, Oxford University
Press, London, 1972.

[9] P. Glockner, Quantum stochastic differential equations on *-bialgebra, Math. Proc. Cam-
bridge Philos. Soc., 109 (1991), pp. 571–595.

[10] A.S. Holevo, Exponential formulae in quantum stochastic calculus, Proc. Roy. Soc. Edinburgh
Sect. A, 126 (1996), pp. 375–389.

[11] R.L. Hudson, Quantum stochastic calculus and some of its applications, in Contemporary
Stochastic Analysis, G.O.S. Ekhaguere, ed., World Scientific, River Edge, NJ, 1991, pp. 31–
70.

[12] R.L. Hudson and K.R. Parthasarathy, Construction of quantum diffusion, in Quantum
Probability and Applications to the Quantum Theory of Irreversible Processes, Lecture
Notes in Math. 1055, L. Accardi, A. Frigerio, and V. Gorini, eds., Springer-Verlag, Berlin,
1982, pp. 173–198.

[13] R.L. Hudson and K.R. Parthasarathy, Quantum Ito’s formulae and stochastic evolutions,
Comm. Math. Phys., 93 (1984), pp. 301–324.

[14] P.E. Kloeden and E. Platen, Numerical Solutions of Stochastic Differential Equations, 2nd
ed., Springer-Verlag, New York, 1995.



1864 E. O. AYOOLA

[15] P.E. Kloeden, E. Platen, and H. Schurz, Numerical Solution of SDE through Computer
Experiments, Springer-Verlag, New York, 1994.

[16] S.I. Marcus, Modelling and approximation of stochastic differential equations driven by semi-
martingales, Stochastics, 4 (1981), pp. 223–245.

[17] P. Meyer, Quantum Probability for Probabilists, Lecture Notes in Math. 1538, Springer-Verlag,
Berlin, 1993.

[18] G.N. Milstein, Numerical Integration for Stochastic Differential Equations, Kluwer, Dor-
drecht, The Netherlands 1995.

[19] N.J. Newton, Asymptotically efficient Runge–Kutta methods for a class of Itô and Strato-
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Chapter 4

Lebesgue measure and
integration

If you look back at what you have learned in your earlier mathematics
courses, you will definitely recall a lot about area and volume — from the
simple formulas for the areas of rectangles and triangles that you learned in
grade school, to the quite sophisticated calculations with double and triple
integrals that you had to perform in calculus class. What you have probably
never seen, is a systematic theory for area and volume that unifies all the
different methods and techniques.

In this chapter we shall first study such a unified theory for d-dimensional
volume based on the notion of a measure, and then we shall use this theory
to build a stronger and more flexible theory for integration. You may think
of this as a reversal of previous strategies; instead of basing the calculation
of volumes on integration, we shall create a theory of integration based on
a more fundamental notion of volume.

The theory will cover volume in Rd for all d ∈ N, including d = 1 and
d = 2. To get a unified terminology, we shall think of the length of a set in R
and the area of a set in R2 as one- and two-dimensional volume, respectively.

To get a feeling for what we are aiming for, let us assume that we want
to measure the volume of subsets A ⊂ R3, and that we denote the volume
of A by µ(A). What properties would we expext µ to have?

(i) µ(A) should be a nonnegative number or ∞. There are subsets of R3

that have an infinite volume in an intuitive sense, and we capture this
intuition by the symbol ∞.

(ii) µ(∅) = 0. It will be convenient to assign a volume to the empty set,
and the only reasonable alternative is 0.

(iii) If A1, A2, . . . , An, . . . are disjoint (i.e. non-overlapping) sets, then
µ(
⋃∞

n=1 An) =
∑∞

n=1 µ(An). This means that the volume of the whole
is equal to the sum of the volumes of the parts.

1
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(iv) If A = (a1, a2) × (b1, b2) × (c1, c2) is a rectangular box, then µ(A) is
equal to the volume of A in the traditional sence, i.e.

µ(A) = (a2 − a1)(b2 − b1)(c2 − c1)

It turns out that it is impossible to measure the size of all subsets of A
such that all these requirements are satisfied; there are sets that are simply
too irregular to be measured in a good way. For this reason we shall restrict
ourselves to a class of measurable sets which behave the way we want. The
hardest part of the theory will be to decide which sets are measurable.

We shall use a two step procedure to construct our measure µ: First we
shall construct an outer measure µ∗ which will assign a size µ∗(A) to all
subsets A ∈ R3, but which will not satisfy all the conditions (i)-(iv) above.
Then we shall use µ∗ to single out the class of measurable sets, and prove
that if we restrict µ∗ to this class, our four conditions are satisfied.

4.1 Outer measure in Rd

The first step in our construction is to define outer measure in Rd. The
outer measure is built from rectangular boxes, and we begin by intoducing
the appropriate notation and teminology.

Definition 4.1.1 A subset A of Rd is called an open box if there are num-
bers a

(1)
1 < a

(1)
2 , a

(2)
1 < a

(2)
2 , . . . , a

(d)
1 < a

(d)
2 such that

A = (a(1)
1 , a

(1)
2 )× (a(2)

1 , a
(2)
2 )× . . .× (a(d)

1 , a
(d)
2 )

In addition, we count the empty set as a rectangular box. We define the
volume |A| of A to be 0 if A is the empty set, and otherwise

|A| = (a(1)
2 − a

(1)
1 )(a(2)

2 − a
(2)
1 ) · . . . · (a(d)

2 − a
(d)
1 )

Observe that when d = 1, 2 and 3, |A| denotes the length, area and
volume of A in the usual sense.

If A = {A1, A2, . . . , An, . . .} is a countable collection of open boxes, we
define its size |A| by

|A| =
∞∑

k=1

|Ak|

(we may clearly have |A| = ∞). Note that we can think of a finite collection
A = {A1, A2, . . . , An} of open boxes as a countable one by putting in the
empty set in the missing positions: A = {A1, A2, . . . , An, ∅, ∅, . . .}. This is
the main reason for including the empty set among the open boxes. Note
also that since the boxes A1, A2, . . . may overlap, the size |A| need not be
closely connected to the volume of

⋃∞
n=1 An.



4.1. OUTER MEASURE IN RD 3

A covering of a set B ⊂ Rd is a countable collection

A = {A1, A2, . . . , An, . . .}

of open boxes such that B ⊂
⋃∞

n=1 An. We are now ready to define outer
measure.

Definition 4.1.2 The outer measure of a set B ∈ Rd is defined by

µ∗(B) = inf{|A| : A is a covering of B by open boxes}

The idea behind outer measure should be clear – we measure the size
of B by approximating it as economically as possible from the outside by
unions of open boxes. You may wonder why we use open boxes and not
closed boxes

A = [a(1)
1 , a

(1)
2 ]× [a(2)

1 , a
(2)
2 ]× . . .× [a(d)

1 , a
(d)
2 ]

in the definition above. The answer is that it does not really matter, but that
open boxes are a little more convenient in some arguments. The following
lemma tells us that closed boxes would have given us exactly the same result.
You may want to skip the proof at the first reading.

Lemma 4.1.3 For all B ⊂ Rd,

µ∗(B) = inf{|A| : A is a covering of B by closed boxes}

Proof: We must prove that

inf{|A| : A is a covering of B by open boxes} =

= inf{|A| : A is a covering of B by closed boxes}

Observe first that if A0 = {A1, A2, . . .} is a covering of B by open boxes, we
can get a covering A = {A1, A2, . . .} of B by closed boxes just by closing
each box. Since the two coverings have the same size, this means that

µ∗(B) = inf{|A| : A is a covering of B by open boxes} ≥

≥ inf{|A| : A is a covering of B by closed boxes}

To prove the opposite inequality, assume that ε > 0 is given. If A =
{A1, A2, . . .} is a covering of B by closed boxes, we can for each n find
an open box Ãn containing An such that |Ãn| < |An|+ ε

2n . Then Ã = {Ãn}
is a covering of B by open boxes, and |Ã| < |A|+ ε. Since ε > 0 is arbitrary,
this shows that to any closed covering, there is an open covering arbitrarily
close in size, and hence

inf{|A| : A is a covering of B by open boxes} ≤
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≤ inf{|A| : A is a covering of B by closed boxes}

2

Here are some properties of the outer measure:

Proposition 4.1.4 The outer measure µ∗ on Rd satisfies:

(i) µ∗(∅) = 0.

(ii) (Monotonicity) If B ⊂ C, then µ∗(B) ≤ µ∗(C).

(iii) (Subadditivity) If {Bn}n∈N is a sequence of subsets of Rd, then

µ∗(
∞⋃

n=1

Bn) ≤
∞∑

n=1

µ∗(Bn)

(iv) For all closed boxes

B = [b(1)
1 , b

(1)
2 ]× [b(2)

1 , b
(2)
2 ]× . . .× [b(d)

1 , b
(d)
2 ]

we have

µ∗(B) = |B| = (b(1)
2 − b

(1)
1 )(b(2)

2 − b
(2)
1 ) · . . . · (b(d)

2 − b
(d)
1 )

Proof: (i) Since A = {∅, ∅, ∅, . . .} is a covering of ∅, µ∗(∅) = 0.

(ii) Since any covering of C is a covering of B, we have µ∗(B) ≤ µ∗(C).

(iii) If µ∗(Bn) = ∞ for some n ∈ N, there is nothing to prove, and we
may hence assume that µ∗(Bn) < ∞ for all n. Let ε > 0 be given. For each
n ∈ N, we can find a covering A

(n)
1 , A

(n)
2 , . . . of Bn such that

∞∑
k=1

|A(n)
k | < µ∗(Bn) +

ε

2n

The collection {A(n)
k }k,n∈N of all sets in all coverings is a countable covering

of
⋃∞

n=1 Bn, and

∑
k,n∈N

|A(n)
k | =

∞∑
n=1

( ∞∑
k=1

|A(n)
k |

)
≤

∞∑
n=1

(
µ∗(Bn) +

ε

2n

)
=

∞∑
n=1

µ∗(Bn) + ε

(if you are unsure about these manipulation, take a look at exercise 5). This
means that

µ∗(
∞⋃

n=1

Bn) ≤
∞∑

n=1

µ∗(Bn) + ε
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and since ε is an arbitrary, positive number, we must have

µ∗(
∞⋃

n=1

Bn) ≤
∞∑

n=1

µ∗(Bn)

(iv) Since we can cover B by Bε = {Bε, ∅, ∅, . . .}, where

B = (b(1)
2 + ε, b

(1)
1 − ε)× (b(2)

2 + ε, b
(2)
1 − ε)× . . .× (b(d)

2 + ε, b
(d)
1 − ε),

for any ε > 0, we se that

µ∗(B) ≤ |B| = (b(1)
2 − b

(1)
1 )(b(2)

2 − b
(2)
1 ) · . . . · (b(d)

2 − b
(d)
1 )

The opposite inequality,

µ∗(B) ≥ |B| = (b(1)
2 − b

(1)
1 )(b(2)

2 − b
(2)
1 ) · . . . · (b(d)

2 − b
(d)
1 )

may seem obvious, but is actually quite tricky to prove. We shall need a
few lemmas to establish this and finish the proof. 2

I shall carry out the remaining part of the proof of Proposition 4.1.4(iv)
in the three dimensional case. The proof is exactly the same in the d-
dimensional case, but the notation becomes so messy that it tends to blur
the underlying ideas. Let us begin with a lemma.

Lemma 4.1.5 Assume that the intervals (a0, aK), (b0, bN ), (c0, cM ) are
partioned

a0 < a1 < a2 < . . . < aK

b0 < b1 < b2 < . . . < bN

c0 < c1 < c2 < . . . < cM

and let ∆ak = ak+1 − ak, ∆bn = an+1 − nn, ∆cm = cm+1 − cm. Then

(aK − a0)(bN − b0)(cm − c0) =
∑

k,n,m

∆ak∆bn∆cm

where the sum is over all triples (k, n,m) such that 0 ≤ k < K, 0 ≤ n < N ,
0 ≤ m < M . In other words, if we partition the box

A = (a0, aK)× (b0, bN )× (c0, cM )

into KNM smaller boxes B1, B2, . . . , BKNM , then

|A| =
KNM∑
j=1

|Bj |
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Proof: If you think geometrically, the lemma seems obvious — it just says
that if you divide a big box into smaller boxes, the volume of the big box
is equal to the sum of the volumes of the smaller boxes. An algebraic
proof is not much harder and has the advantage of working also in higher
dimensions: Note that since aK − a0 =

∑K−1
k=0 ∆ak, bN − b0 =

∑N−1
n=0 ∆bn,

cM − c0 =
∑M−1

m=0 ∆cm, we have

(aK − a0)(bN − b0)(cm − c0) =

=

(
K−1∑
k=0

∆ak

)(
N−1∑
n=0

∆bn

)(
M−1∑
m=0

∆cm

)
=

=
∑

k,n,m

∆ak∆bn∆cm

2

The next lemma reduces the problem from countable coverings to finite
ones. It is the main reason why we choose to work with open coverings.

Lemma 4.1.6 Assume that A = {A1, A2, . . . , An, . . .} is a countable cover-
ing of a compact set K by open boxes. Then K is covered by a finite number
A1, A2, . . . , An of elements in A.

Proof: Assume not, then we can for each n ∈ N find an element xn ∈ K
which does not belong to

⋃n
k=1 Ak. Since K is compact, there is a subse-

quence {xnk
} converging to an element x ∈ K. Since A is a covering of K,

x must belong to an Ai. Since Ai is open, xnk
∈ Ai for all sufficently large

k. But this is impossible since xnk
/∈ Ai when nk ≥ i. 2

We are now ready to prove the missing inequality in Proposition 4.1.4(iv).

Lemma 4.1.7 For all closed boxes

B = [a1, a2]× [b1, b2]× [c1, c2]

we have
µ∗(B) ≥ |B| = (a2 − a1)(b2 − b1)(c2 − c1)

Proof: By the lemma above, it suffices to show that if A1, A2, . . . , An is a
finite covering of B, then

|B| ≤ |A1|+ |A2] + . . . + |An|

Let
Ai = (x(i)

1 , x
(i)
2 )× (y(i)

1 , y
(i)
2 )× (z(i)

1 , z
(i)
2 )
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We collect all x-coordinates x
(1)
1 , x

(1)
2 , x

(2)
1 , x

(2)
2 , . . . , x

(n)
1 , x

(n)
2 and rearrange

them according to size:

x0 < x1 < x2 < . . . < xI

Doing the same with the y- and the z-coodinates, we get partitions

y0 < y1 < y2 < . . . < yJ

z0 < z1 < z2 < . . . < zK

Let B1, B2, . . . , BP be all boxes of the form (xi, xi+1)×(yj , yj+1)×(zk, zk+1)
that is contained in at least one of the sets A1, A2, . . . , An. Each Ai, 1 ≤
i ≤ n is made up of a finite number of Bj ’s, and each Bj belongs to at least
one of the Ai’s. According to Lemma 4.1.5,

|Ai| = |Bji1
|+ |Bji2

|+ . . . + |Bjiq
|

where Bji1
, Bji2

, . . . , Bjiq
are the small boxes making up Ai. If we sum over

all i, we get
n∑

i=1

|Ai| >
P∑

j=1

|Bj |

(we get an inequality since some of the Bj ’s belong to more than one Ai,
and hence are counted twice or more on the left hand side).

On the other hand, the Bj ’s almost form a partition of the original box
B, the only problem being that some of the Bj ’s stick partly outside B. If
we shrink these Bj ’s so that they just fit inside B, we get a partition of B
into even smaller boxes C1, C2, . . . , CQ (some boxes may disappear when we
shrink them). Using Lemma 4.1.5 again, we see that

|B| =
Q∑

k=1

|Ck| <
P∑

j=1

|Bj |

Combining the results we now have, we see that

|B| <
P∑

j=1

|Bj | <
n∑

i=1

|Ai|

and the lemma is proved. 2

We have now finally established all parts of Proposition 4.1.4. and are
ready to move on. The problem with the outer measure µ∗ is that it fails
to be countably additive: If {An} is a disjoint sequence of sets, we can only
guarantee that

µ∗(
∞⋃

n=1

An) ≤
∞∑

n=1

µ∗(An)
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not that

µ∗(
∞⋃

n=1

An) =
∞∑

n=1

µ∗(An) (4.1.1)

As it is impossible to change µ∗ such that (4.1.1) holds for all disjoint se-
quences {An} of subsets of Rd, we shall follow a different strategy: We shall
show that there is a large class M of subsets of Rd such that (4.1.1) holds
for all disjoint sequences where An ∈ M for all n ∈ N. The sets in M will
be called measurable sets.

Exercises for Section 4.1

1. Show that all countable sets have outer measure zero.

2. Show that the x-axis has outer measure 0 in R2.

3. If A is a subset of Rd and b ∈ Rd, we define

A + b = {a + b | a ∈ A}

Show that µ∗(A + b) = µ∗(A).

4. If A is a subset of Rd, define 2A = {2a | a ∈ A}. Show that µ∗(2A) =
2dµ∗(A).

5. Let {an,k}n,k∈N be a collection of nonnegative, real numbers, and let a be
the supremum over all finite sums of distinct elements in this collection, i.e.

A = sup{
I∑

i=1

ani,ki
: I ∈ N and all pairs (n1, k1), . . . , (nI , kI) are different}

a) Assume that {bm}m∈N is a sequence which contains each element in the
set {an,k}n,k∈N exactly ones. Show that

∑∞
m=1 bm = a.

b) Show that
∑∞

n=1 (
∑∞

k=1 an,k) = a.

c) Comment on the proof of Proposition 4.1.4(iii).

4.2 Measurable sets

We shall now begin our study of measurable sets — the sets that can be
assigned a “volume” in a coherent way. The definition is rather mysterious:

Definition 4.2.1 A subset E of Rd is called measurable if

µ∗(A ∩ E) + µ∗(A ∩ Ec) = µ∗(A)

for all A ⊂ Rd. The collection of all measurable sets is denoted by M.
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Although the definition above is easy to grasp, it is not easy too see
why it captures the essence of the sets that are possible to measure. The
best I can say is that the reason why some sets are impossible to measure,
is that they have very irregular boundaries. The definition above says that
a set is measurable if we can use it to split any other set in two without
introducing any further irregularities, i.e. all parts of its boundary must
be reasonably regular. Admittedly, this explanation is vague and not very
helpful in understanding why the definition captures exactly the right no-
tion of measurability. The best argument may simply be to show that the
definition works, so let us get started.

Let us first of all make a very simple observation. Since A = (A ∩ E) ∪
(A∩Ec), subadditivity (recall Proposition 4.1.4(iii)) tells us that we always
have

µ∗(A ∩ E) + µ∗(A ∩ Ec) ≥ µ∗(A)

Hence to prove that a set is measurable, we only need to prove that

µ∗(A ∩ E) + µ∗(A ∩ Ec) ≤ µ∗(A)

Our first observation on measurable sets is simple.

Lemma 4.2.2 If E has outer measure 0, then E is measurable. In partic-
ular, ∅ ∈ M.

Bevis: If E has measure 0, so has A ∩ E since A ∩ E ⊂ E. Hence

µ∗(A ∩ E) + µ∗(A ∩ Ec) = µ∗(A ∩ Ec) ≤ µ∗(A)

for all A ⊂ Rd. 2

Next we have:

Proposition 4.2.3 M is an algebra of sets, i.e.:

(i) ∅ ∈ M.

(ii) If E ∈M, then Ec ∈M.

(iii) If E1, E2, . . . , En ∈M, then E1 ∪ E2 ∪ . . . ∪ En ∈M.

(iv) If E1, E2, . . . , En ∈M, then E1 ∩ E2 ∩ . . . ∩ En ∈M.

Proof: We have already proved (i), and (ii) is obvious from the definition of
measurable sets. Since E1 ∪ E2 ∪ . . . ∪ En = (Ec

1 ∩ Ec
2 ∩ . . . ∩ Ec

n)c by De
Morgans laws, (iii) follows from (ii) and (iv). Hence it remains to prove (iv).
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To prove (iv) is suffices to prove that if E1, E2 ∈M, then E1 ∩E2 ∈M
as we can then add more sets by induction. If we first use the measurability
of E1, we see that for any set A ⊂ Rd

µ∗(A) = µ∗(A ∩ E1) + µ∗(A ∩ Ec
1)

Using the measurability of E2, we get

µ∗(A ∩ E1) = µ∗((A ∩ E1) ∩ E2) + µ∗((A ∩ E1) ∩ Ec
2)

Combining these two expressions, we have

µ∗(A) = µ∗((A ∩ (E1 ∩ E2)) + µ∗((A ∩ E1) ∩ Ec
2) + µ∗(A ∩ Ec

1)

Observe that (draw a picture!)

(A ∩ E1 ∩ Ec
2) ∪ (A ∩ Ec

1) = A ∩ (E1 ∩ E2)c

and hence

µ∗(A ∩ E1 ∩ Ec
2) + µ∗(A ∩ Ec

1) ≥ µ∗(A ∩ (E1 ∩ E2)c)

Putting this into the expression for µ∗(A) above, we get

µ∗(A) ≥ µ∗((A ∩ (E1 ∩ E2)) + µ∗(A ∩ (E1 ∩ E2)c)

which means that E1 ∩ E2 ∈M. 2

We would like to extend parts (iii) and (iv) in the proposition above to
countable unions and intersection. For this we need the following lemma:

Lemma 4.2.4 If E1, E2, . . . , En is a disjoint collection of measurable sets,
then

µ∗(A∩ (E1 ∪E2 ∪ . . .∪En)) = µ∗(A∩E1) + µ∗(A∩E2) + . . . + µ∗(A∩En)

Proof: It suffices to prove the lemma for two sets E1 and E2 as we can then
extend it by induction. Using the measurability of E1, we see that

µ∗(A ∩ (E1 ∪E2)) = µ∗((A ∩ (E1 ∪E2)) ∩E1) + µ∗(A ∩ (E1 ∪E2)) ∩Ec
1) =

= µ∗(A ∩ E1) + µ∗(A ∩ E2)

2

We can now prove that M is closed under countable unions.

Lemma 4.2.5 If An ∈M for each n ∈ N, then
⋃

n∈N An ∈M.
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Proof: Note that since M is an algebra,

En = An ∩ (E1 ∪ E2 ∪ . . . En−1)c

belongs to M for n > 1 (for n = 1, we just let E1 = A1). The new sequence
{En} is disjoint and have the same union as {An}, and hence it suffices to
prove that

⋃
n∈N En ∈M, i.e.

µ∗(A) ≥ µ∗
(
A ∩

∞⋃
n=1

En

)
+ µ∗

(
A ∩

( ∞⋃
n=1

En

)c)
Since

⋃N
n=1 En ∈M for all N ∈ N, we have:

µ∗(A) = µ∗
(
A ∩

N⋃
n=1

En

)
+ µ∗

(
A ∩

( N⋃
n=1

En

)c) ≥
≥

N∑
n=1

µ∗(A ∩ En) + µ∗
(
A ∩

( ∞⋃
n=1

En

)c)
where we in the last step have used the lemma above plus the observation
that

(⋃∞
n=1 En

)c ⊂ (⋃N
n=1 En

)c. Since this inequality holds for all N ∈ N,
we get

µ∗(A) ≥
∞∑

n=1

µ∗(A ∩ En) + µ∗
(
A ∩

( ∞⋃
n=1

En

)c)
By sublinearity, we have

∑∞
n=1 µ∗(A ∩ En) ≥ µ∗(

⋃∞
n=1(A ∩ En)) = µ∗(A ∩⋃∞

n=1(En)), and hence

µ∗(A) ≥ µ∗
(
A ∩

∞⋃
n=1

En

)
+ µ∗

(
A ∩

( ∞⋃
n=1

En

)c)
2

Let us sum up our results so far.

Theorem 4.2.6 The measurable sets M form a σ-algebra, i.e.:

(i) ∅ ∈ M

(ii) If E ∈M, then Ec ∈M.

(iii) If En ∈M for all n ∈ N, then
⋃∞

n=1 En ∈M.

(iv) If En ∈M for all n ∈ N, then
⋂∞

n=1 En ∈M.
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Proof: We have proved everything except (iv), which follows from (ii) and
(iii) since

⋂∞
n=1 En =

(⋃∞
n=1 Ec

n

)c. 2

Remark: By definition, a σ-algebra is a collection of subsets satisfying (i)-
(iii), but — as we have seen — point (iv) follows from the others.

There is one more thing we have to check: that M contains sufficiently
many sets. So far we only know that M contains the sets of outer measure
0 and their complements!

In the first proof it is convenient to use closed coverings as in Lemma
4.1.3 to determine the outer measure.

Lemma 4.2.7 For each i and each a ∈ R, the open halfspaces

H = {(x1, . . . , xi, . . . , xd) ∈ Rd : xi < a}

and
K = {(x1, . . . , xi, . . . , xd) ∈ Rd : xi > a}

are measurable.

Proof: We only prove the H-part. We have to check that for any B ⊂ Rd,

µ∗(B) ≥ µ∗(B ∩H) + µ∗(B ∩Hc)

Given a covering A = {Ai} of B by closed boxes, we can create closed
coverings A(1) = {A(1)

i } and A(1) = {A(2)
i } of B∩H and B∩Hc, respectively,

by putting
A

(1)
i = {(x1, . . . , xi, . . . , xd) ∈ Ai : xi ≤ a}

A
(2)
i = {(x1, . . . , xi, . . . , xd) ∈ Ai : xi ≥ a}

Hence
|A| = |A(1)|+ |A(2)| ≥ µ∗(B ∩H) + µ∗(B ∩Hc)

and since this holds for all closed coverings A of B, we get

µ∗(B) ≥ µ∗(B ∩H) + µ∗(B ∩Hc)

2

The next step is now easy:

Lemma 4.2.8 All open boxes are measurable.

Proof: An open box is a finite intersection of open halfspaces. 2

The next result tells us that there are many measurable sets:
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Theorem 4.2.9 All open sets in Rd are countable unions of open boxes.
Hence all open and closed sets are measurable.

Proof: Note first that the result for closed sets follows from the result for
open sets since a closed set is the complement of an open set. To prove the
theorem for open sets, let us first agree to call an open box

A = (a(1)
1 , a

(1)
2 )× (a(2)

1 , a
(2)
2 )× . . .× (a(d)

1 , a
(d)
2 )

rational if all the coordinates a
(1)
1 , a

(1)
2 , a

(2)
1 , a

(2)
2 , . . . , a

(d)
1 , a

(d)
2 are rational.

There are only countably many rationals boxes, and hence we only need to
prove that if G is an open set, then

G =
⋃
{B : B is a rational box contained in G}

We leave the details to the reader. 2

Exercises for Section 4.2

1. Show that if A,B ∈M, then A \B ∈M.

2. Explain in detail why 4.2.3(iii) follows from (ii) and (iv).

3. Carry out the induction step in the proof of Proposition 4.2.3(iv).

4. Explain the equality (A∩E1 ∩Ec
2)∪ (A∩Ec

1) = A∩ (E1 ∩E2)c in the proof
of Lemma 4.2.3.

5. Carry out the induction step in the proof of Lemma 4.2.4.

6. Explain in detail why (iv) follows from (ii) and (iii) in Theorem 4.2.6.

7. Show that all closed halfspaces

H = {(x1, . . . , xi, . . . , xd) ∈ Rd : xi ≤ a}

and
K = {(x1, . . . , xi, . . . , xd) ∈ Rd : xi ≥ a}

are measurable

8. Recall that if A is a subset of Rd and b ∈ Rd, then

A + b = {a + b | a ∈ A}

Show that A + b is measurable if and only if A is.

9. If A is a subset of Rd, define 2A = {2a | a ∈ A}. Show that 2A is measurable
if and only if A is.

10. Fill in the details in the proof of Lemma 4.2.8.

11. Complete the proof of Theorem 4.2.9.
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4.3 Lebesgue measure

Having constructed the outer measure µ∗ and explored its basic properties,
we are now ready to define the measure µ.

Definition 4.3.1 The Lebesgue measure µ is the restriction of the outer
measure µ∗ to the measurable sets, i.e. it is the function

µ : M→ [0,∞]

defined by
µ(A) = µ∗(A)

for all A ∈M.

Remark: Since µ and µ∗ are essentially the same function, you may wonder
why we have introduced a new symbol for the Lebesgue measure. The an-
swer is that although it is not going to make much of a difference for us here,
it is convenient to distinguish between the two in more theoretical studies
of measurability. All you have to remember for this text, is that µ(A) and
µ∗(A) are defined and equal as long as A is measurable.

We can now prove that µ has the properties we asked for at the beginning
of the chapter:

Theorem 4.3.2 The Lebesgue measure µ : M → [0,∞] has the following
properties:

(i) µ(∅) = 0.

(ii) (Completeness) Assume that A ∈ M, and that µ(A) = 0. Then all
subset B ⊂ A are measurable, and µ(B) = 0.

(iv) (Countable subadditivity) If {An}n∈N is a sequence of measurable sets,
then

µ(
∞⋃

n=1

An) ≤
∞∑

n=1

µ(An)

(iv) (Countable additivity) If {En}n∈N is a disjoint sequence of measurable
sets, then

µ(
∞⋃

n=1

En) =
∞∑

n=1

µ(En)

(v) For all closed boxes

B = [b(1)
1 , b

(1)
2 ]× [b(2)

1 , b
(2)
2 ]× . . .× [b(d)

1 , b
(d)
2 ]

we have

µ(B) = |B| = (b(1)
2 − b

(1)
1 )(b(2)

2 − b
(2)
1 ) · . . . · (b(d)

2 − b
(d)
1 )
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Proof: (i) and (ii) follow from Lemma 4.2.2, and (iii) follows from part (iii) of
Proposisition 4.1.4 sinceM is a σ-algebra, and

⋃∞
n=1 An hence is measurable.

Since we know from Theorem 4.2.9 that closed boxes are measurable, part
(v) follows from Proposition 4.1.4(iv).

To prove (iv), we first observe that

µ(
∞⋃

n=1

En) ≤
∞∑

n=1

µ(En)

by (iii). To get the opposite inequality, we use Lemma 4.2.4 with A = Rd

to see that
N∑

n=1

µ(En) = µ(
N⋃

n=1

En) ≤ µ(
∞⋃

n=1

En)

Since this holds for all N ∈ N, we must have
∞∑

n=1

µ(En) ≤ µ(
∞⋃

n=1

En)

Hence we have both inequalities, and (iii) is proved. 2

In what follows, we shall often need the following simple lemma:

Lemma 4.3.3 If C,D are measurable sets such that C ⊂ D and µ(D) < ∞,
then

µ(D \ C) = µ(D)− µ(C)

Proof: By additivity
µ(D) = µ(C) + µ(D \ C)

Since µ(D) is finite, so is µ(C), and it makes sense to subtract µ(C) on both
sides to get

µ(D \ C) = µ(D)− µ(C)

2

The next properties are often referred to as continuity of measure:

Proposition 4.3.4 Let {An}n∈N be a sequence of measurable sets.

(i) If the sequence is increasing (i.e. An ⊂ An+1 for all n), then

µ(
∞⋃

n=1

An) = lim
n→∞

µ(An)

(ii) If the sequence is decreasing (i.e. An ⊃ An+1 for all n), and µ(A1) is
finite, then

µ(
∞⋂

n=1

An) = lim
n→∞

µ(An)
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Proof: (i) If we put E1 = A1 and En = An \ An−1 for n> 1, the sequence
{En} is disjoint, and

⋃n
k=1 Ek = An for all N (make a drawing). Hence

µ(
∞⋃

n=1

An) = µ(
∞⋃

n=1

En) =
∞∑

n=1

µ(En) =

= lim
n→∞

n∑
k=1

µ(Ek) = lim
n→∞

µ(
n⋃

k=1

Ek) = lim
n→∞

µ(An)

where we have used the additivity of µ twice.

(ii) We first observe that {A1 \An}n∈N is an increasing sequence of sets
with union A1 \

⋂∞
n=1 An. By part (ii), we thus have

µ(A1 \
∞⋂

n=1

An) = lim
n→∞

µ(A1 \An)

Applying Lemma 4.3.3 on both sides, we get

µ(A1)− µ(
∞⋂

n=1

An) = lim
n→∞

(µ(A1)− µ(An)) = µ(A1)− lim
n→∞

µ(An)

Cancelling, we have µ(
⋂∞

n=1 An) = limn→∞ µ(An), as we set out to prove. 2

Remark: The finiteness condition in part (ii) may look like an unnecessary
consequence of a clumsy proof, but it is actually needed. To see why, let µ
be Lebesgue measure in R, and let An = [n,∞). Then µ(An) = ∞ for all n,
but µ(

⋂∞
n=1 An) = µ(∅) = 0. Hence limn→∞ µ(An) 6= µ(

⋂∞
n=1 An).

Example 1: We know already that closed boxes have the “right” measure
(Theorem 4.3.2 (iv)), but what about open boxes? If

B = (b(1)
1 , b

(1)
2 )× (b(2)

1 , b
(2)
2 )× . . .× (b(d)

1 , b
(d)
2 )

is an open box, let Bn be the closed box

Bn =
[
b
(1)
1 +

1
n

, b
(1)
2 − 1

n

]
×
[
b
(2)
1 +

1
n

, b
(2)
2 − 1

n

]
× . . .×

[
b
(d)
1 +

1
n

, b
(d)
2 − 1

n

]
obtained by moving all walls a distance 1

n inwards. By the proposition,

µ(B) = lim
n→∞

µ(Bn)

and since the closed boxes Bn have the “right” measure, it follows that so
does the open box B.
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Example 2: Let
Kn = [−n, n]d

be the closed box centered at the origin and with edges of length 2n. For
any measurable set A, it follows from the proposition above that

µ(A) = lim
n→∞

µ(A ∩Kn)

We shall need one more property of measurable sets. It tells us that
measurable sets can be approximated from the outside by open sets and
from the inside by closed sets.

Proposition 4.3.5 Assume that A ⊂ Rd is a measurable set. For each
ε > 0, there is an open set G ⊃ A such that µ(G \ A) < ε, and a closed set
F ⊂ A such that µ(A \ F ) < ε.

Proof: We begin with the open sets. Assume first A has finite measure.
Then there is a covering {Bn} of A by open rectangles such that

∞∑
n=1

|Bn| < µ(A) + ε

Since µ(
⋃∞

n=1 Bn) ≤
∑∞

n=1 µ(Bn) =
∑∞

n=1 |Bn|, we see that G =
⋃∞

n=1 Bn

is an open set such that A ⊂ G, and µ(G) < µ(A) + ε. Hence

µ(G \A) = µ(G)− µ(A) < ε

by Lemma 4.3.3.
If µ(A) is infinite, we first use the boxes Kn in Example 2 to slice A into

pieces of finite measure. More precisely, we let An = A ∩ (Kn \Kn−1), and
use what we have already proved to find an open set Gn such that An ⊂ Gn

and µ(Gn \An) < ε
2n . Then G =

⋃∞
n=1 Gn is an open set which contains A,

and since G \A ⊂
⋃∞

n=1(Gn \An), we get

µ(G \A) ≤
∞∑

n=1

µ(Gn \An) <
∞∑

n=1

ε

2n
= ε,

proving the statement about approximation by open sets.
To prove the statement about closed sets, just note that if we apply

the first part of the theorem to Ac, we get an open set G ⊃ Ac such that
µ(G \ Ac) < ε. This means that F = Gc is a closed set such that F ⊂ A,
and since A \ F = G \Ac, we have µ(A \ F ) < ε. 2

We have now established the basic properties of the Lebesgue measure.
For the remainder of the chapter, you may forget about the construction of
the measure and concentrate on the results of this section plus the properties
of measurable sets summed up in theorems 4.2.6 and 4.2.9 of the previous
section.
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Exercises for Section 4.3

1. Explain that A \ F = G \Ac and the end of the proof of Proposition 4.3.5.

2. Show that if E1, E2 are measurable, then

µ(E1) + µ(E2) = µ(E1 ∪ E2) + µ(E1 ∩ E2)

3. The symmetric differenceA4B of two sets A, B is defined by

A4B = (A \B) ∪ (B \A)

A subset of Rd is called a Gδ-set if it is the intersection of countably many
open sets, and it is called a Fσ-set if it is union of countably many closed set.

a) Show that if A and B are measurable, then so is A4B.

b) Explain why all Gδ- and Fσ-sets are measurable.

c) Show that if A is measurable, there is a Gδ-set G such that µ(A4G) = 0.

d) Show that if A is measurable, there is a Fσ-set F such that µ(A4F ) =
0.

4. Assume that A ∈ M has finite measure. Show that for every ε > 0, there is
a compact set K ⊂ A such that µ(A \K) < ε.

5. Assume that {An} is a countable sequence of measurable sets, and assume
that

∑∞
n=1 µ(An) < ∞. Show that the set

A = {x ∈ Rd |x belongs to infinitely many An}

has measure zero.

4.4 Measurable functions

Before we turn to integration, we need to look at the functions we hope to
integrate, the measurable functions. As functions taking the values ±∞ will
occur naturally as limits of sequences of ordinary functions, we choose to
include them from the beginning; hence we shall study functions

f : Rd → R

where R = R ∪ {−∞,∞} is the set of extended real numbers. Don’t spend
too much effort on trying to figure out what −∞ and ∞ “really” are — they
are just convenient symbols for describing divergence.

To some extent we may extend ordinary algebra to R, e.g., we shall let

∞+∞ = ∞, −∞−∞ = −∞

and
∞ ·∞ = ∞, (−∞) · ∞ = −∞, (−∞) · (−∞) = ∞.
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If r ∈ R, we similarly let

∞+ r = ∞, −∞+ r = −∞

For products, we have to take the sign of r into account, hence

∞ · r =


∞ if r > 0

−∞ if r < 0

and similarly for (−∞) · r.
All the rules above are natural and intuitive. Expressions that do not

have an intuitive interpretation, are usually left undefined, e.g. is ∞−∞
not defined. There is one exception to this rule; it turns out that in measure
theory (but not in other parts of mathematics!) it is convenient to define
0 · ∞ = ∞ · 0 = 0.

Since algebraic expressions with extended real numbers are not always
defined, we need to be careful and always check that our expressions make
sense.

We are now ready to define measurable functions:

Definition 4.4.1 A function f : Rd → R is measurable if

f−1([−∞, r)) ∈M

for all r ∈ R. In other words, the set

{x ∈ Rd : f(x) < r}

must be measurable for all r ∈ R.

The half-open intervals in the definition are just a convenient starting
point for showing that the inverse images of more complicated sets are mea-
surable:

Proposition 4.4.2 If f : Rd → R is measurable, then f−1(I) ∈ M for all
intervals I = (s, r), I = (s, r], I = [s, r), I = [s, r] where s, r ∈ R. Indeed,
f−1(A) ∈M for all open and closed sets A.

Proof: We use that inverse images commute with intersections, unions and
complements. First observe that for any r ∈ R

f−1
(
[−∞, r]

)
= f−1

( ⋂
n∈N

[−∞, r +
1
n

)
)

=
⋂
n∈N

f−1
(
[−∞, r +

1
n

)
)
∈M

which shows that the closed intervals [−∞, r] are measurable. Taking com-
plements, we see that the intervals [s,∞] and (s,∞] are measurable:

f−1([s,∞]) = f−1([−∞, s)c) =
(
f−1([−∞, s)

)
)c ∈M
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and
f−1((s,∞]) = f−1([−∞, s]c) =

(
f−1([−∞, s]

)
)c ∈M

To show that finite intervals are measurable, we just take intersections, e.g.,

f−1((s, r)) = f−1([−∞, r) ∩ (s,∞]) = f−1([−∞, r)) ∩ f−1((s,∞]) ∈M

If A is open, we know from Theorem 4.2.9 that it is a countable union
A =

⋃
n∈N In of open intervals. Hence

f−1(A) = f−1
( ⋃

n∈N
In

)
=
⋃
n∈N

f−1(In) ∈M

Finally, if A is closed, we use that its complement is open to get

f−1(A) =
(
f−1(Ac)

)c ∈M
2

It is sometimes convenient to use other kinds of intervals than those in
the definition to check that a function is measurable:

Proposition 4.4.3 Consider a function f : Rd → R. If either

(i) f−1([−∞, r]) ∈M for all r ∈ R, or

(ii) f−1([r,∞]) ∈M for all r ∈ R, or

(iii) f−1((r,∞]) ∈M for all r ∈ R,

then f is measurable.

Proof: In either case we just have to check that f−1([−∞, r)) ∈ M for all
r ∈ R. This can be done by the techniques in the previous proof. The details
are left to the reader. 2

The next result tells us that there are many measurable functions:

Proposition 4.4.4 All continuous functions f : Rd → R are measurable.

Proof: Since f is continuous and takes values in R,

f−1([−∞, r)]) = f−1((−∞, r))

is an open set by Proposition 1.3.9 and thus measurable by Theorem 4.2.9. 2

We shall now prove a series of results showing how we can obtain new
measurable functions from old ones. These results are not very exciting, but
they are necessary for the rest of the theory. Note that the functions in the
next two propositions take values in R and not R.
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Proposition 4.4.5 If f : Rd → R is measurable, then φ ◦ f is measurable
for all continuous functions φ : R → R. In particular, f2 is measurable.

Proof: We have to check that

(φ ◦ f)−1((−∞, r)) = f−1(φ−1((−∞, r)))

is measurable. Since φ is contiunuous, φ−1((−∞, r)) is open, and con-
sequently f−1(φ−1((−∞, r))) is measurable by Proposition 4.4.2. To see
that f2 is measurable, apply the first part of the theorem to the function
φ(x) = x2. 2

Proposition 4.4.6 If the functions f, g :→ R are measurable, so are f + g,
f − g, and fg.

Proof: To prove that f +g is measurable, observe first that f +g < r means
that f < r − g. Since the rational numbers are dense, it follows that there
is a rational number q such that f < q < r − g. Hence

(f + g)−1([−∞, r)) = {x ∈ Rd | (f + g) < r) =⋃
q∈Q

(
{x ∈ Rd | f(x) < q} ∩ {x ∈ Rd | g < r − q}

)
which is measurable since Q is countable and a countabe union of measurable
sets is measurable. A similar argument proves that f − g is measurable.

To prove that fg is measurable, note that by Proposition 4.4.5 and what
we have already proved, f2, g2, and (f + g)2 are measurable, and hence

fg =
1
2
(
(f + g)2 − f2 − g2

)
is measurable (check the details). 2

We would often like to apply the result above to functions that take
values in the extended real numbers, but the problem is that the expressions
need not make sense. As we shall mainly be interested in functions that are
finite except on a set of measure zero, there is a way out of the problem.
Let us start with the terminology.

Definition 4.4.7 We say that a measurable function f : Rd → R is finite
almost everywhere if the set {x ∈ Rd : f(x) = ±∞} has measure zero. We
say that two measurable functions f, g : Rd → R are equal almost everywhere
if the set {x ∈ Rd : f(x) 6= g(x)} has measure zero. We usually abbreviate
“almost everywhere” by “a.e.”.
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If the measurable functions f and g are finite a.e., we can modify them
to get measurable functions f ′ and g′ which take values in R and are equal
a.e. to f and g, respectively (see exercise 11). By the proposition above,
f ′ + g′, f ′ − g′ and f ′g′ are measurable, and for many purposes they are
good representatives for f + g, f − g and fg.

Let us finally see what happens to limits of sequences.

Proposition 4.4.8 If {fn} is a sequence of measurable functions, then
supn∈N fn(x), infn∈N fn(x), lim supn→∞ fn(x) and lim infn→∞ fn(x) are mea-
surable. If the sequence converges pointwise, then limn→∞ fn(x) is a mea-
surable function.

Proof: To see that f(x) = supn∈N fn(x) is measurable, we use Proposition
4.4.3(iii). For any r ∈ R

f−1((r,∞)) = {x ∈ Rd : sup
n∈N

fn(x) > r} =

=
⋃
n∈N

{x ∈ Rd : fn(x) > r} =
⋃
n∈N

f−1
n ((r,∞]) ∈M

and hence f is measurable by Propostion 4.4.3(iii). The argument for
infn∈N fn(x) is similar.

To show that lim supn→∞ fn(x) is measurable, first observe that the
functions

gk(x) = sup
n≥k

fn(x)

are measurable by what we have already shown. Since

lim sup
n→∞

fn(x) = inf
k∈N

gk(x)
)
,

the measurability of lim supn→∞ fn(x) follows. A similar argument holds for
lim infn→∞ fn(x). If the sequence converges pointwise, then limn→∞ fn(x) =
lim supn→∞ fn(x) and is hence measurable. 2

Let us sum up what we have done so far in this chapter. We have
constructed the Lebesgue measure µ which assigns a d-dimensional volume
to a large class of subset of Rd, and we have explored the basic properties of
a class of measurable functions which are closely connected to the Lebesgue
measure. In the following sections we shall combine the two to create a
theory of integration which is stronger and more flexible than the one you
are used to.
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Exercises for Section 4.4

1. Show that if f : Rd → R is measurable, the sets f−1({∞}) and f−1({−∞})
are measurable.

2. Complete the proof of Proposition 4.4.2 by showing that f−1 of the intervals
(−∞, r), (−∞, r], [r,∞), (r,∞), (−∞,∞), where r ∈ R, are measurable.

3. Prove Proposition 4.4.3.

4. Show that if f1, f2, . . . , fn are measurable functions with values in R, then
f1 + f2 + · · ·+ fn and f1f2 · . . . · fn are measurable.

5. The indicator function of a set A ⊂ R is defined by

1A(x) =

 1 if x ∈ A

0 otherwise

a) Show that 1A is a measurable function if and only if A ∈M.
b) A simple function is a function f : Rd → R of the form

f(x) =
n∑

i=1

ai1Ai
(x)

where a1, a2, . . . , an ∈ R and A1, A2, . . . , An ∈M. Show that all simple
functions are measurable.

6. Let {En} be a disjoint sequence of measurable sets such that
⋃∞

n=1 En = Rd,
and let {fn} be a sequence of measurable functions. Show that the function
defined by

f(x) = fn(x) when x ∈ En

is measurable.

7. Fill in the details of the proof of the fg part of Proposition 4.4.6. You may
want to prove first that if h : Rd → R is measurable, then so is h

2 .

8. Prove the inf- and the lim inf-part of Proposition 4.4.8.

9. Let us write f ∼ g to denote that f and g are two measurable functions
which are equal a.e.. Show that ∼ is an equivalence relation, i.e.:

(i) f ∼ f

(ii) If f ∼ g, then g ∼ f .
(iii) If f ∼ g and g ∼ h, then f ∼ h.

10. Show that if f : Rd → R is measurable and g : Rd → R equals f almost
everywhere, then g is measurable.

11. Assume that f : Rd → R is finite a.e. Define a new function f ′ : Rd → R by

f ′(x) =

 f(x) if f(x) is finite

0 otherwise

Show that f ′ is measurable and equal to f a.e.

12. A sequence {fn} of measurable functions is said to converge almost every-
where to f if there is a set A of measure 0 such that fn(x) → f(x) for all
x /∈ A. Show that f is measurable.
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4.5 Integration of simple functions

If A is a subset of Rd, we define its indicator function by

1A(x) =


1 if x ∈ A

0 otherwise

The indicator function is measuable if and only if A is measurable.
A measurable function f : Rd → R is called a simple function if it takes

only finitely many different values a1, a2, . . . , an. We may then write

f(x) =
n∑

i=1

a11Ai(x)

where the sets Ai = {x ∈ Rd | f(x) = ai} are disjoint and measurable. Note
that if one of the ai’s is zero, the term does not contribute to the sum, and
it is occasionally convenient to drop it.

If we instead start with measurable sets B1, B2, . . . , Bm and real numbers
b1, b2, . . . , bm, then

g(x) =
m∑

i=1

bi1Bi(x)

is measurable and takes only finitely many values, and hence is a simple
function. The difference between f and g is that the sets A1, A2, . . . , An

in f are disjoint with union Rd, and that the numbers a1, a2, . . . , an are
distinct. The same need not be the case for g. We say that the simple
function f is on standard form, while g is not.

You may think of a simple function as a generalized step function. The
difference is that step functions are constant on intervals (in R), rectangles
(in R2), or boxes (in higher dimensions), while simple functions need only
be constant on much more complicated (but still measurable) sets.

We can now define the integral of a nonnegative simple function.

Definition 4.5.1 Assume that

f(x) =
n∑

i=1

ai1Ai(x)

is a nonnegative simple function on standard form. Then the (Lebesgue)
integral of f is defined by ∫

f dµ =
n∑

i=1

aiµ(Ai)

Recall that we are using the convention that 0·∞ = 0, and hence aiµ(Ai) = 0
if ai = 0 and µ(Ai) = ∞.



4.5. INTEGRATION OF SIMPLE FUNCTIONS 25

Note that the integral of a simple function is∫
1A dµ = µ(A)

To see that the definition is reasonable, assume that you are in R2. Since
µ(Ai) measures the area of the set Ai, the product aiµ(Ai) measures in an
intuitive way the volume of the solid with base Ai and height ai.

We need to know that the formula in the definition also holds when the
simple function is not on standard form. The first step is the following,
simple lemma

Lemma 4.5.2 If

g(x) =
m∑

j=1

bj1Bj (x)

is a nonnegative simple function where the Bj’s are disjoint and Rd =⋃m
j=1 Bj, then ∫

g dµ =
n∑

j=1

bjµ(Bj)

Proof: The problem is that the values b1, b2, . . . , bm need not be distinct, but
this is easily fixed: If c1, c2, . . . , ck are the distinct values taken by g, let bi,1,
bi,2,. . . ,bi,ni be the bj ’s that are equal to ci, and let Ci = Bi,1∪Bi,2∪. . .∪Bi,ni .
Then µ(Ci) = µ(Bi,1) + µ(Bi,2) + . . . + µ(Bi,ni), and hence

n∑
j=1

bjµ(Bj) =
k∑

i=1

ciµ(Ci)

Since g(x) =
∑k

i=1 ci1Ci(x) is the standard form representation of g, we
have ∫

g dµ =
n∑

j=1

ciµ(Ci)

and the lemma is proved 2

The next step is also easy:

Proposition 4.5.3 Assume that f and g are two nonnegative simple func-
tions, and let c be a nonnnegative, real number. Then

(i)
∫

cf dµ = c
∫

f dµ

(ii)
∫

(f + g) dµ =
∫

f dµ +
∫

g dµ
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Proof: (i) is left to the reader. To prove (ii), let

f(x) =
n∑

i=1

ai1Ai(x)

g(x) =
n∑

j=1

bj1Bj (x)

be standard form representations of f and g, and define Ci,j = Ai ∩Bj . By
the lemma above ∫

f dµ =
∑
i,j

aiµ(Ci,j)

and ∫
g dµ =

∑
i,j

bjµ(Ci,j)

and also ∫
(f + g) dµ =

∑
i,j

(ai + bj)µ(Ci,j)

since the value of f + g on Ci,j is ai + bj 2

We can now easily prove that the formula in Definition 4.5.1 holds for
all positive representations of step functions:

Corollary 4.5.4 If f(x) =
∑

n=1 ai1Ai(x) is a step function with ai ≥ 0
for all i, then ∫

f dµ =
n∑

i=1

aiµ(Ai)

Proof: By the Proposition∫
f dµ =

∫ n∑
i=1

ai1Ai dµ =
n∑

i=1

∫
ai1Ai dµ =

n∑
i=1

ai

∫
1Ai dµ =

n∑
i=1

aiµ(Ai)

2

We need to prove yet another, almost obvious result. We write g ≤ f to
say that g(x) ≤ f(x) for all x.

Proposition 4.5.5 Assume that f and g are two nonnegative simple func-
tions. If g ≤ f , then ∫

g dµ ≤
∫

f dµ
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Proof: We use the same trick as in the proof of Proposition 4.5.3: Let

f(x) =
n∑

i=1

ai1Ai(x)

g(x) =
n∑

j=1

bj1Bj (x)

be standard form representations of f and g, and define Ci,j = Ai ∩ Bj .
Then ∫

f dµ =
∑
i,j

aiµ(Ci,j) ≥
∑
i,j

bjµ(Ci,j) =
∫

g dµ

2

We shall end this section with a key result on limits of integrals, but
first we need some notation. Observe that if f =

∑n
i=1 an1An is a simple

function and B is a measurable set, then 1Bf =
∑n

i=1 an1An∩B is also a
measurable function. We shall write∫

B
f dµ =

∫
1Bf dµ

and call this the integral of f over B. The lemma below may seem obvious,
but it is the key to many later results.

Lemma 4.5.6 Assume that B is a measurable set, b a positive real number,
and {fn} an increasing sequence of nonnegative simple functions such that
limn→∞ fn(x) ≥ b for all x ∈ B. Then limn→∞

∫
B fn dµ ≥ bµ(B).

Proof: Let a be any positive number less than b, and define

An = {x ∈ B | fn(x) ≥ a}

Since fn(x) ↑ b for all x ∈ B, we see that the sequence {An} is increasing
and that

B =
∞⋃

n=1

An

By continuity of measure (Proposition 4.3.4(i)), µ(B) = limn→∞ µ(An), and
hence for any positive number m less that µ(B), we can find an N ∈ N such
that µ(An) > m when n ≥ N . Since fn ≥ a on An, we thus have∫

B
fn dµ ≥

∫
An

a dµ = am

whenever n ≥ N . Since this holds for any number a less than b and any
number m less than µ(B), we must have limn→∞

∫
B fn dµ ≥ bµ(B) 2

To get the result we need, we extend the lemma to simple functions:
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Proposition 4.5.7 Let g be a nonnegative simple function and assume that
{fn} is an increasing sequence of nonnegative simple functions such that
limn→∞ fn(x) ≥ g(x) for all x. Then

lim
n→∞

∫
fn dµ ≥

∫
g dµ

Proof: Let g(x) =
∑m

i=1 bi1B1(x) be the standard form of g. If any of the
bi’s is zero, we may just drop that term in the sum, so that we from now on
assume that all the bi’s are nonzero. By Corollary 4.5.3(ii), we have∫

B1∪B2∪...∪Bm

fn dµ =
∫

B1

fn dµ +
∫

B2

fn dµ + . . . +
∫

Bm

fn dµ

By the lemma, limn→∞
∫
Bi

fn dµ ≥ biµ(Bi), and hence

lim
n→∞

∫
fn dµ ≥ lim

n→∞

∫
B1∪B2∪...∪Bm

fn dµ ≥
m∑

i=1

biµ(Bi) =
∫

g dµ

2

We are now ready to extend the Lebesgue integral to all positive, mea-
surable functions. This will be the topic of the next section.

Exercises for Section 4.5

1. Show that if f is a measurable function, then the level set

Aa = {x ∈ Rd | f(x) = a}

is measurable for all a ∈ R.

2. Check that according to Definition 4.5.1,
∫

1A dµ = µ(A) for all A ∈M.

3. Prove part (i) of Proposition 4.5.3.

4. Show that if f1, f2, . . . , fn are simple functions, then so are

h(x) = max{f1(x), f2(x), . . . , fn(x)}

and

h(x) = min{f1(x), f2(x), . . . , fn(x)}

5. Let A = Q ∩ [0, 1]. This function is not integrable in the Riemann sense.
What is

∫
1A dµ?
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4.6 Integrals of nonnegative functions

We are now ready to define the integral of a general, nonnegative, measurable
function.

Definition 4.6.1 If f : Rd → [0,∞] is measurable, we define∫
f dµ = sup{

∫
g dµ | g is a nonnegative simple function, g ≤ f}

Remark: Note that if f is a simple function, we now have two definitions
of
∫

f dµ; the original one in Definition 4.5.1 and a new one in the definition
above. It follows from Proposition 4.5.5 that the two definitions agree.

The definition above is natural, but also quite abstract, and we shall
work toward a reformulation that is often easier to handle.

Proposition 4.6.2 Let f : Rd → [0,∞] be a measurable function, and
assume that {hn} is an increasing sequence of simple functions converging
pointwise to f . Then

lim
n→∞

∫
hn dµ =

∫
f dµ

Proof: Since the sequence {
∫

hn dµ} is increasing by Proposition 4.5.5, the
limit clearly exists (it may be ∞), and since

∫
hn dµ ≤

∫
f dµ for all n, we

must have
lim

n→∞

∫
hn dµ ≤

∫
f dµ

To get the opposite inequality, it suffices to show that

lim
n→∞

∫
hn dµ ≥

∫
g dµ

for each simple function g ≤ f , but this follows from Proposition 4.5.7. 2

The proposition above would lose much of its power if there weren’t any
increasing sequences of simple functions converging to f . The next result
tells us that there always are. Pay attention to the argument, it is a key to
why the theory works.

Proposition 4.6.3 If f : Rd → [0,∞) is measurable, there is an increasing
sequence {hn} of simple functions converging pointwise to f . Moreover, for
each n either fn(x)− 1

2n < hn(x) ≤ fn(x) or hn(x) = 2n

Proof: To construct the simple function hn, we cut the interval [0, 2n) into
half-open subintervals of length 1

2n , i.e. intervals

Ik =
[

k

2n
,
k + 1
2n

)
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where 0 ≤ k < 22n, and then let

Ak = f−1(Ik)

We now define

hn(x) =
22n−1∑
k=0

k

2n
1Ak

(x) + 2n1{x | f(x)≥2n}

By definition, hn is a simple function no greater than f . Since the intervals
get narrower and narrower and cover more and more of [0,∞), it is easy to
see that hn converges pointwise to f . To see why the sequence increases,
note that each time we increase n by one, we split each of the former intervals
Ik in two, and this will cause the new step function to equal the old one for
some x’s and jump one step upwards for others (make a drawing).

The last statement follows directly from the construction. 2

Remark: You should compare the partitions in the proof above to the par-
titions you have seen in earlier treatments of integration. When we integrate
a function of one variable in calculus, we partition an interval [a, b] on the
x-axis and use this partition to approximate the original function by a step
function. In the proof above, we instead partitioned the y-axis into intervals
and used this partition to approximate the original function by a simple
function. The difference is that the latter approach gives us much better
control over what is going one; the partition controls the oscillations of the
function. The price we have to pay, it that we get simple functions instead of
step functions, and to use simple functions for integration, we need measure
theory.

Let us combine the last two results in a handy corollary:

Corollary 4.6.4 If f : Rd → [0,∞) is measurable, there is an increasing
sequence {hn} of simple functions converging pointwise to f , and∫

f dµ = lim
n→∞

∫
hn dµ

Let us take a look at some properties of the integral.

Proposition 4.6.5 Assume that f, g : Rd → [0,∞] are measurable func-
tions and that c is a nonnegative, real number. Then:

(i)
∫

cf dµ = c
∫

f dµ.

(ii)
∫

(f + g) dµ =
∫

f dµ +
∫

g dµ.

(iii) If g ≤ f , then
∫

g dµ ≤
∫

f dµ.
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Proof: (iii) is immediate from the definition, and (i) is left to the reader. To
prove (ii), let {fn} and {gn} be to increasing sequence of simple functions
converging to f and g, respectively. Then {fn+gn} is an increasing sequence
of simple functions converging to f + g, and∫

(f + g) dµ = lim
n→∞

∫
(fn + gn) dµ = lim

n→∞

(∫
fn dµ +

∫
gn dµ

)
=

= lim
n→∞

∫
fn dµ + lim

n→∞

∫
gn dµ =

∫
f dµ +

∫
g dµ

2

One of the big advantages of Lebesgue integration over traditional Rie-
mann integration, is that the Lebesgue integral is much better behaved with
respect to limits. The next result is our first example:

Theorem 4.6.6 (Monotone Convergence Theorem) If {fn} is an in-
creasing sequence of nonnegative, measurable functions such that f(x) =
limn→∞ fn(x) for all x, then

lim
n→∞

∫
fn dµ =

∫
f dµ

In other words,

lim
n→∞

∫
fn dµ =

∫
lim

n→∞
fn dµ

Proof: We know from Proposition 4.4.8 that f is measurable, and hence the
integral

∫
f dµ is defined. Since fn ≤ f , we have

∫
fn dµ ≤

∫
f dµ for all n,

and hence
lim

n→∞

∫
fn dµ ≤

∫
f dµ

To prove the opposite inequality, we approximate each fn by simple functions
as in the proof of Proposition 4.6.3; in fact, let hn be the n-th approximation
to fn. Assume that we can prove that the sequence {hn} converges to f ;
then

lim
n→∞

∫
hn dµ =

∫
f dµ

by Proposition 4.6.2. Since fn ≥ hn, this would give us the desired inequality

lim
n→∞

∫
fn dµ ≥

∫
f dµ

It remains to show that hn(x) → f(x) for all x. From Proposition 4.6.3
we know that for all n, either fn(x)− 1

2n < hn(x) ≤ fn(x) or hn(x) = 2n. If
hn(x) = 2n for infinitely many n, then hn(x) goes to ∞, and hence to f(x).
If hn(x) is not equal to 2n for infinitely many n, then we eventually have
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fn(x)− 1
2n < hn(x) ≤ fn(x), and hence hn(x) converges to f(x) since fn(x)

does. 2

We would really have liked the formula

lim
n→∞

∫
fn dµ =

∫
lim

n→∞
fn dµ (4.6.1)

above to hold in general, but as the following example shows, this is not the
case.

Example 1: Let fn = 1[n,n+1]. Then limn→∞ fn(x) = 0 for all x, but∫
fn dµ = 1. Hence

lim
n→∞

∫
fn dµ = 1

but ∫
lim

n→∞
fn dµ = 0

There are many results in measure theory giving conditions for (4.6.1)
to hold, but there is no ultimate theorem covering all others. There is,
however, a simple inequality that always holds.

Theorem 4.6.7 (Fatou’s Lemma) Assume that {fn} is a sequence of non-
negative, measurable functions. Then

lim inf
n→∞

∫
fn dµ ≥

∫
lim inf
n→∞

fn dµ

Proof: Let gk(x) = infk≥n fn(x). Then {gk} is an increasing sequence of
measurable functions, and by the Monotone Convergence Theorem

lim
k→∞

∫
gk dµ =

∫
lim

k→∞
gk dµ =

∫
lim inf
n→∞

fn dµ

where we have used the definition of lim inf in the last step. Since fk ≥ gk,
we have

∫
fk dµ ≥

∫
gk dµ, and hence

lim inf
k→∞

∫
fk dµ ≥ lim

k→∞

∫
gk dµ =

∫
lim inf
n→∞

fn dµ

and the result is proved. 2

Fatou’s Lemma is often a useful tool in establishing more sophisticated
results, see Exercise 14 for a typical example.

Just as for simple functions, we define integrals over measurable subsets
A of Rd by the formula
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∫
A

f dµ =
∫

1Af dµ

So far we have allowed our integrals to be infinite, but we are mainly
interested in situations where

∫
f dµ is finite:

Definition 4.6.8 A function f : Rd → [0,∞] is said to be integrable if it
is measurable and

∫
f dµ < ∞.

Exercises for Section 4.6

1. Assume f : Rd → [0,∞] is a nonnegative simple function. Show that the two
definitions of

∫
f dµ given in Definitions 4.5.1 and 4.6.1 coincide.

2. Prove Proposition 4.6.5(i).

3. Show that if f : Rd → [0,∞] is measurable, then

µ({x ∈ Rd | f(x) ≥ a}) ≤ 1
a

∫
f dµ

for all positive, real numbers a.

4. In this problem, f, g : Rd → [0,∞] are measurable functions.

a) Show that
∫

f dµ = 0 if and only if f = 0 a.e.

b) Show that if f = g a.e., then
∫

f dµ =
∫

g dµ.

c) Show that if
∫

E
f dµ =

∫
E

g dµ for all measurable sets E, then f = g
a.e.

5. In this problem, f : Rd → [0,∞] is a measurable function and A,B are
measurable sets.

a) Show that
∫

A
f dµ ≤

∫
f dµ

b) Show that if A,B are disjoint, then
∫

A∪B
f dµ =

∫
A

f dµ +
∫

B
f dµ.

c) Show that in general
∫

A∪B
f dµ +

∫
A∩B

f dµ =
∫

A
f dµ +

∫
B

f dµ.

6. Show that if f : Rd → [0,∞] is integrable, then f is finite a.e.

7. Let f : R → R be the function

f(x) =

 1 if x is rational

0 otherwise

and for each n ∈ N, let fn : R → R be the function

fn(x) =


1 if x = p

q where p ∈ Z, q ∈ N, q ≤ n

0 otherwise

a) Show that {fn(x)} is an increasing sequence converging to f(x) for all
x ∈ R.
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b) Show that each fn is Riemann integrable over [0, 1] with
∫ 1

0
fn(x) dx = 0

(this is integration as taught in calculus courses).

c) Show that f is not Riemann integrable over [0, 1].

d) Show that the one-dimensional Lebesgue integral
∫
[0,1]

f dµ exists and
find its value.

8. a) Let {un} be a sequence of positive, measurable functions. Show that∫ ∞∑
n=1

un dµ =
∞∑

n=1

∫
un dµ

b) Assume that f is a nonnnegative, measurable function and that {Bn}
is a disjoint sequence of measurable sets with union B. Show that∫

B

f dµ =
∞∑

n=1

∫
Bn

f dµ

9. Assume that f is a nonnegative, measurable function and that {An} is an
increasing sequence of measurable sets with union A. Show that∫

A

f dµ = lim
n→∞

∫
An

f dµ

10. Show the following generalization of the Monotone Convergence Theorem:
If {fn} is an increasing sequence of nonnegative, measurable functions such
that f(x) = limn→∞ fn(x) almost everywhere. (i.e. for all x outside a set N
of measure zero), then

lim
n→∞

∫
fn dµ =

∫
f dµ

11. Find a decreasing sequence {fn} of measurable functions fn : R → [0,∞)
converging pointwise to zero such that limn→∞

∫
fn dµ 6= 0

12. Assume that f : Rd → [0,∞] is a measurable function, and that {fn} is a
sequence of measurable functions converging pointwise to f . Show that if
fn ≤ f for all n,

lim
n→∞

∫
fn dµ =

∫
f dµ

13. Assume that {fn} is a sequence of nonnegative functions converging pointwise
to f . Show that if

lim
n→∞

∫
fn dµ =

∫
f dµ < ∞,

then

lim
n→∞

∫
E

fn dµ =
∫

E

f dµ

for all measurable E ⊂ Rd.
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14. Assume that g : Rd → [0,∞] is an integrable function, and that {fn} is
a sequence of nonnegative, measurable functions converging pointwise to a
function f . Show that if fn ≤ g for all n, then

lim
n→∞

∫
fn dµ =

∫
f dµ

Hint: Apply Fatou’s Lemma to both sequences {fn} and {g − fn}.

4.7 Integrable functions

So far we only know how to integrate nonnegative functions, but it is not
difficult to extend the theory to general functions. Given a function f :
Rd → R, we first observe that f = f+ − f−, where f+ and f− are the
nonnegative functions

f+(x) =


f(x) if f(x) > 0

0 otherwise

and

f−(x) =


−f(x) if f(x) < 0

0 otherwise

Note that f+ and f− are measurable if f is.

Definition 4.7.1 A function f : Rd → R is called integrable if it is mea-
surable, and f+ and f− are integrable. We define the (Lebesgue) integral
of f by ∫

f dµ =
∫

f+ dµ−
∫

f− dµ

The next lemma gives a useful characterization of integrable functions.
The proof is left to the reader.

Lemma 4.7.2 A measurable function f is integrable if and only if its ab-
solute value |f | is integrable, i.e. if and only if

∫
|f | dµ < ∞.

The next lemma is a useful technical tool:

Lemma 4.7.3 Assume that g : Rd → [0,∞] and h : Rd → [0,∞] are two
integrable, nonnegative functions, and that f(x) = g(x)− h(x) at all points
where the difference is defined. Then f is integrable and∫

f dµ =
∫

g dµ−
∫

h dµ
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Proof: Note that since g and h are integrable, they are finite a.e., and hence
f = g − h a.e. Modifying g and h on a set of measure zero (this will not
change their integrals), we may assume that f(x) = g(x) − h(x) for all x.
Since |f(x)| = |g(x) − h(x)| ≤ |g(x)| + |h(x)|, it follows from the lemma
above that f is integrable.

As
f(x) = f+(x)− f−(x) = g(x)− h(x)

we have
f+(x) + h(x) = g(x) + f−(x)

where we on both sides have sums of nonnegative functions. By Proposition
4.6.5(ii), we get ∫

f+ dµ +
∫

h dµ =
∫

g dµ +
∫

f− dµ

Rearranging the integrals (they are all finite), we get∫
f dµ =

∫
f+ dµ−

∫
f− dµ =

∫
g dµ−

∫
h dµ

and the lemma is proved. 2

We are now ready to prove that the integral behaves the way we expect:

Proposition 4.7.4 Assume that f, g : Rd → R are integrable functions,
and that c is a constant. Then f + g and cf are integrable, and

(i)
∫

cf dµ = c
∫

f dµ.

(ii)
∫

(f + g) dµ =
∫

f dµ +
∫

g dµ.

(iii) If g ≤ f , then
∫

g dµ ≤
∫

f dµ.

Proof: (i) is left to the reader (treat positive and negative c’s separately). To
prove (ii), first note that since f and g are integrable, the sum f(x) + g(x)
is defined a.e., and by changing f and g on a set of measure zero (this
doesn’t change their integrals), we may assume that f(x) + g(x) i defined
everywhere. Since

|f(x) + g(x)| ≤ |f(x)|+ |g(x)|,

f + g is integrable. Obviously,

f + g = (f+ − f−) + (g+ − g−) = (f+ + g+)− (f− + g−)

and hence by the lemma above and Proposition 4.6.5(ii)∫
(f + g) dµ =

∫
(f+ + g+) dµ−

∫
(f− + g−) dµ =
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=
∫

f+ dµ +
∫

g+ dµ−
∫

f− dµ−
∫

g− dµ =

=
∫

f+ dµ−
∫

f− dµ +
∫

g+ dµ−
∫

g− dµ =

=
∫

f dµ +
∫

g dµ

To prove (iii), note that f − g is a nonnegative function and hence by (i)
and (ii):∫

f dµ−
∫

g dµ =
∫

f dµ +
∫

(−1)g dµ =
∫

(f − g) dµ ≥ 0

Consequently,
∫

f dµ ≥
∫

g dµ and the proposition is proved. 2

We can now extend our limit theorems to general, integrable functions.
The following result is probably the most useful of all limit theorems for
integrals as it quite strong and at the same time easy to use. It tells us that
if a convergent sequence of functions is dominated by an integrable function,
then

lim
n→∞

∫
fn dµ =

∫
lim

n→∞
fn dµ

Theorem 4.7.5 (Lebesgue’s Dominated Convergence Theorem) As-
sume that g : Rd → R is a nonnegative, integrable function and that {fn}
is a sequence of measurable functions converging pointwise to f . If |fn| ≤ g
for all n, then

lim
n→∞

∫
fn dµ =

∫
f dµ

Proof: First observe that since |f | ≤ g, f is integrable. Next note that
since {g − fn} and {g + fn} are two sequences of nonnegative measurable
functions, Fatou’s Lemma gives:

lim inf
n→∞

∫
(g−fn) dµ ≥

∫
lim inf
n→∞

(g−fn) dµ =
∫

(g−f) dµ =
∫

g dµ−
∫

f dµ

and

lim inf
n→∞

∫
(g+fn) dµ ≥

∫
lim inf
n→∞

(g+fn) dµ =
∫

(g+f) dµ =
∫

g dµ+
∫

f dµ

On the other hand,

lim inf
n→∞

∫
(g − fn) dµ =

∫
g dµ− lim sup

n→∞

∫
fn dµ

and
lim inf
n→∞

∫
(g + fn) dµ =

∫
g dµ + lim inf

n→∞

∫
fn dµ
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Combining the two expressions for lim infn→∞
∫

(g − fn) dµ, we see that∫
g dµ− lim sup

n→∞

∫
fn dµ ≥

∫
g dµ−

∫
f dµ

and hence
lim sup

n→∞

∫
fn dµ ≤

∫
f dµ

Combining the two expressions for lim infn→∞
∫

(g+fn) dµ, we similarly get

lim inf
n→∞

∫
fn dµ ≥

∫
f dµ

Hence
lim sup

n→∞

∫
fn dµ ≤

∫
f dµ ≤ lim inf

n→∞
fn dµ

which means that limn→∞
∫

fn dµ =
∫

f dµ. The theorem is proved. 2

Remark: It is easy to check that we can relax the conditions above some-
what: If fn(x) converges to f(x) a.e., and |fn(x) ≤ g(x) fails on a set of
measure zero, the conclusion still holds (see Exercise 8 for the precise state-
ment).

Let us take a look at a typical application of the theorem:

Proposition 4.7.6 Assume that f : R2 → R is a continuous function,
and assume that there is an integrable function g : R → [0,∞] such that
|f(x, y)| ≤ g(y) for all x, y ∈ R. Then the function

h(x) =
∫

f(x, y) dµ(y)

is continuous (the expression
∫

f(x, y) dµ(y) means that we for each fixed x
integrate f(x, y) as a function of y).

Proof: According to Proposition 1.2.5 it suffices to prove that if {an} is a
sequence converging to a point a, then h(an) converges to h(a). Observe
that

h(an) =
∫

f(an, y) dµ(y)

and
h(a) =

∫
f(a, y) dµ(y)

Observe also that since f is continuous, f(an, y) → f(a, y) for all y. Hence
{f(an, y)} is a sequence of functions which is dominated by the integrable
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function g and which converges pointwise to f(a, y). By Lebesgue’s Domi-
nated Convergence Theorem,

lim
n→∞

h(an) = lim
n→∞

∫
f(an, y) dµ =

∫
f(a, y) dµ = h(a)

and the proposition is proved. 2

As before, we define
∫
A f dµ =

∫
f1A dµ for measurable sets A. We say

that f is integrable over A if f1A is integrable.

Exercises to Section 4.7

1. Show that if f is measurable, so are f+ and f−.

2. Show that if an integrable function f is zero a.e., then
∫

f dµ = 0.

3. Prove Lemma 4.7.1.

4. Prove Proposition 4.7.4(i). You may want to treat positive and negative c’s
separately.

5. Assume that f : Rd → R is a measurable function.

a) Show that if f is integrable over a measurable set A, and An is an
increasing sequence of measurable sets with union A, then

lim
n→∞

∫
An

f dµ =
∫

A

f dµ

b) Assume that {Bn} is a decreasing sequence of measurable sets with
intersection B. Show that if f is integrable over B1, then

lim
n→∞

∫
Bn

f dµ =
∫

B

f dµ

6. Show that if f : Rd → R is integrable over a measurable set A, and An is a
disjoint sequence of measurable sets with union A, then∫

A

f dµ =
∞∑

n=1

∫
An

f dµ

7. Let f : R → R be a measurable function, and define

An = {x ∈ Rd | f(x) ≥ n}

Show that

lim
n→∞

∫
An

f dµ = 0
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8. Prove the following slight extension of the Dominated Convergence Theorem:

Theorem: Assume that g : Rd → R is a nonnegative, integrable function
and that {fn} is a sequence of measurable functions converging a.e. to f . If
|fn(x)| ≤ g(x) a.e. for each n, then

lim
n→∞

∫
fn dµ =

∫
f dµ

9. Assume that g : R2 → R is continuous and that y → g(x, y) is integrable for
each x. Assume also that the partial derivative ∂g

∂x (x, y) exists for all x and
y, and that there is an integrable function h : R → [0,∞] such that∣∣∣∣∂g

∂x
(x, y)

∣∣∣∣ ≤ h(y)

for all x, y. Then the function

f(x) =
∫

g(x, y) dµ(y)

is differentiable at all points x and

f ′(x) =
∫

∂g

∂x
(x, y) dµ(y)

4.8 L1(Rd) and L2(Rd)

In this final section we shall connect integration theory to the theory of
normed spaces in Chapter 3. Recall from Definition 3.5.2 that a norm on a
real vector space V is a function || · || : V → [0,∞) satisfying

(i) ||u|| ≥ 0 with equality if and only if u = 0.

(ii) ||αu|| = |α|||u|| for all α ∈ R and all u ∈ V .

(iii) ||u + v|| ≤ ||u||+ ||v|| for all u,v ∈ V .

Let us now put

L1(Rd) = {f : Rd → R : f is integrable}

and define || · ||1 : L1(Rd) → [0,∞) by

||f ||1 =
∫
|f | dµ

It is not hard to see that || · ||1 satisfies the three axioms above with one
exception; ||f ||1 may be zero even when f is not zero — actually ||f ||1 = 0 if
and only if f = 0 a.e.
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The usual way to fix this is to consider two functions f and g to be equal
if they are equal almost everywhere. To be more precise, let us write f ∼ g
if f and g are equal a.e., and define the equivalence class of f to be the set

[f ] = {g ∈ L1(Rd) | g ∼ f}

Note that two such equivalence classes [f ] and [g] are either equal (if f
equals g a.e.) or disjoint (if f is not equal to g a.e.). If we let L1(Rd) be
the collection of all equivalence classes, we can organize L1(Rd) as a normed
vector space by defining

α[f ] = [αf ] and [f ] + [g] = [f + g] and |[f ]|1 = ||f ||1

The advantage of the space (L1(Rd), | · |1) compared to (L1(Rd), || · ||1) is that
it is a normed space where all the theorems we have proved about such spaces
apply — the disadvantage is that the elements are no longer functions, but
equivalence classes of functions. In practice, there is very little difference
between (L1(Rd), | · |1) and (L1(Rd), || · ||1), and mathematicians tend to blur
the distinction between the two spaces: they pretend to work in L1(Rd), but
still consider the elements as functions. We shall follow this practice here;
it is totally harmless as long as you remember that whenever we talk about
an element of L1(Rd) as a function, we are really choosing a representative
from an equivalence class (Exercise 3 gives a more thorough and systematic
treatment of L1(Rd)).

The most important fact about (L1(Rd), | · |1) is that it is complete. In
many ways, this is the most impressive success of the theory of Lebesgue
integration: We have seen in previous chapters how important completeness
is, and it is a great advantage to work with a theory of integration where
the space of integrable functions is naturally complete. Before we turn to
the proof, you may want to remind yourself of Proposition 3.5.5 which shall
be our main tool.

Theorem 4.8.1 (L1(Rd), | · |1) is complete.

Proof: Assume that {un} is a sequence of functions in L1(Rd) such that the
series

∑∞
n=1 |un|1 converges. According to Proposition 3.5.5, it suffices to

show that the series
∑∞

n=1 un(x) must converge in L1(Rd). Observe that

∞ >

∞∑
n=1

|un|1 = lim
N→∞

N∑
n=1

|un|1 = lim
N→∞

N∑
n=1

∫
|un| dµ =

= lim
N→∞

∫ N∑
n=1

|un| dµ =
∫

lim
N→∞

N∑
n=1

|un| dµ =
∫ ∞∑

n=1

|un| dµ
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where we have used the Monotone Convergence Theorem to move the limit
inside the integral sign. This means that the function

g(x) =
∞∑

n=1

|un(x)|

is integrable. We shall use g as the dominating function in the Dominated
Convergence Theorem.

Let us first observe that since g(x) =
∑∞

n=1 |un(x)| is integrable, the
series converges a.e. Hence the sequence

∑∞
n=1 un(x) (without the absolute

values) converges absolutely a.e., and hence it converges a.e. in the ordi-
nary sense. Let f(x) =

∑∞
n=1 un(x) (put f(x) = 0 on the null set where

the series does not converge). It remains to prove that the series converges
in L1-sense, i.e. that |f −

∑N
n=1 un|1 → 0 as N → ∞. By definition of

f , limN→∞

(
f(x)−

∑N
n=1 un(x)

)
= 0 a.e. Since |f(x) −

∑N
n=1 un(x)| =

|
∑∞

n=N+1 un(x)| ≤ g(x) a.e., it follows from Dominated Convergence Theo-
rem (actually from the slight extension in Exercise 4.7.8) that

|f −
N∑

n=1

un|1 =
∫
|f −

N∑
n=1

un| dµ → 0

The theorem is proved. 2

Let us take a brief look at another space of the same kind. Let

L2(Rd) = {f : Rd → R : |f |2 is integrable}

and define || · ||2 : L2 → [0,∞) by

||f ||2 =
(∫

|f |2 dµ

) 1
2

It turns out (see Exercise 4) that L2(Rd) is a vector space, and that || · || is a
norm on L2(Rd), except that ||f ||2 = 0 if f = 0 a.e. If we consider functions
as equal if they are equal a.e., we can turn (L2(Rd), || · ||2) into a normed
space (L2(Rd), | · |2) just as we did with L1(Rd). One of the advantages of
this space, is that it is an inner product space with inner product

〈f, g〉 =
∫

fg dµ

By almost exactly the same argument as for L1(Rd), one may prove:

Theorem 4.8.2 (L2(Rd), | · |2) is complete.
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Let me finally mention that L1(Rd) and L2(Rd) are just two representa-
tives of a whole family of spaces. For any p ∈ [1,∞), we may let

Lp(Rd) = {f : Rd → R : |f |p is integrable}

and define || · ||p : Lp → [0,∞) by

||f ||2 =
(∫

|f |2 dµ

) 1
p

Proceeding as before, we get complete, normed spaces (Lp(Rd), | · |p).

Exercises for Section 4.8

1. Show that L1(Rd) is a vector space. Since the set of all functions from Rd

to R is a vector space, it suffices to show that L1(Rd) is a subspace, i.e. that
cf and f + g are in L1(Rd) whenever f, g ∈ L1(Rd) and c ∈ R.

2. Show that || · ||1 satisfies the following conditions:

(i) ||f ||1 ≥ 0 for all f , and ||0||1 = 0 (here 0 is the function that is constant
0).

(ii) ||cf ||1 = |c|||f ||1 for all f ∈ L1(Rd) and all c ∈ R.

(iii) ||f + g||1 ≤ ||f ||1 + ||g||1 for all f, g ∈ L1(Rd)

This means that || · ||1 is a seminorm.

3 If f, g ∈ L1(Rd), we write f ∼ g if f = g a.e. Recall that the equivalence
class [f ] of f is defined by

[f ] = {g ∈ L(Rd) : g ∼ f}

a) Show that two equivalence classes [f ] and [g] are either equal or disjoint.

b) Show that if f ∼ f ′ and g ∼ g′, then f + g ∼ f ′ + g′. Show also that
cf ∼ cf ′ for all c ∈ R.

c) Show that if f ∼ g, then ||f − g||1 = 0 and ||f ||1 = ||g||1.
d) Show that the set L1(Rd) of all equivalence classes is a normed space if

we define scalar multiplication, addition and norm by:

(i) c[f ] = [cf ] for all c ∈ R, f ∈ L1(Rd).
(ii) [f ] + [g] = [f + g] for all f, g ∈ L1(Rd)
(iii) |[f ]|1 = ||f ||1 for all f ∈ L1(Rd).

Why do we need to establish the results in (i), (ii), and (iii) before we
can make these definitions?

4. a) Show that L2(Rd) is a vector space. Since the set of all functions
from Rd to R is a vector space, it suffices to show that L2(Rd) is a
subspace, i.e. that cf and f + g are in L2(Rd) whenever f, g ∈ L2(Rd)
and c ∈ R. (To show that f + g ∈ L2(Rd), you may want to use that
|a + b|2 ≤ 2|a|2 + 2|b|2 for all real numbers a, b).
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b) Show that if f, g ∈ L2(Rd), then fg is integrable. (You may want to
use the identity |fg| = 1

2 ((|f |+ |g|)2 − |f |2 − |g|2).
c) Show that the semi inner product

〈f, g〉 =
∫

fg dµ

on L2(Rd) satisfies:

(i) 〈f, g〉 = 〈g, f〉 for all f, g ∈ L2(Rd).
(ii) 〈f + g, h〉 = 〈f, h〉+ 〈g, h〉 for all f, g, h ∈ L2(Rd) .
(iii) 〈cf, g〉 = c〈f, g〉 for all c ∈ R, f, g ∈ L2(Rd).
(iv) For all f ∈ L2(Rd), 〈f, f〉 ≥ 0 with equality if f = 0 (here 0 is the

function that is constant 0).

Show also that 〈f, f〉 = 0 if and only if f = 0 a.e.

e) Assume that f, f ′, g, g′ ∈ L2(Rd), and that f = f ′, g = g′ a.e. Show
that 〈f, g〉 = 〈f ′, g′〉

5. Show that (L2(Rd), | · |2) is complete by modifying the proof of Theorem
4.8.1.
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1. INTRODUCTION

The role of generalized ordinary differential or Kurzweil equations in apply-
ing topological dynamics to the study of ordinary differential equations as well as
their semigroup properties outlined in Artstein [1] is an interesting motivation for
studying this class of equations associated with the weak forms of the Lipschitzian
quantum stochastic differential equations.

In the framework of the Hudson-Parthasarathy [13] formulations of quantum
stochastic calculus, existence,uniqueness and the equivalent forms of Lipschitzian
quantum stochastic differential equations have been established. In the formula-
tions of Ekhaguere [8], the equivalent form is a first order initial value ordinary
differential equation of a nonclassical type having a sesquilinear form - valued
map as the right hand side (see [2,3,4]).

We remark that the equivalent form of QSDEs facilitates the introduction and
study of the associated Kurzweil equations. This is accomplished in the framework
of the Kurzweil integral calculus (called the generalized Perron integral calculus
in the formulations of [18]). The results obtained here are generalizations of anal-
ogous results due to references [1,5,6,7,18] concerning classical initial value prob-
lems to the noncommutative quantum setting involving unbounded linear operators
on a Hilbert space.

Consequently, the technique of topological dynamics can be applied to QS-
DEs as outlined in [1] by embedding the equivalent forms of these equations in the
space of the associated Kurzweil equations when sufficient analytical properties
of these equations have been developed. This question as well as the applications
of this concept to quantum fields/systems will be addressed elsewhere.

Finally, since the construction of Kurzweil integrals is a simple extension of
the Riemann theory of integration based on Riemann type integral sums,we use
this fact to obtain discrete approximations of weak solutions of QSDEs using the
associated Kurzweil equations.

Our numerical experiments show that the approximation methods developed
in this paper are of a reasonably high level of accuracy than the Euler scheme
and some multistep schemes considered in [4]. Moreover, the methods here are
applicable to a wider class of equations than the considerations in [4] since we work
with pure Caratheodory conditions. The rest of the paper is organised as follows: In
section 2, we outline some of the concepts which feature in the subsquent analysis
including the Kurzweil integral and some of its properties that are of interest in
respect of noncummutative quantum stochastic processes.

The Kurzweil equations associated with quantum stochastic differential
equation and some results on approximation of matrix elements of solution of
the equation are established in section 3. Sections 4 and 5 contain the major results
of this paper. In section 4, we derive a necessary and sufficient condition for a
sesquilinear form-valued map to be Kurzweil integrable. We then show that the
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space of Kurzweil integrable sesquilinear form-valued maps contains sesquilinear
form-valued maps that satisfy the Caratheodory conditions. In section 5, we em-
ploy our results in the previous section to prove that the weak form of quantum
stochastic differential equation and its associated Kurzweil equation are equivalent.
We then employ our approximation results of section 3 to generate approximate
values of the weak solution of quantum stochastic differential equation formulated
in Kurzweil form in section 6. We present some numerical examples.

In what follows, as in [2,3,4,8,9,10] we employ the locally convex topological
state space Ã of noncommutative stochastic processes and we adopt the definitions
and notations of spaces Ad(Ã), Ad(Ã)wac, L p

loc(Ã), L∞
γ,loc(IR+), and the integrator

processes ∧π , A+
g , A f , for f, g ∈ L∞

γ,loc(IR+), π ∈ L∞
B(γ ),loc(IR+). For E, F, G, H

lying in L2
loc[Ã × I ], we consider the quantum stochastic differential equation in

integral form given by

X (t) = X0 +
∫ t

t0

(E(X (s), s)d ∧π (s) + F(X (s), s)d A f (s)

+ G(X (s), s)d A+
g (s) + H (X (s), s)ds), t ∈ I, (1.1)

where the integral in equation (1.1) is understood in the sense of Hudson and
Parthasarathy [13]. However, Ekhaguere [8] has shown that equation (1.1) is equiv-
alent to the following first order initial value nonclassical ordinary differential
equation

d

dt
〈η, X (t)ξ〉 = P(X (t), t)(η, ξ )

X (t0) = X0, t ∈ [t0, T ] (1.2)

As explained in [2,3,4,8–10], the map P appearing in equation (1.2) has the form

P(x, t)(η, ξ ) = (µE)(x, t)(η, ξ ) + (γ F)(x, t)(η, ξ ) + (σ G)(x, t)(η, ξ )

+ H (x, t)(η, ξ ) (1.3)

η, ξ ∈ ID⊗IE, (x, t) ∈ Ã × I where H (x, t)(η, ξ ) := 〈η, H (x, t)ξ〉.
The map P may sometimes be written in the form P(x, t)(η, ξ ) = 〈η,

Pαβ(x, t)ξ〉 where Pαβ : Ã × I −→ Ã is given by

Pαβ(x, t) = µαβ(t)E(x, t) + γβ(t)F(x, t) + σα(t)G(x, t) + H (x, t)

for (x, t) ∈ Ã × I .
Equation (1.2) is known to have a unique weakly absolutely continuous

adapted solution  : I → Ã for the Lipschitzian coefficients E, F, G, H .
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2. KURZWEIL INTEGRALS ASSOCIATED WITH QUANTUM
STOCHASTIC PROCESSES

Let η, ξ ∈ ID⊗IE be arbitrary. Assume that U : [t0, T ] × [t0, T ] → Ã is an
Ã-valued map of two variables τ, t ∈ [t0, T ]. We consider the family of complex
valued functions: U (τ, t)(η, ξ ) : = 〈η, U (τ, t)ξ〉 for arbitrary η, ξ ∈ ID⊗IE asso-

ciated with the map U . We shall use the notation
∫ T

t0
DU (τ, t)(η, ξ ) to denote the

Kurzweil integral of U (τ, t)(η, ξ ) in the sense and notations of Artstein [1] and
using the formulations of Schwabik [18] and write

S(U, D)(η, ξ ) =
k∑

j=1

[U (τ j , t j )(η, ξ ) − U (τ j , t j−1)(η, ξ )]

for the Riemann-Kurzweil sum corresponding to the function U (τ, t)(η, ξ ) and
partition D : t0 < τ1 < t1 < . . . . < tk = T of [t0, T ].

If f : [t0, T ] → Ã is a stochastic process, then for arbitrary η, ξ ∈ ID⊗IE,

we set U (τ, t)(η, ξ ) = (〈η, f (τ )ξ〉)t for τ, t ∈ [t0, T ] and therefore we have

S(U, D)(η, ξ ) =
k∑

j=1

[U (τ j , t j )(η, ξ ) − U (τ j , t j−1)(η, ξ )]

=
k∑

j=1

[〈η, f (τ j )ξ〉(t j − t j−1)]

representing the classical Riemann sum for the function fηξ (t) := 〈η, f (t)ξ〉 and
a given partition D of [t0, T ]. In this case, we write∫ T

t0

〈η, f (s)ξ〉ds =
∫ T

t0

D[ fηξ (τ ), t]

provided that the Kurzweil integral
∫ T

t0
DU (τ, t)(η, ξ ) exists in this case. Hence∫ T

t0

DU (τ, t)(η, ξ ) =
∫ T

t0

D[ fηξ (τ ), t] =
∫ T

t0

fηξ (s)ds. (2.1)

We remark that by Theorem (1.16) (Schwabik [18]) if U : [t0, T ] × [t0, T ] → CI
be such that U is Kurzweil integrable over [t0, T ], then for c ∈ [t0, T ], we have

lim
s→c

[ ∫ s

t0

DU (τ, t) − U (c, s) + U (c, c)

]
=

∫ c

t0

DU (τ, t) (2.2)

For several properties enjoyed by Kurzweil integrals and the existence of at least
one ∂-fine partition D of [t0, T ] for a given gauge ∂ , we refer to Chapter 1 and
Lemma (1.4) in Schwabik [18].
We now introduce the Kurzweil equations associated with equation (1.2).
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3. KURZWEIL EQUATIONS ASSOCIATED WITH QUANTUM
STOCHASTIC DIFFERENTIAL EQUATIONS

(i) Let the map P : Ã × [t0, T ] → sesq(ID⊗IE) be given by equation (1.3).
Then we refer to the equation

d

dτ
〈η, X (τ )ξ〉 = D P(X (τ ), t)(η, ξ ) (3.1)

as the Kurzweil equation associated with equation (1.2).
(ii) A map  : [t0, T ] → Ã is called a solution of equation (3.1) if

〈η, (s2)ξ〉 − 〈η, (s1)ξ〉 =
∫ s2

s1

D P((τ ), t)(η, ξ ) (3.2)

holds for every s1, s2 ∈ [t0, T ] identically.

The integral on the right hand side of equation (3.2) is the Kurzweil integral
introduced in section 2. Equation (3.1) is understood in integral form (3.2) via its
solution.

We have the following results as immediate consequences of our definitions.

Proposition 3.1. If a map  : [t0, T ] → Ã is a solution of the Kurzweil equation
(3.1) on [t0, T ], then for every u ∈ [t0, T ], we have

〈η, (s)ξ〉 = 〈η, (u)ξ〉 +
∫ s

u
D P((τ ), t)(η, ξ ), s ∈ [t0, T ] (3.3)

Conversely if a map  : [t0, T ] → Ã satisfies the integral equation (3.3) for some
u ∈ [t0, T ] and all s ∈ [t0, T ] then  is a solution of equation (3.1).

Proof: The first statement follows directly from the definition of a solution of
(3.1) when we put s1 = u and s2 = s. Conversely, if  : [t0, T ] → Ã satisfies
the integral equation (3.3) then by the additivity of the integral, equation (3.2)
follows.

Proposition 3.2. If  : [t0, T ] → Ã is a solution of equation (3.1) on [t0, T ]
then

lim
s→σ

[〈η, (s)ξ〉 − P((σ ), s)(η, ξ ) + P((σ ), σ )(η, ξ )]

= 〈η, (σ )ξ〉 (3.4)

Proof: Let σ ∈ [t0, T ] be fixed. Then by Proposition (3.1) we have

〈η, (s)ξ〉 −
∫ s

σ

D P((τ ), t)(η, ξ ) = 〈η, (σ )ξ〉
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therefore

〈η,(s)ξ〉 − P((σ ),s)(η,ξ ) + P((σ ),σ )(η,ξ ) −
∫ s

σ

D P((τ ),t)(η,ξ )

+ P((σ ), s)(η, ξ ) − P((σ ), σ )(η, ξ ) − 〈η, (σ )ξ〉 = 0 (3.5)

for every s ∈ [t0, T ].

By equation (2.2)

lim
s→σ

[ ∫ s

σ

D P((τ ), t)(η, ξ ) − P((σ ), s)(η, ξ ) + P((σ ), σ )(η, ξ )

]
= 0

(3.6)

Equation (3.6) and (3.5) yield the existence of the limit given by

lim
s→σ

[〈η, (s)ξ〉 − P((σ ), s)(η, ξ ) + P((σ ), σ )(η, ξ ) − 〈η, (σ )ξ〉]

as well as the relation

lim
s→σ

[〈η, (s)ξ〉 − P((σ ), s)(η, ξ ) + P((σ ), σ )(η, ξ )

− 〈η, (σ )ξ〉] = 0

which gives (3.4).

Remark 3.3. By virtue of Proposition (3.2), the following approximation holds:-
If  : [t0, T ] → Ã is a solution of equation (3.1), then for every σ ∈ [t0, T ] and
for arbitrary η, ξ ∈ ID⊗IE, the matrix element

〈η, (s)ξ〉 ∼= 〈η, (σ )ξ〉 + P((σ ), s)(η, ξ ) − P((σ ), σ )(η, ξ ),

provided that s in [t0, T ] is sufficiently close to σ.

We now introduce a class of sesquilinear form - valued maps P : Ã × [t0, T ]
−→ sesq(ID⊗IE), which are Kurzweil integrable.

4. A CLASS OF KURZWEIL INTEGRABLE SESQUILINEAR
FORM - VALUED MAPS

In what follows, we adopt some notations and terminologies employed in
[18, Chapter 1]. For each η, ξ ∈ ID⊗IE , let hηξ : [t0, T ] → IR be a family of
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nondecreasing functions defined on [t0, T ] and W : [0, ∞) → IR be a continuous
and increasing function such that W (0) = 0. Then we say that the map P : Ã ×
[t0, T ] −→ sesq(ID⊗IE) belongs to the class IF(Ã × [t0, T ], hηξ , W ) for each
η, ξ ∈ ID⊗IE if for all x, y ∈ Ã, t1, t2 ∈ [t0, T ]

(i) |P(x, t2)(η, ξ ) − P(x, t1)(η, ξ )| ≤ |hηξ (t2) − hηξ (t1)| (4.1.)
(ii) |P(x, t2)(η, ξ ) − P(x, t1)(η, ξ ) − P(y, t2)(η, ξ ) + P(y, t1)(η, ξ )|

≤ W (‖x − y‖ηξ )|hηξ (t2) − hηξ (t1)| (4.2.)

We now present a number of results which are simple extensions of similar results
in Schwabik [18] to the present noncommutative quantum setting. The next Theo-
rem is an extension of the convergence results of Corollary 1.31 in [18]. The proof
follows exact arguments as in [18].

Theorem 4.1. Assume that the following conditions hold :

(i) the mapsU, Um : [t0, T ] × [t0, T ] → Ãare such that (τ, t) → Um(τ, t)
(η, ξ ) are real valued and Kurzweil integrable over [t0, T ] for each
η, ξ ∈ ID⊗IE, ∀ m = 1, 2, . . .

(ii) there is a gauge w on [t0, T ] such that for every ε > 0, there exists a
map p : [t0, T ] → IN and a family of positive superadditive interval
functions ηξ on [t0, T ] defined for closed intervals J ⊂ [t0, T ] with
ηξ ([t0, T ]) < ε such that for every τ ∈ [t0, T ]

|Um(τ, J )(η, ξ ) − U (τ, J )(η, ξ )| < ηξ (J )

provided that m > p(τ ), and (τ, J ) is an w-fine tagged interval with
τ ∈ J ⊆ [t0, T ].

(iii) there exist real valued Kurzweil integrable functions

Vηξ , Wηξ : [t0, T ] × [t0, T ] → IR

and a gauge θ on [t0, T ] such that for all m ∈ IN , τ ∈ [t0, T ],

Vηξ (τ, J ) ≤ Um(τ, J )(η, ξ ) ≤ Wηξ (τ, J ).

for any θ -fine interval (τ, J ), ∀ η, ξ ∈ ID⊗IE. Then the map
(τ, t) → U (τ, t))(η, ξ ) is Kurzweil integrable over [t0, T ] and that

lim
m→∞

∫ T

t0

DUm(τ, t)(τ, t)(η, ξ ) =
∫ T

t0

DU (τ, t)(η, ξ ).

The next Theorem concerns some fundamental properties of Kurzweil inte-
grals in the framework of [18].
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Theorem 4.2.

(i) Let U : [t0, T ] × [t0, T ] −→ Ã be such that (τ, t) → U (τ, t)(η, ξ ) is
Kurzweil integrable over [t0, c] for c ∈ [t0, T ] and that the limit

lim
c→T −

[ ∫ c

t0

DU (τ, t)(η, ξ ) − U (T, c)(η, ξ ) + U (T, T )(η, ξ )

]
= I.

(4.3)

exists for all η, ξ ∈ ID⊗IE . Then
∫ T

t0
DU (τ, t)(η, ξ ) exists and equals I.

(ii) Let U : [t0, T ] × [t0, T ] −→ Ã be such that (τ, t) → U (τ, t)(η, ξ )
is Kurzweil integrable over [c, T ] for every c ∈ (t0, T ] and that the limit

lim
c→t0+

[ ∫ T

c
DU (τ, t)(η, ξ ) + U (t0, c)(η, ξ ) − U (t0, t0)(η, ξ )

]
= I

(4.4)

exists for all η, ξ ∈ ID⊗IE . Then
∫ T

t0
DU (τ, t)(η, ξ ) exists and equals I .

(iii) Let U : [t0, T ] × [t0, T ] −→ Ã be such that (τ, t) → U (τ, t)(η, ξ ) is
Kurzweil integrable over [t0, T ]. Then for c ∈ [t0, T ]

lim
s→c

[ ∫ s

t0

DU (τ, t)(η, ξ ) − U (c, s)(η, ξ ) + U (c, c)(η, ξ )

]

=
∫ c

t0

DU (τ, t)(η, ξ ) (4.5)

for all η, ξ ∈ ID⊗IE .

Proof: The proofs are simple adaptation of arguements employed in Theorem 1.14,
Remark 1.15 and Theorem 1.16 in [18] to the present noncommutative quantum
setting.

Next, we present some results concerning the existence of the integral in-
volved in the definition of the solution of the Kurzweil equation (3.1).

Theorem 4.3. Assume that the map (x, t) → P(x, t)(η, ξ ) belongs to IF .(Ã ×
[t0, T ], hηξ , W ), and X : [a, b] → Ã, [a, b] ⊆ [t0, T ] is the limit of a sequence

{Xk}k∈IN of processes Xk : [a, b] → Ã such that
∫ b

a D P(Xk(τ ), t)(η, ξ ) exists for

every k ∈ IN . Then the integral
∫ b

a D P(X (τ ), t)(η, ξ ) exists and∫ b

a
D P(X (τ ), t)(η, ξ ) = lim

k→∞

∫ b

a
D P(Xk(τ ), t)(η, ξ )
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Proof: Since the complex field CI ∼= IR2, we assume without any lost of generality
that the map P(X (τ ), t)(η, ξ ) is real valued. Let ε > 0 be given, then by (4.2), we
have

|P(Xk(τ ), t2)(η, ξ ) − P(Xk(τ ), t1)(η, ξ ) − P(X (τ ), t2)(η, ξ )

+ P(X (τ ), t1)(η, ξ )| ≤ W (‖Xk(τ ) − X (τ )‖ηξ )|hηξ (t2) − hηξ (t1)| (4.6)

for every τ ∈ [a, b], t1 < τ < t2, and [t1, t2] ⊂ [a, b].
If we set

Uηξ (t) = ε

hηξ (b) − hηξ (a) + 1
hηξ (t),

for t ∈ [a, b] then the function Uηξ : [a, b] −→ IR is nondecreasing and

(Uηξ (b) − Uηξ (a)) < ε.

Since limk→∞ Xk(τ ) = X (τ ) in Ã for every τ ∈ [a, b] and the function W is
continuous at 0, then there is a p = p(τ ) ∈ IN such that for k > p(τ ),

W (‖Xk(τ ) − X (τ )‖ηξ ) ≤ ε

hηξ (b) − hηξ (a) + 1

i.e. for k ≥ p(τ ), the inequality (4.2) can be written as

|P(Xk(τ ), t2)(η, ξ ) − P(Xk(τ ), t1)(η, ξ ) − P(X (τ ), t2)(η, ξ )

+ P(X (τ ), t1)(η, ξ ) ≤ Uηξ (t2) − Uηξ (t1)

By inequality (4.1)

|P(Xk(τ ), t2)(η, ξ ) − P(Xk(τ ), t1)(η, ξ )| ≤ |hηξ (t2) − hηξ (t1)|
for every t ∈ [a, b], k ∈ IN , t1 ≤ τ ≤ t2 and [t1, t2] ⊆ [a, b].
Hence the last inequality implies that

−hηξ (t2) + hηξ (t1) ≤ P(Xk(τ ), t2)(η, ξ ) − P(Xk(τ ), t1)(η, ξ )

≤ hηξ (t2) − hηξ (t1)

but the integrals∫ b

a
D(hηξ (t)) = hηξ (b) − hηξ (a)

and ∫ b

a
D(−hηξ (t)) = hηξ (a) − hηξ (b)

exist. We conclude that the integral
∫ b

a D P(X (τ ), t)(η, ξ ) exists and the conclusion
of the theorem holds by Theorem (4.1) above .
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Theorem 4.4. Assume that the map (x, t) → P(x, t)(η, ξ ) belongs to IF(Ã ×
[t0, T ], hηξ , W ) and that X : [a, b] −→ Ã is the limit of a sequence of simple pro-

cesses. Then the integral
∫ b

a D P(X (τ ), t)(η, ξ ) exists for arbitrary η, ξ ∈ ID⊗IE.

Proof: By Theorem (4.3), it is sufficient to prove that the integral
∫ b

a D P(φ(τ ), t)
(η, ξ ) exists for every simple processes φ : [a, b] → Ã. If φ is a simple process
then there is a partition a = s0 < s1 < s2 < · · · < sk = b of [a, b] such that φ(s) =
c j ∈ Ã for s ∈ (s j−1, s j ), j = 1, 2, . . . , k where c j , j = 1, . . . , k are finite number
of elements of Ã.

By the definition of the Kurzweil integral, if s j−1 < σ1 < σ2 < σ j , then we
have the existence of the integral∫ σ2

σ1
D P(φ(τ ), t)(η, ξ ) = P(c j , σ2)(η, ξ ) − P(c j , σ1)(η, ξ )

Assume that σ0 ∈ (s j−1, s j ) is given, we have

lim
s→s j−1+

[ ∫ σ0

s
D P(φ(τ ), t)(η, ξ ) + P(φ(s j−1), s)(η, ξ )

− P(φ(s j−1), s j−1)(η, ξ )

]
= lim

s→s j−1+
[P(c j , σ0)(η, ξ )

− P(c j , s)(η, ξ ) + P(φ(s j−1), s)(η, ξ ) − P(φ(s j−1), s j−1)(η, ξ )]

= P(c j , σ0)(η, ξ ) − P(c j , s j−1+)(η, ξ ) + P(φ(s j−1), s j−1+)(η, ξ )

− P(φ(s j−1), s j−1)(η, ξ ) (4.7)

Hence by Theorem (4.2) (ii), the integral
∫ σ0

s j−1
D P(φ(τ ), t)(η, ξ ) exists and

equals the computed limit given by (4.7). Similarly, it can be shown that the integral∫ s j

σ0
D P(φ(τ ), t)(η, ξ ) exists and the following equality holds.

∫ s j

σ0

D P(φ(τ ), t)(η, ξ ) = P(c j , s j−)(η, ξ ) − P(c j , σ0)(η, ξ )

− P(φ(s j ), s j−)(η, ξ ) + P(φ(s j ), s j )(η, ξ ) (4.8)

by Theorem (4.2)(i).
Hence by additivity of the integral, we obtain∫ s j

s j−1

D P(φ(τ ), t)(η, ξ )

=
∫ σ0

s j−1

D P(φ(τ ), t)(η, ξ ) +
∫ s j

σ0

D P(φ(τ ), t)(η, ξ )
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which equals the sum of expressions in (4.7) and (4.8) over the subinterval [s j−1, s j ]
of the partition.

Repeating this argument for every interval [s j−1, s j ], j = 1, 2, . . . , k and us-
ing the additivity of the integral, we obtain the existence of the integral∫ b

a D P(φ(τ ), t)(η, ξ ) and the identity

∫ b

a
D P(φ(τ ), t)(η, ξ )

=
k∑

j=1

[P(c j , s j−)(η, ξ ) − P(c j , s j−1+)] +
k∑

j=1

[P(φ(s j−1+), s j−1+)(η, ξ )

− P(φ(s j−1), s j−1)(η, ξ ) − P(φ(s j ), s j−)(η, ξ ) + P(φ(s j , s j )(η, ξ )]

(4.9)

Theorem 4.5. Assume that the map (x, t) → P(x,t)(η,ξ ) is of class IF(Ã ×
[t0, T ], hηξ ,W ) and X : [a, b] → Ã, [a, b] ⊆ [t0, T ] is of bounded variation, then

the integral
∫ b

a D P(X (τ ), t)(η, ξ ), exists.

Proof: The result follows from Theorem (4.4) because every process X : [a, b] →
Ã in L2

loc(Ã) of bounded variation is the uniform limit of finite simple processes
(cf [ 9,10,13]).

Next, we denote by C(Ã × [t0, T ], W ), the class of sesquilinear form-valued
maps which are Lipschitzian and satisfy the Caratheodory conditions. We then give
a result that connects this class with the class IF(Ã × [t0, T ], hηξ , W ).

Definition 4.6. A map P : Ã × [t0, T ] −→ Sesq(ID⊗IE) belongs to the class
C(Ã × [t0, T ], W ) if for arbitrary η, ξ ∈ ID⊗IE ,

(i) P(x, ·)(η, ξ ) is measurable for each x ∈ Ã.

(ii) There exists a family of measurable functions Mηξ : [t0, T ] → IR+ such
that

∫ T
t0

Mηξ (s)ds < ∞ and

|P(x, s)(η, ξ )| ≤ Mηξ (s), (x, s) ∈ Ã × [t0, T ] (4.10)

(iii) There exists measurable functions K p
ηξ : [t0, T ] → IR+ such that for

each t ∈ [t0, T ],
∫ t

t0
Kηξ (s)ds < ∞, and

|P(x, s)(η, ξ ) − P(y, s)(η, ξ )| ≤ K p
ηξ (s)W (‖x − y‖ηξ ) (4.11)

for (x, s), (y, s) ∈ Ã × [t0, T ] and where in (i) - (iii) we take W (t) = t.
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Definition 4.7. For (x, t) ∈ Ã × [t0, T ] and P belonging to C(Ã × [t0, T ], W ),
we define for arbitrary η, ξ ∈ ID⊗IE,

F(x, t)(η, ξ ) =
∫ t

t0

P(x, s)(η, ξ )ds (4.12)

We have the following results that connect the two classes of maps.

Theorem 4.8. Assume that for arbitrary η, ξ ∈ ID⊗IE , the map
P : Ã × [t0, T ] → sesq(ID⊗IE) is of class C(Ã × [t0, T ], W ). Then for every
x, y ∈ Ã, t1, t2 ∈ [t0, T ], F(x, t)(η, ξ ) defined by (4.12) satisfies

(i) |F(x, t2)(η, ξ ) − F(x, t1)(η, ξ )| ≤ ∫ t2
t1

Mηξ (s)ds

(ii) |F(x, t2)(η, ξ ) − F(x, t1)(η, ξ ) − F(y, t2)(η, ξ ) + F(y, t1)(η, ξ )|
≤ W (‖x − y‖ηξ )

∫ t2
t1

K p
ηξ (s)ds

(iii) The map F(x, t)(η, ξ ) belong to the class IF(Ã × [t0, T ], hηξ , W )

for each η, ξ ∈ ID⊗IE , where

hηξ (t) =
∫ t

t0

Mηξ (s)ds +
∫ t

t0

K p
ηξ (s)ds

Proof: (i) Since (4.10) holds we have by (4.12) and for all x ∈ Ã, t1, t2 ∈
[t0, T ].

|F(x, t2)(η, ξ ) − F(x, t1)(η, ξ )| =
∣∣∣∣∣
∫ t2

t1

P(x, s)(η, ξ )ds

∣∣∣∣∣
≤

∫ t2

t1

|P(x, s)(η, ξ )|ds

≤
∫ t2

t1

Mη,ξ (s)ds

(ii) Again by (4.12) and (4.11)

|F(x, t2)(η, ξ ) − F(x, t1)(η, ξ ) − F(y, t2)(η, ξ ) + F(y, t1)(η, ξ )|

=
∣∣∣∣∣
∫ t2

t1

[P(x, s)(η, ξ ) − P(y, s)(η, ξ )]ds

∣∣∣∣∣
≤

∫ t2

t1

|P(x, s)(η, ξ ) − P(y, s)(η, ξ )|ds ≤ W (‖x − y‖ηξ )
∫ t2

t1

K p
ηξ (s)ds

for every x, y ∈ Ã and t1, t2 ∈ [t0, T ].
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By (i) above

|F(x, t2)(η, ξ ) − F(x, t1)(η, ξ )| ≤
∫ t2

t1

Mηξ (s)ds ≤ |hηξ (t2) − hηξ (t1)|

∀x ∈ Ã, t1, t2 ∈ [t0, T ] satisfying inequality (4.1).
Again by (ii) above

|F(x, t2)(η, ξ ) − F(x, t1)(η, ξ ) − F(y, t2)(η, ξ ) + F(y, t1)(η, ξ )|
≤ W (‖x − y‖ηξ )

∫ t2

t1

K p
ηξ (s)ds

≤ W (‖x − y‖ηξ )|hηξ (t2) − hηξ (t1)|
for every x, y ∈ Ã, t1, t2 ∈ [t0, T ] satisfying inequality (4.2) .

In the next section, we prove that the Kurzweil integral of F(x, t)(η, ξ ) equals
the Lebesque integral of P(x, t)(η, ξ ). This facilitates the proof of the equivalence
of equation (1.2) and the associated Kurzweil equation.

5. EQUIVALENCE OF QUANTUM STOCHASTIC
DIFFERENTIAL EQUATION AND THE ASSOCIATED

KURZWEIL EQUATION

In connection with subsequent results, we assume that the map P : Ã ×
[t0, T ] → Sesq(ID⊗IE) given by equation (1.3) is of class C(Ã × [t0, T ], W ) and
that F(x, t)(η, ξ ) is given by (4.12).

Theorem 5.1. If x : [a, b] → Ã, [a, b] ⊆ [t0, T ] is the limit of simple processes
then ∫ b

a
DF(x(τ ), t)(η, ξ ) =

∫ b

a
P(x(s), s)(η, ξ )ds

Proof: By Theorem (4.8)(iii) the map (x, t) → F(x, t)(η, ξ ) belongs to IF(Ã ×
[t0, T ], hηξ , W ). Therefore the existence of the integral

∫ b
a DF(x(τ ), t)(η, ξ ) is

guaranteed by Theorem (4.4). Also by Theorem (4.4), for every simple process φ :
[a, b] → Ã the integral

∫ b
a P(φ(s), s)(η, ξ )ds exists and equals

∫ b
a DF(φ(τ ), t)

(η, ξ ).
Assume now that φk : [a, b] → Ã, k ∈ IN is a sequence of simple processes such
that

lim
k→∞

φk(s) = x(s), s ∈ [a, b]

Then by (4.11),

lim
k→∞

P(φk(s), s)(η, ξ ) = P(x(s), s)(η, ξ )
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and inequality (4.10) enables us to use the Lebesgue dominated convergence the-
orem for showing that

∫ b
a P(x(s), s)(η, ξ )ds exists and by Theorem (4.3)∫ b

a
DF(x(τ ), t)(η, ξ ) = lim

k→∞

∫ b

a
DF(φk(τ ), t)(η, ξ )

= lim
k→∞

∫ b

a
P(φk(s), s)(η, ξ )ds =

∫ b

a
P(x(s), s)(η, ξ )ds

Remark 5.2.

(i) The results given above will be used for the representation of equation
(1.2) within the framework of the Kurzweil integral calculus. This is
accomplished based on the construction of the map F(x, t)(η, ξ ) for a
given sesquilinear form - valued map P : Ã × [t0, T ] → Sesq(ID⊗IE)
of class C(Ã × [t0, T ], W ) and for arbitrary η, ξ ∈ ID⊗IE .

(ii) Let the quantum stochastic differential equation (1.2) be given. The
Caratheodory concept of a solution of (1.2) is equivalent to the re-
quirement that for every s1, s2 ∈ [t0, T ] we have a weakly absolutely
continuous map X : [t0, T ] → Ã satisfying

〈η, x(s2)ξ〉 − 〈η, x(s1)ξ〉 =
∫ s2

s1

P(x(s), s)(η, ξ )ds (5.1)

(iii) The solution X of equation (1.2) lies in L2
loc(Ã) and is therefore the

limit of simple processes in Ad(Ã)wac, see [2,8,13]. Consequently the
hypothesis of the last theorem remain true.

We now present our major result in this section.

Theorem 5.3. A stochastic process X : [t0, T ] → Ã is a solution of equation
(1.2) if and only if X is a solution of the Kurzweil equation

d

dτ
〈η, X (τ )ξ〉 = DF(X (τ ), t)(η, ξ ) (5.2)

on [t0, T ], t ∈ [t0, T ], and for arbitrary η, ξ ∈ ID⊗IE .

Proof: Assume that X : [t0, T ] → Ã is a solution of (1.2). By Theorem (4.8),
the integral

∫ s2

s1
DF(X (τ ), t)(η, ξ ) exists and

〈η, X (s2)ξ〉 − 〈η, X (s1)ξ〉 =
∫ s2

s1

P(X (s), s)(η, ξ )ds

=
∫ s2

s1

DF(X (τ ), t)(η, ξ )

for all s1, s2 ∈ [t0, t]. Hence X is a solution of (5.2).
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If conversely X is a solution of (5.2), then again Theorem (4.8) shows that
X satisfies equation (5.1). Since F(X, t)(η, ξ ) belongs to IF(Ã × [t0, T ], hηξ , W ),
we have

|〈η, X (s2)ξ〉 − 〈η, X (s1)ξ〉| =
∣∣∣∣∣
∫ s2

s1

DF(X (τ ), t)(η, ξ )

∣∣∣∣∣
≤ |hηξ (s2) − hηξ (s1)|.

Hence the map t → 〈η, X (t)ξ〉 is absolutely continuous on [t0, T ] since hηξ (t)
is absolutely continuous for each η, ξ ∈ ID⊗IE . Hence X is weakly absolutely
continuous.

Remark 5.4. Owning to several properties of the sesquilinear form -valued map
P given by equation (1.3) as outlined in Ekhaguere [8], it is enough for P to be Lip-
schitzian and for inequality (4.10) to be satisfied for all (X, t) ∈ Ã × [t0, T ] for P
to be of class C(Ã × [to, T ], W ) where W (t) = t . Consequently, F(X, t)(η, ξ ) de-
fined by equation (4.12) is of class IF(Ã × [t0, T ], hηξ , W ) and so by Theorem (5.1)∫ t

t0

DF(X (τ ), t)(η, ξ ) =
∫ t

t0

P(X (s), s)(η, ξ )ds, t ∈ [t0, T ]. (5.3)

Again, Theorem (5.3) asserts that X satisfies equation (5.2) if and only if

〈η, X (t)ξ〉 − 〈η, X (t0)ξ〉 =
∫ t

t0

DF(X (τ ), t)(η, ξ )

=
∫ t

t0

P(X (s), s)(η, ξ )ds

by equation (5.3). This follows if and only if

d

dt
〈η, X (t)ξ〉 = P(X (t), t)(η, ξ )

〈η, X (t0)ξ〉 = 〈η, X0ξ〉
Hence equations (5.2) and (1.2) are equivalent.

As a consequence of the above results, we now describe a procedure for ob-
taining approximate solutions of equation (1.2) as follows. We assume hypothesis
of Theorems (4.8), (5.1) and (5.2).

The initial value problem (1.2) is equivalent to the integral equation

〈η, X (s)ξ〉 = 〈η, X (t0)ξ〉 +
∫ s

t0

P(X (u), u)(η, ξ )du (5.4)

with the Lebesgue integral on the right hand side. If X is a solution of (1.2) on
[t0, T ], then by the existence and uniqueness results, X is adapted and weakly
absolutely continuous and lie in L2

loc(Ã). Consequently the matrix elements of the
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solution can be approximated by matrix elements 〈η, Xl(t)ξ〉 of a simple process
Xl(t) ∈ Ad(Ã)wac which is constant on intervals of the form (t j−1, t j ) where t0 <

t1 < · · · < tkl = t and which on (t j−1, t j ) assumes the value 〈η, X (τ j )ξ〉 where
t j−1 ≤ τ j ≤ t j , j = 1, 2. . . . , kl such that

lim
l→∞

〈η, Xl(s)ξ〉 = 〈η, X (s)ξ〉 (5.5)

i.e liml→∞ Xl(s) = X (s) uniformly on [t0, T ].
Since

P(X, t)(η, ξ ) is of class C(Ã × [t0, T ], hηξ , W )

then

lim
l→∞

P(Xl(s), s)(η, ξ ) = P(X (s), s)(η, ξ )

on [t0, T ] by inequality (4.11).
Assuming that the sequence

P(Xl(s), s)(η, ξ ), l = 1, 2, . . .

satisfies (4.10) then by the Lebesgue dominated convergence theorem it can be
concluded that

lim
l→∞

∫ t

t0

P(Xl(s), s)(η, ξ )ds =
∫ t

t0

P(X (s), s)(η, ξ )ds. (5.6)

However, for a fixed l ∈ IN , we have∫ t

t0

P(Xl(s), s)(η, ξ )ds =
kl∑

j=1

∫ t j

t j−1

P(X (τ j ), s)(η, ξ )ds

=
kl∑

j=1

[F(X (τ j ), t j )(η, ξ ) − F(X (τ j ), t j−1)(η, ξ )],

which shows that the integral
∫ t

t0
P(X (s), s)(η, ξ )ds appearing in (5.6) can be

approximated by the Kurzweil integral sums of the form

kl∑
j=1

[F(X (τ j ), t j )(η, ξ ) − F(X (τ j ), t j−1)(η, ξ )].

Finally, using (5.4) the matrix element 〈η, X (t)ξ〉 of the solution X can be approx-
imated by the sum

〈η, X (t)ξ〉 ∼= 〈η, X0ξ〉 +
kl∑

j=1

[F(X (τ j ), t j )(η, ξ )

− F(X (τ j ), t j−1)(η, ξ )] (5.7)
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provided that a sufficiently fine division t0 < t1 < t2 < · · · < tk = t is constructed
and the choice of τ j ∈ [t j−1, t j ], j = 1, 2, . . . , k is fixed in order to obtain the
uniform convergence (5.5).

6. NUMERICAL EXAMPLES

In the notation of section 1, we consider the simple Fock space �(L2
γ (IR+))

where γ = R = CI , f = g ≡ 1, and its L2(�,F, W ) realization where (�,F,

W ) is a Wiener space. Each random variable X is identified with the operator of
multiplication by X so that Q(t) = A(t) + A+(t) = w(t) is the evaluation of the
Brownian path w at time t . In this case, it has been shown that quantum stochastic
integrals of adapted Brownian functional F such that

∫ t
t0

E[F(s, ·)2]ds < ∞ exists
(see [2,4]). Here E is the expected value function.

For exponential vectors η = e(α) and ξ = e(β) where α, β are purely
imaginary- valued functions in L2

CI(IR+), the equivalent form (1.2) of the quantum
analogue of the classical Ito stochastic differential equation

d X (t, w) = −1

2
X (t, w)dt −

√
1 − X2(t, w)dW (t)

X (t0) = X0, t ∈ [0, T ] (6.1)

is given by

d

dt
E(X (t, w)z(w)) = E(−β(t)

√
1 − X2(t, w)z(w))

+ E(−ᾱ(t)
√

1 − X2(t, w)z(w)) + E

(
− 1

2
X (t, w)z(w)

)
X (t0) = X0, t ∈ [t0, T ] (6.2)

where

z(w) = exp

{ ∫ ∞

0
(−α(s) + β(s))dw(s) − 1

2

∫ ∞

0
(α2(s) + β2(s))ds

}

(6.3)

(see [2,4] for details ).
With X0(w) = 1, α(t) = β(t) = i , and the interval [0, T ] = [0, 1], then we

have by equation (6.3), z(w) = e and E(X0(w)z(w)) = E(z(w)) = e.
The exact solution of equation (6.2) is then given by

E(X (t)z(w)) = e1− 1
2 t (6.4)

We now apply our approximation procedures to discretize equation (6.2)
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For t ∈ [0, 1], X ∈ Ã the map Pαβ defined in section 1 is

Pαβ(t, X ) = −β(t)
√

1 − X2(t) − ᾱ(t)
√

1 − X2(t) − 1

2
X (t) = −1

2
X (t)

and

P(X, t)(η, ξ ) =
〈
η,

(
− 1

2
X (t)

)
ξ

〉
for arbitrary η, ξ ∈ ID⊗IE . By equation (4.12)

F(X (τ ), t)(η, ξ ) =
(〈

η,

(
− 1

2
X (τ )

)
ξ

〉)
t = −1

2
t E(X (τ )z(w))

Equation (6.2) is equivalent to (5.2) by Theorem (5.3). Thus we use Proposition
(3.2) which leads to the approximation

〈η, X (s)ξ〉 ∼= 〈η, X (σ )ξ〉 + F(X (σ ), s)(η, ξ ) − F(X (σ ), σ )(η, ξ )

(6.5)

for every σ ∈ [0, 1] provided that s ∈ [0, 1] is sufficiently close to σ . Thus from
equation (6.5),

E(X (s)z(w)) ∼= E(X (σ )z(w)) − 1

2
s E(X (σ )z(w)) + 1

2
σ E(X (σ )z(w))

=
(

1 − 1

2
(s − σ )

)
E(X (σ )z(w)) (6.6)

Again by equation (5.7), we have

〈η, X (t)ξ〉 ∼= 〈η, X0ξ〉 +
kl∑

j=1

∫ t j

t j−1

P(X (τ j ), s)(η, ξ )ds

i.e

E(X (t)z(w)) ∼= E(X0z(w)) − 1

2

kl∑
j=1

E(X (τ j )z(w))(t j − t j−1) (6.7)

where to < t1 < t2 < · · · < tkl = t and τ j ∈ [t j−1, t j ].
If we fix τ j = t j−1 for each j = 1, 2.. and a constant steplength h, then we

have from equation (6.7)

E(X (t j )z(w)) =
(

1 − 1

2
h

)
E(X (t j−1)z(w)), j = 1, 2..N (6.8)

Again, fixing τ j = 1
2 (t j + t j−1), j = 1, 2.. then equation (6.7) gives

E(X (t j )z(w)) = E(X (t j−1)z(w)) − 1

2
hE(X (τ j )z(w)) (6.9)
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Table 1. Numerical Values with τ j = t j−1 and α(t) = β(t) = i

Approximate Values Exact Values Absolute Errors
N h E(X (tN )z(w)) e1− 1

2 tN |E(X (tN )z(w)) − e1− 1
2 tN |

8 2−3 1.622051700 1.648721300 0.02666960000
16 2−4 1.6356182000 1.6487212710 0.01310307000

where the intermediate values E(X (τ j )z(w)) are calculated by setting σ = t j−1

and s = τ j in (6.6) to give

E(X (τ j )(z(w)) =
[

1 − 1

2
(τ j − t j−1)

]
E(X (t j−1)z(w)) (6.10)

By putting h = 2−3, h = 2−4 and fixing τ j as above ,we generate the following
tables of values for the case α = β = i . Equations (6.8),(6.9),(6.10) are used to
generate the following values at the final time t = 1 in Tables 1 and 2 below.

In order to compare the accuracy of the method of this paper ,we now apply
the method to generate approximate values for the equivalent form of Ito equation

d X (t) = 3

2
X (t)dt + X (t)dW (t)

X (t0) = 1, t ∈ [0, 1] (6.11)

given by

d

dt
E(X (t)z(w)) = 3

2
E(X (t, w)) (6.12)

where z(w) = e, t ∈ [0, 1], for α(t) = β(t) = i with exact solution E(X )t,
w)z(w) = e1+ 3

2 t

Equation (6.12) had been discretized in [4] using the Euler and a 2-step
scheme. We compare the results with those of the present scheme.

Table 2. Numerical Values with τ j = 1
2 (t j + t j−1) and α(t) = β(t) = i

Absolute Error
Exact value |E(X (tN )z(w))

N h τN E(X (τN )z(w)) E(X (tN )z(w)) = e1− 1
2 tN −e1− 1

2 tN |
8 2−3 0.9375 1.700716800 1.649283900 1.648721300 0.000562600
16 2−4 0.96875 1.67460900 1.648858600 1.648721271 0.000137329
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Table 3. Numerical values with τ j = t j−1 and α(t) = β(t) = i

Approximate Values Exact values Absolute Errors
N h E(X (tN )z(w)) e1− 1

2 tN |E(X (tN )z(w)) − e1− 1
2 tN |

8 2−3 10.74888529 12.18249396 1.433608668
16 2−4 11.402065680 12.18249396 0.78042828

For equation (6.11),we have the followings. From equation (6.12) and using (4.12),

F(X (τ ), t) = 3

2
t E(X (τ )z(w))

and from (6.5)

E(X (s)z(w)) ∼=
(

1 + 3

2
(s − σ )

)
E(X (σ )z(w)). (6.13)

From (5.7),

E(X (t)z(w)) = E(X0z(w)) + 3

2

kl∑
j=1

E(X (τ j )z(w))(t j − t j−1). (6.14)

Fixing τ j = t j−1 for each j = 1, 2 · · · and h = (t j − t j−1), then we have from
(6.14)

E(X (t j )z(w)) =
(

1 + 3

2
h

)
E(X (t j−1)z(w)) (6.15)

Again fixing τ j = 1
2 (t j + t j−1), we have from (6.14)

E(X (t j )z(w) = E(X (t j−1)z(w)) + 3

2
hE(X (τ j )z(w)), (6.16)

with intermediate values

E(X (τ j )z(w)) =
[

1 + 3

2
(τ j − t j−1)

]
E(X (t j−1)z(w)). (6.17)

Our numerical experiments yield the following results at the final time t = 1. We
use equation (6.15) for Table 3.

Equations (6.16) and (6.17) are used to generate Table 4.

6.1 Conclusion

(i) It is discovered that the schemes (6.8) and (6.15) when τ j is fixed at the
starting point of each subinterval of the partition points generate exactly
the same values as Euler scheme considered in [4]. This is confirmed
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Table 4. Numerical values with τ j = 1
2 (t j + t j−1) and α(t) = β(t) = i

Absolute Error
Exact value |E(X (tN )z(w))

N h τN E(X (τN )z(w)) E(X (tN )z(w)) = e1− 1
2 tN −e1− 1

2 tN |
8 2−3 0.9375 10.97032998 12.08924593 12.18249396 0.093248032
16 2−4 0.96875 11.58995788 12.15756309 12.18249396 0.024930868

by Tables 1 and 3 . The Tables also show that the approximate schemes
produce better results with finer gridpoints.

(ii) However, Tables 2 and 4 show a more superior convergence rate when τ j

is fixed at the midpoint of each subintervals of partition. In Table 2, with
constant steplengths h = 2−3 and h = 2−4 ,we have convergence to at
least three decimal places at each of the gridpoint with cummulative ab-
solute errors at the end point t = 1 being 0.000562600 and 0.000137329
respectively. This experiment shows that the approximate scheme (5.7)
has a superior convergence rate when τ j is taken as midpoints of each
subinterval and expression (6.5) is used to compute intermediate values.
This level of accuracy is comparable to that of a 2- stage Runge-Kutta
scheme reported in [2] applied to problem (6.12).

In comparison with the Euler and the 2-step method applied in [4] to problem
(6.11), Table 4 shows that the method of this paper is more accurate than those
two schemes when τ j is taken as the midpoint of each of the partition subinterval.
In particular, for a steplength of h = 2−3, the global accumulated error at the
final time t = 1 is 0.093248032 compared with the global errors of 0.39983038
and 0.11070989 with h = 2−3 and 2−4 respectively for the 2-step scheme (see
[4]). We remark that equation (5.7) permits a change of steplenghts at any point
during computation and that this method is suitable for equation (1.2) where the
map (t, x) �→ P(t, x)(η, ξ ) is not necessarily continuous jointly in t and x and the
matrix elements are not necessarily differentiable more than one time.

In particular, the methods developed in this paper provide a simple approach
for computations of expectations of functionals of Ito processes when the quantum
equations are considered only in the simple Fock spaces. Applications of the
methods to problems in quantum fields/systems will be considered elsewhere.
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Picard approximation of the matrix elements of quantum stochastic differential
equations and quantum flows and basic error estimates. (English summary)
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Within the framework of the Hudson-Pathasarathy quantum stochastic calculus, the
author presents Picard approximation schemes for the computation of the matrix
elements of solutions of unitary quantum stochastic evolutions and associated quantum
flows of the form

〈u⊗µ(f), Utv⊗µ(g)〉, 〈u⊗µ(f), jt(X)⊗µ(g)〉,

where the quantum flow jt(X) = U∗t XUt satisfies the appropriate quantum stochastic
differential equation and Ut satisfies the Hudson-Parthasarathy stochastic differential
equation given by

dUt = (Kdt+BdAt +CdA†t +Dd∧t)Ut; U0 = I,

with an initial condition t ∈ [0, T ] for some T > 0, and where K, B, C, D are bounded
system space operators satisfying some specified conditions.

The author provides some basic error estimates for the convergence of the schemes
and some numerical examples. It is indicated that for the case of unitary evolutions
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and quantum flows, symbolic and numerical computations should be run in parallel to
produce numerical results for the matrix elements. Ezekiel O. Ayoola
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Topological properties of solution sets for stochastic evolution inclusions.
(English summary)

Stoch. Anal. Appl. 36 (2018), no. 1, 114–137.

In this paper the authors develop the topological structure of solution sets for stochastic
evolution inclusions of the form

dX(t) ∈ [AX(t) + f(t,X(t))]dt+σ(t,X(t))dW (t), X(0) =X0, t ∈ [0, b],

where A is the infinitesimal generator of a strongly continuous semigroup {T (t), t≥ 0}
in a Hilbert space H; the function f : J ×H → H satisfies certain continuity and
growth conditions; the multimap σ has nonempty, bounded, closed, convex values,
and {W (t), t≥ 0} is a Hilbert-space valued Brownian motion with a finite trace nu-
clear covariance operator Q≥ 0.

The results are obtained when the semigroup is compact and when it is noncompact.
It is shown that the solution set is a nonempty, compact Rδ-set. The authors manifest
that although the solution set may not be a singleton, from the point of view of algebraic
topology, it is equivalent to a point, since it has the same homology group as one-point
space. The authors provide examples to illustrate their results. Ezekiel O. Ayoola
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Stochastic differential inclusions of semimonotone type in Hilbert spaces.
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In this paper, the author studies the existence of generalized solutions for an infinite-
dimensional nonlinear stochastic differential inclusion of the form

dX(t) ∈ F (t,X(t))dt+G(t,X(t))dWt,

where the multifunction F is semimonotone and hemicontinuous and the operator-
valued multifunction G satisfies a Lipschitz condition in X. The author imposes some
regularity and geometric conditions on the set-valued processes F and G and extends
the definition of a stochastic integral of set-valued processes with respect to Brownian
motion to infinite-dimensional separable Hilbert spaces. This framework leads to a
generalization of some existence results for deterministic differential inclusions to the
above stochastic differential inclusion. Ezekiel O. Ayoola
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Rguigui, Hafedh (TN-SOUS-STH)

Higher powers of quantum white noise derivatives. (English summary)

Commun. Stoch. Anal. 8 (2014), no. 4, 531–550.

The authors characterize the operator Wl,m(f) by a Wick differential equation, where
l,m ∈ N∪{0}, and f ∈ S(R); the space S(R) is the Schwartz space of rapidly decreasing
C∞-functions. The operator Wl,m is defined by

Wl,m(f) :=

∫
R
f(t)(a∗t )

lamt dt,

where a∗t and at are the creation and annihilation densities, respectively. It had been
previously studied by L. Accardi and others [L. Accardi and A. Boukas, Infin. Dimens.
Anal. Quantum Probab. Relat. Top. 9 (2006), no. 3, 353–360; MR2256498; Rep. Math.
Phys. 61 (2008), no. 1, 1–11; MR2408495; D. M. Chung, U. C. Ji and N. Obata, Infin.
Dimens. Anal. Quantum Probab. Relat. Top. 1 (1998), no. 4, 533–559; MR1665274].

The authors give a new renormalization that leads to higher powers of white noise.
They investigate the commutation relations obtained from the quantum white noise
derivatives and their adjoints, so as to derive a generalization of known results. They
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obtain higher powers of quantum white noise derivatives and a *-Lie algebra generalizing
the renormalized higher power white noise Lie algebra. Ezekiel O. Ayoola
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Ogundiran, Michael Oluniyi (WAN-IFE) ;
Payne, Victor Folarin (WAN-IBAD-NDM)

On the solution sets of semicontinuous quantum stochastic differential
inclusions. (English summary)

Appl. Math. E-Notes 14 (2014), 135–143.

The authors establish a unified treatment of upper and lower semicontinuous cases
for proving the existence of solutions to quantum stochastic differential inclusions in
integral form given by

X(t) ∈ x0 +

∫ t

0

(
E(s,X(s))dΛπ(s) +F (s,X(s))dAf (s) +G(s,X(s))dA+

g (s)

+H(s,X(s))ds
)
, for almost all t ∈ [0, T ],

where E,F,G,H: [0, T ]→ Ã, in which Ã is an infinite-dimensional locally convex space
of linear operators. The integration is understood in the framework of the Hudson and
Parthasarathy quantum stochastic calculus. The integral is driven by certain operator-
valued stochastic processes in the locally convex space. The authors establish the
existence of solutions by employing directionally continuous selections.

Ezekiel O. Ayoola
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Volkov, B. O. [Volkov, Boris O.] (RS-MOSC-MM)

Quantum probability and Levy Laplacians. (English summary)

Russ. J. Math. Phys. 20 (2013), no. 2, 254–256.

The author studies generalized Lévy Laplacians, which are second-order differential
operators defined as generalized Cesàro means of the second derivatives in the direction
of the basis vectors. He notes that interest in studying Lévy Laplacians is motivated
by the fact that they occur naturally in connection with the Yang-Mills theory. The
author considers relationships between generalized Lévy Laplacians and a wider family
of nonclassical Lévy Laplacians as developed in [L. Accardi and O. G. Smolyanov, Dokl.
Akad. Nauk 417 (2007), no. 1, 7–11; MR2454440].

Employing the fact that Lévy Laplacians in white noise analysis are expressed as
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quadratic functions of quantum stochastic processes, the author establishes the formula

∆L = lim
ε→0

∫
‖s−t‖<ε

bsbtdsdt

for the Lévy Laplacian ∆L, where bt stands for the annihilation process.
Using a number of auxiliary results, the author extends the formula to some general-

izations of the Lévy Laplacian. Ezekiel O. Ayoola
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Existence of solutions to impulsive fractional partial neutral stochastic
integro-differential inclusions with state-dependent delay. (English summary)

Electron. J. Differential Equations 2013, No. 81, 21 pp.

Summary: “We study the existence of mild solutions for a class of impulsive fractional
partial neutral stochastic integro-differential inclusions with state dependent delay. We
assume that the undelayed part generates a solution operator and transform it into
an integral equation. Sufficient conditions for the existence of solutions are derived by
using the nonlinear alternative of Leray-Schauder type for multivalued maps due to O’
Regan and properties of the solution operator. An example is given to illustrate the
theory.” Ezekiel O. Ayoola
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Yamamoto, Naoki (J-KEIOE-API)

Pure Gaussian state generation via dissipation: a quantum stochastic differential
equation approach. (English summary)

Philos. Trans. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci. 370 (2012), no. 1979,
5324–5337.

The author studies a Gaussian system that has a unique pure steady state in terms
of a quantum stochastic differential equation (QSDE). This enables the environment
channels to be explicitly dealt with. The open quantum system described by the
Markovian master equation

dρ̂t
dt

=−i[Ĥ, ρ̂t] +
m∑
k=1

(
L̂kρ̂tL̂

†
k−

1

2
L̂†kL̂kρ̂t−

1

2
ρ̂tL̂
†kL̂k

)
is obtained as a result of averaging out all such stochastic effects brought from the
environment.

In particular, the author shows that the nullifier dynamics of any Gaussian system
generating a unique pure state is passive.

Finally, based on the QSDE framework, the author provides a general and practical
method for implementation of a desired dissipative Gaussian system which has a struc-
ture of quantum state transfer. Ezekiel O. Ayoola
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Wetterich, C. [Wetterich, Christof] (D-HDBG-TP)

Quantum particles from classical probabilities in phase space. (English
summary)

Internat. J. Theoret. Phys. 51 (2012), no. 10, 3236–3273.

Summary: “Quantum particles in a potential are described by classical statistical prob-
abilities. We formulate a basic time evolution law for the probability distribution of
classical position and momentum such that all known quantum phenomena follow, in-
cluding interference or tunneling. The appropriate quantum observables for position and
momentum contain a statistical part which reflects the roughness of the probability dis-
tribution. ‘Zwitters’ realize a continuous interpolation between quantum and classical
particles. Such objects may provide for an effective one-particle description of classical
or quantum collective states as droplets of a liquid, macromolecules or Bose-Einstein
condensate. They may also be used for quantitative fundamental tests of quantum me-
chanics. We show that the ground state for zwitters has no longer a sharp energy. This
feature permits to put quantitative experimental bounds on a small parameter for pos-
sible deviations from quantum mechanics.” Ezekiel O. Ayoola
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Morato, Laura M. (I-VEROS) ; Ugolini, Stefania (I-MILAN)

Stochastic quantization of finite dimensional systems with electromagnetic
interactions. (English summary)

Stochastics 84 (2012), no. 2-3, 295–306.

Summary: “We study the stochastic quantization of finite dimensional systems via
path-wise calculus of variations with the mean discretized classical action in the general
case of electromagnetic interactions. We show that there exists a unique choice of the
mean discretized action corresponding to the minimal classical magnetic coupling and
derive the general equations of motion by means of a path-wise stochastic calculus
of variations. In the case of purely scalar interactions, the total mean energy of the
system (which gives the usual quantum mechanical expectation of the Hamiltonian in
the canonical limit) works as a Lyapunov functional and the system relaxes on the
canonical solutions, represented by Nelson’s diffusions, which act as an attracting set.
We show that, in presence of a minimal magnetic coupling, the mean energy is no longer
a Lyapunov functional. We construct for a simple example, a new Lyapunov functional,
and we show that the system can reach the dynamical equilibrium also by absorbing
energy from the external magnetic field.” Ezekiel O. Ayoola
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Approximation of solutions of stochastic differential equations with fractional
Brownian motion by solutions of random ordinary differential equations.
(English summary)

Ukrainian Math. J. 62 (2011), no. 9, 1460–1475; translated from Ukraïn. Mat. Zh. 62
(2010), no. 9, 1256–1268 (Russian. English summary).

The authors establish the convergence of approximations of a fractional Brownian
motion by an absolutely continuous process of the form

Y εt := CH

∫ t

0

[∫ φε(u)

0

(u− s)α−1s−αdWs

]
du,

BH,εt =

∫ t

0

sαdY εs

for a suitable collection of real, measurable, nondecreasing functions φε: [0, T ]→ [0, T ],
ε ∈ (0, 1), satisfying a number of conditions. The authors prove that

‖BH −BH,ε‖1,Y
P−→ 0, ε→ 0+.

Furthermore, the authors consider the stochastic differential equation

(1) Xt =X0 +

∫ t

0

b(x,Xs)ds+

∫ t

0

σ(s,Xs)dB
H
s , t ∈ [0, T ],

driven by fractional Brownian motion BHt , H ∈ (1
2 , 1), defined on a complete probability

space and subject to a number of conditions. They show that the solutions Xε of

Xε
t =X0 +

∫ t

0

b(s,Xε
s )ds+

∫ t

0

σ(s,Xε
s )dBH,εs ,

where the collection {BH,ε, ε > 0} approximates BH , converge to the solution of
equation (1) in a suitable norm clearly defined in the paper. Ezekiel O. Ayoola
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Rouchon, Pierre (F-ENSMP-AS)

Fidelity is a sub-martingale for discrete-time quantum filters. (English
summary)

IEEE Trans. Automat. Control 56 (2011), no. 11, 2743–2747.

This article starts with some accounts of the historical development of the theory of
quantum filtering, when a theory for statistical inference strongly inspired from quantum
optical systems described by continuous time quantum stochastic differential equations
was proposed. Issues concerning the stability of quantum filters are also reviewed.
Further, adding to the known results that the fidelity between two density matrices is
less than the fidelity between their images via a Kraus map, the author proves that,
on average, fidelity is also increasing for discrete-time quantum filters attached to an
arbitrary Kraus map. The author shows that the fidelity between the density matrix
of the underlying Markov chain and the density matrix of the associated quantum
filter is a sub-martingale. The results hold both for pure and mixed states. The author
establishes the main results by first recalling the Kraus map associated to any quantum
channel, the associated Markov chain, and proceeds to highlight the basic inequalities
underlying the main results. The result that fidelity is a sub-martingale is proved by
considering a quantum filter attached to a quantum trajectory. This is extended to
the family of Markov chains attached to the same Kraus map. It is finally concluded
that, contrary to fidelity, trace distance and relative entropy are not always super-
martingales. Ezekiel O. Ayoola
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Wang, JinRong (PRC-GUIZ) ; Zhou, Yong [Zhou, Yong7] (PRC-XIA)

Existence and controllability results for fractional semilinear differential
inclusions. (English summary)

Nonlinear Anal. Real World Appl. 12 (2011), no. 6, 3642–3653.

The authors prove the existence and controllability results for fractional semilinear
differential inclusions of the form

(1) cDq
tX(t) ∈AX(t) +F (t,X(t)), X(0) =X0, t ∈ J = [0, b],

employing the Caputo derivative in Banach spaces. In (1), cDq
t is the Caputo derivative

of order q ∈ (0, 1], b > 0 is a finite number and A is the infinitesimal generator of a
strongly continuous semigroup {T (t)}t≥0 in a Banach space Y , while the state X(·)
takes values in Y and F : J ×Y → 2Y r {∅} is a nonempty, bounded, closed and convex
multivalued map.

By introducing a suitable definition of a mild solution and some technical results, and
using fractional calculation, semigroup theory mapping and the Bohnenblust-Karlin
fixed point theorem for multivalued mappings, the authors establish the existence of
mild solutions for system (1) under the assumption that for each t ≥ 0 the operator
T (t) is compact. Furthermore, the authors discuss the controllability of a related control
system in which the differential equation in (1) is replaced by the controlled equation

cDq
tX(t) ∈AX(t) +F (t,X(t)) +Bu(t),

in which, for a Banach space U , B:U →X is a bounded linear operator and the control
function u(·) ∈ L2(J, U). An example is given to illustrate the theory.

Ezekiel O. Ayoola
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Anastassi, Z. A. [Anastassi, Zacharias A.]

A new symmetric linear eight-step method with fifth trigonometric order for the
efficient integration of the Schrödinger equation. (English summary)

Appl. Math. Lett. 24 (2011), no. 8, 1468–1472.

The article is concerned with the development, analysis, and application of a new
symmetric linear eight-step method for the integration of the one-dimensional time-
independent Schrödinger equation given by

y′′ =

(
l(l+ 1)

x2
+V (x)−E

)
y(x),

where l(l+1)
x2 is the centrifugal potential, V (x) is the potential, and E is the energy.

The new method is shown to be efficient, with eighth algebraic order and fifth
trigonometric order. The author presents the truncation error and stability analysis of
the method. Applications of the method to the Schrödinger equation and a comparison
to other methods from the literature show that the new method is highly efficient. Some
numerical results are presented. Ezekiel O. Ayoola
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Stabilizing simulations of complex stochastic representations for quantum
dynamical systems. (English summary)

J. Phys. A 44 (2011), no. 9, 095004, 20 pp.

The article concerns the simulation of stochastic differential equations (SDEs) derived
from the coherent states representation for density matrices. It involves the formulation
of path integral representations of quantum dynamics as stochastic differential equa-
tions. Following some previous works, the authors expand the quantum density matrix
ρ in coherent states with complex weights by writing

ρ=

∫
P (t, α)Λαd

2α,

obtain the dynamical equation of the form

ρ̇= i[ρ,H]

and derive a Fokker-Planck equation (FPE) for the distribution P (t, α) leading to the
derivation of the equivalent SDE for the evolution of the process described by the
distribution P (t, α). Passage to the SDE formulation is normally possible for FPEs
with positive diffusion matrices. The authors employ some techniques to circumvent
difficulties involved in finding the desired SDE. It is shown that the resulting SDE
exhibits instability in some sense. The authors employ the methods of Wick rotation
and analytic continuation to transform unstable complex SDEs into more stable ones.
The authors’ results reveal the possibility of achieving significant extension of integration
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times as well as the revelation of periodic structure of certain functionals.
Ezekiel O. Ayoola
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Ouahab, Abdelghani (DZ-UDL-LM)

On solution sets for first order impulsive neutral functional differential inclusions
in Banach spaces. (English summary)

Dyn. Contin. Discrete Impuls. Syst. Ser. A Math. Anal. 18 (2011), no. 1, 53–114.

The authors establish an impulsive version of Filippov’s theorem for first-order neutral
functional differential inclusions of the form

d

dt
[y(t)− g(t, yt)] ∈ F (t, yt), a.e. t ∈ [0, b]r {t1, . . . , tn},

y(t+k )− y(t−k ) = Ik(y(t−k )), k = 1, 2, . . . ,m,

y(t) = φ(t), t ∈ [−r, 0],

where F is a set-valued map and g is a single-valued function. Here, the functions Ik
characterize the jump of the solutions at the fixed impulse points 0< t1 < · · ·< tm < b.
The authors then establish a Filippov-Ważewski type result for the convexified problem.

In the introductory section of the paper, some motivations for studying impulsive
differential equations and inclusions are given. These involve the dynamics of many
processes in physics, population dynamics, biology and medicine that are subject to
abrupt changes such as shocks and perturbations that may be seen as impulses. Their
models are described by impulsive differential equations and inclusions.

The article employs some results from topological fixed point theory and measures of
noncompactness to investigate the topological structure and geometrical properties of
the solution sets of the inclusions. Finally, the authors demonstrate an application of
their results to a problem from control theory. Ezekiel O. Ayoola
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MR2743788 (2011m:34180) 34G25 47N20

Precup, Radu (R-CLUJ) ; Viorel, Adrian (R-CLUJ)

Existence results for systems of nonlinear evolution inclusions. (English
summary)

Fixed Point Theory 11 (2010), no. 2, 337–346.

The authors consider the existence of solutions for semilinear systems of abstract
evolution inclusions of the form:

dU1(t)

dt
+A1U1(t) ∈ F1(U1(t), U2(t)),

dU2(t)

dt
+A2U2(t) ∈ F2(U1(t), U2(t)),

U1(0) = U0
1 , U2(0) = U0

2 ,

where each Ai:D(Ai) ⊆ Xi → Xi is a linear operator that is densely defined on the
real Banach space Xi and generates the strongly continuous semigroup of contractions
{Si(t), t≥ 0}, and each Fi:X1×X2→ 2Xi is a multivalued operator.

Global mild solutions U = (U1, U2), lying in C([0, T ], X1)×C([0, T ], X2) and satisfy-
ing

Ui(t) = Si(t)U
0
i +

∫ t

0

Si(t− τ)wi(τ)dτ, t ∈ [0, T ],

are established, where wi ∈ L1([0, T ], Xi) is a selection for the multivalued map t→
Fi(U(t)). The authors employ some existing fixed point theorems of Nadler, Bohnenblust
and Karlin, Leray and Schauder, and a new technique for the treatment of systems.

Ezekiel O. Ayoola
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Georgescu, Carmina [Georgescu, Carmina1] (R-PUBAS)

Existence results for random neutral functional integrodifferential inclusions.
(English summary)

An. Ştiinţ. Univ. “Ovidius” Constanţa Ser. Mat. 18 (2010), no. 1, 115–126.

Let (Ω,Σ, µ) be σ-finite measure space. Having carefully defined all classes and struc-
tures needed, the author proves the existence of random solutions for the neutral
functional integro-differential inclusion

d

dt
[x(ω, t)− f(ω, t, xt(ω, ·))] ∈

F (ω, t, xt(ω, ·), V (ω, x(ω, ·))(t)), µ×λ-a.e.,

x(ω, ·)|[t0−∆,t0] = x0(ω, ·), ∀ω ∈ Ω,

where F is a set-valued map with values as subsets of Rn, V a random integral operator
with domain carefully defined. In particular, it is assumed that the right-hand side is
lower semicontinuous and non-convex-valued.

The author goes further to establish the existence of a random viable solution to a
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neutral functional integro-differential inclusion of the form

d

dt
x(ω, t) ∈ F

(
ω, t,

d

dt
x(ω, ·), V (ω, x(ω, ·))

)
, µ×λ-a.e.,

x(ω, ·)|[t0−∆,t0] = x0(ω, ·), ∀ω ∈ Ω,

x(ω, ·) ∈ L(ω), ∀ω ∈ Ω,

where F is a set-valued map having values as subsets of a separable Banach space
E, L(ω) a viability set clearly defined in the paper. The main results in the article
are established under reasonable assumptions that are achievable in applications. An
application to the modeling of endotoxin tolerance in medicine is indicated and justified.
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The authors consider a multiscale time reversible method for computing effective slow
behaviour of systems of highly oscillatory ordinary differential equations of the form

(1)
d

dt
X(t) = ε−1f(X) + g(X), X(0) =X0, t ∈ [0, T ],

where 0 < ε < ε0, X = (X1, X2, . . . , Xd) ∈ Rd and 0 < T <∞ is independent of ε. It
is assumed that the solution of equation (1) remains in a domain D0 ⊂ Rd which
is bounded and independent of ε for all t ∈ [0, T ]. Examples of dynamical systems
such as the Hamiltonian systems amenable to treatment by the method in this paper
are discussed. The method relies on correctly tracking a set of slow variables that is
sufficient to approximate any variable and functional that are slow under the dynamics
of the system. The algorithm follows the framework of the heterogeneous multiscale
method and the notion of time reversibility in the multiscale time setting is discussed.
The authors discovered that the algorithm requires nontrivial matching between the
microscopic state variables and the macroscopic slow ones. These concepts are clearly
explained in the article. Some numerical examples are presented. The examples show
the efficiency of the multiscale method and the advantages of time reversibility.
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CARATHEODORY SOLUTION OF QUANTUM

STOCHASTIC DIFFERENTIAL INCLUSIONS

M. O. OGUNDIRAN1 AND E. O. AYOOLA

ABSTRACT. This work is concerned with the existence of so-
lution of Quantum stochastic differential inclusions in the sense
of Caratheodory. The multivalued stochastic process involved
which is non-convex is Scorza-Dragoni lower semicontinuous
(SD-l.s.c.) hence giving rise to a directionally continuous se-
lection. The Quantum stochastic differential inclusion is driven
by annihilation, creation and gauge operators.

Keywords and phrases: Lower semicontinuous multifunctions,
Scorza Dragoni’s property, quantum stochastic processes.
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1. INTRODUCTION

The vast applications of differential inclusions in control theory,
economic model, evolution inclusions to mention a few, had made
the study of differential inclusions of great interest [1], [8], [18].
Likewise, the quantum stochastic differential inclusions which is a
multivalued generalization of quantum stochastic differential equa-
tion of Hudson and Parthasarathy has vast applications. This ex-
tension was first done in [9] in which the existence of solutions of
Lipschitzian quantum stochastic differential inclusions was estab-
lished. The study of solution set of this problem was done in [2], [3]
and references cited there. The case of discontinuous quantum sto-
chastic differential inclusions has application in the study of optimal
quantum stochastic control [15]. The quantum stochastic calculus
is driven by quantum stochastic processes called annihilation, cre-
ation and gauge arising from quantum field operators.
A multivalued map that is lower semicontinuous and convex-valued
has continuous selection by Michael selection theorem, but if the
convexity is dropped the continuous selection does not exist. But
for a differential inclusion with lower semicontinuous multifunction
that is not convex-valued, there is an analogue of Michael selection
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theorem called the directionally continuous selection [4] which gave
rise to a class of discontinuous differential equations. A more gen-
eral case of this selection for infinite dimensional space is found in
[5].
The quantum stochastic differential inclusions considered in this
work has its coefficients to be multivalued stochastic processes that
have a special form of lower semicontinuity called Scorza-Dragoni
lower semicontinuous case. It is noteworthy that the Scorza-Dragoni
property is a multivalued generalization of Lusin property[14]. The
directionally continuous selection of the Scorza-Dragoni of the mul-
tifunction gave rise to a class of quantum stochastic differential
equations considered in [16] which have solutions in the sense of
Caratheodory. Apart from the application of this work in quantum
stochastic control, another motivation for the work is the applica-
tion of the results in the study of non-convex quantum stochastic
evolution inclusions which shall be considered in a later work.
In section 2 we give preliminaries which are essential for the work
and we prove the main results in section 3.

2. PRELIMINARY

In what follows, if U is a topological space, we denote by clos(U),
the collection of all non-empty closed subsets of U.
To each pair (D,H) consisting of a pre-Hilbert space D and its
completion H, we associate the set L+

w(D,H) of all linear maps x
from D into H, with the property that the domain of the operator
adjoint contains D. The members of L+

w(D,H) are densely-defined
linear operators on H which do not necessarily leave D invariant
and L+

w(D,H) is a linear space when equipped with the usual no-
tions of addition and scalar multiplication.
To H corresponds a Hilbert space Γ(H) called the boson Fock space
determined by H. A natural dense subset of Γ(H) consists of linear
space generated by the set of exponential vectors(Guichardet, [12])
in Γ(H) of the form

e(f) =
∞⊕
n=0

(n!)−
1
2

n⊗
f, f ∈ H

where
⊗0 f = 1 and

⊗n f is the n-fold tensor product of f with
itself for n ≥ 1.
In what follows, D is some pre-Hilbert space whose completion is
R and γ is a fixed Hilbert.
L2
γ(R+)(resp. L2

γ([0, t)), resp. L2
γ([t,∞)) t ∈ R+) is the space of
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square integrable γ-valued maps on R+ (resp.[0, t), resp.[t,∞)).
The inner product of the Hilbert space R ⊗ Γ(L2

γ(R+)) will be
denoted by 〈., .〉 and ‖ . ‖ the norm induced by 〈., .〉 .
Let E,Et and Et, t > 0 be linear spaces generated by the exponential
vectors in Fock spaces Γ(L2

γ(R+)),Γ(L2
γ([0, t))) and Γ(L2

γ([t,∞)))
respectively ;

A ≡ L+
w(D⊗E,R⊗ Γ(L2

γ(R+)))

At ≡ L+
w(D⊗Et,R⊗ Γ(L2

γ([0, t))))⊗ It

At ≡ It ⊗ L+
w(Et,Γ(L2

γ([t,∞)))), t > 0

where ⊗ denotes algebraic tensor product and It(resp.It) denotes
the identity map on R⊗ Γ(L2

γ([0, t))))(resp.Γ(L2
γ([t,∞)))), t > 0

For every η, ξ ∈ D⊗E define

‖ x ‖η,ξ=| 〈η, xξ〉 |, x ∈ A

then the family of seminorms

{‖ . ‖ηξ: η, ξ ∈ D⊗E}

generates a topology τw , weak topology .
The completion of the locally convex spaces (A, τw) , (At, τw) and

(At, τw) are respectively denoted by Ã , Ãt and Ãt.
We define the Hausdorff topology on clos(Ã) as follows:

For x ∈ Ã , M,N ∈ clos(Ã) and η, ξ ∈ D⊗E, define

ρηξ(M,N ) ≡ max(δηξ(M,N ), δηξ(N ,M))

where

δηξ(M,N ) ≡ sup
x∈M

dηξ(x,N ) and

dηξ(x,N ) ≡ inf
y∈N
‖ x− y ‖ηξ .

The Hausdorff topology which shall be employed in what follows,
denoted by, τH , is generated by the family of pseudometrics {ρηξ(.) :
η, ξ ∈ D⊗E}
Moreover, if M∈ clos(Ã) , then ‖ M ‖ηξ is defined by

‖ M ‖ηξ≡ ρηξ(M, {0});
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for arbitrary η, ξ ∈ D⊗E.
For A,B ∈ clos(C) and x ∈ C , a complex number, define

d(x,B) ≡ inf
y∈B
| x− y |

δ(A,B) ≡ sup
x∈A

d(x,B)

and ρ(A,B) ≡ max(δ(A,B), δ(B,A)).

Then ρ is a metric on clos(C) and induces a metric topology on the
space.

Let I ⊆ R+. A stochastic process indexed by I is an Ã-valued mea-
surable map on I.

A stochastic process X is called adapted if X(t) ∈ Ãt for each t ∈ I.
We write Ad(Ã) for the set of all adapted stochastic processes in-
dexed by I.

Definition 1: A member X of Ad(Ã) is called
(i) weakly absolutely continuous if the map t 7→ 〈η,X(t)ξ〉 , t ∈ I
is absolutely continuous for arbitrary η, ξ ∈ D⊗E
(ii) locally absolutely p-integrable if ‖ X(.) ‖pηξ is Lebesgue - mea-
surable and integrable on [0, t) ⊆ I for each t ∈ I and arbitrary
η, ξ ∈ D⊗E.

We denote by Ad(Ã)wac(resp.Lploc(Ã)) the set of all weakly, abso-
lutely continuous(resp. locally absolutely p-integrable) members of

Ad(Ã).
Stochastic integrators : Let L∞γ,loc(R+) [resp.L∞B(γ),loc(R+)] be the lin-
ear space of all measurable , locally bounded functions from R+ to
γ [resp. to B(γ) , the Banach space of bounded endomorphisms of
γ]. If f ∈ L∞γ,loc(R+) and π ∈ L∞B(γ),loc(R+) , then πf is the member

of L∞γ,loc(R+) given by (πf)(t) = π(t)f(t) , t ∈ R+.

For f ∈ L2
γ(R)+ and π ∈ L∞B(γ),loc(R+); the annihilation , creation

and gauge operators, a(f), a+(f) and λ(π) in L+
w(D,Γ(L2

γ(R)+))
respectively, are defined as:

a(f)e(g) = 〈f, g〉L2
γ(R+)e(g)

a+(f)e(g) =
d

dσ
e(g + σf) |σ=0

λ(π)e(g) =
d

dσ
e(eσπf) |σ=0

g ∈ L2
γ(R)+

For arbitrary f ∈ L∞γ,loc(R+) and π ∈ L∞B(γ),loc(R+) , they give rise
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to the operator-valued maps Af , A
+
f and Λπ defined by:

Af (t) ≡ a(fχ[0,t))

A+
f (t) ≡ a+(fχ[0,t))

Λπ(t) ≡ λ(πχ[0,t))

t ∈ R+ , where χI denotes the indicator function of the Borel set I ⊆
R+. The maps Af , A

+
f and Λπ are stochastic processes , called anni-

hilation, creation and gauge processes , respectively, when their val-
ues are identified with their amplifications onR⊗Γ(L2

γ(R+)). These
are the stochastic integrators in Hudson and Parthasarathy[13] for-
mulation of boson quantum stochastic integration.

For processes p, q, u, v ∈ L2
loc(Ã), the quantum stochastic integral:

∫ t

t0

(
p(s)dΛπ(s) + q(s)dAf (s) + u(s)dA+

g (s) + v(s)ds
)
, t0, t ∈ R+

is interpreted in the sense of Hudson-Parthasarathy[13] The defini-
tion of Quantum stochastic differential Inclusions follows as in [9].
A relation of the form

dX(t) ∈ E(t,X(t))dΛπ(t) + F (t,X(t))dAf (t)

+G(t,X(t))dA+
g (t) +H(t,X(t))dt almost all t ∈ I

X(t0) = x0

(1)

is called Quantum stochastic differential inclusions(QSDI) with co-
efficients E,F,G,H and initial data (t0, x0).
Equation(1) is understood in the integral form:

X(t) ∈ x0 +

∫ t

t0

(
E(s,X(s))dΛπ(s) + F (s,X(s))dAf (s)

+G(s,X(s))dA+
g (s) +H(s,X(s))ds

)
, t ∈ I

called a stochastic integral inclusion with coefficients E,F,G,H and
initial data (t0, x0)
An equivalent form of (1) has been established in [9], Theorem 6.2
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as :

(µE)(t, x)(η, ξ) = {〈η, µαβ(t)p(t, x)ξ〉 : p(t, x) ∈ E(t, x)}
(νF )(t, x)(η, ξ) = {〈η, νβ(t)q(t, x)ξ〉 : q(t, x) ∈ F (t, x)}
(σG)(t, x)(η, ξ) = {〈η, σα(t)u(t, x)ξ〉 : u(t, x) ∈ G(t, x)}

P(t, x)(η, ξ) = (µE)(t, x)(η, ξ) + (νF )(t, x)(η, ξ)

+ (σG)(t, x)(η, ξ) +H(t, x)(η, ξ)

H(t, x)(η, ξ) = {v(t, x)(η, ξ) : v(., X(.))

is a selection of H(., X(.))∀ X ∈ L2
loc(Ã)}

(2)

Then Problem (1) is equivalent to

d

dt
〈η,X(t)ξ〉 ∈ P(t,X(t))(η, ξ)

X(t0) = x0

(3)

for arbitrary η, ξ ∈ D⊗E , almost all t ∈ I. Hence the existence
of solution of (1) implies the existence of solution of (3) and vice-
versa.
As explained in [9], for the map P,

P(t, x)(η, ξ) 6= P̃(t, 〈η, xξ〉)

for some complex-valued multifunction P̃ defined on I×C for t ∈ I,

x ∈ Ã, η, ξ ∈ D⊗E.
Definition 2: For an arbitrary η, ξ ∈ D⊗E, let M > 0 , we define
a set ΓMηξ , as

ΓMηξ = {(t, x) ∈ I × Ã :| 〈η, xξ〉 |≤Mt}

Let (t0, x0) ∈ I×Ã and ε > 0. For an arbitrary η, ξ ∈ D⊗E, (t0, x0)

∈ I × Ã and δ > 0, the family of conical neighbourhoods;

ΓMηξ((t0, x0), δ) = {(t, x) ∈ I × Ã :‖ x− x0 ‖ηξ≤M(t− t0),

t0 ≤ t < t0 + δ}
generates a topology, τ+, which satisfies the following property:
(P) For every pair of sets A ⊂ B, with A closed and B open(in the
original topology), there exists a set C, closed-open with respect to
τ+, such that A ⊂ C ⊂ B.
This topology follows from [5] and the references cited there.
Definition 3: (i) For an arbitrary pair η, ξ ∈ D⊗E a map Φ : I ×
Ã → Ã will be said to be ΓMηξ -continuous(directionally continuous
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or τ+-continuous) at a point (t0, x0) ∈ I × Ã , if for every ε > 0
there exists δ > 0 such that

‖ Φ(t, x)− Φ(t0, x0) ‖ηξ≤ ε if t0 ≤ t ≤ t0 + δ and ‖ x− x0 ‖ηξ
≤M(t− t0)

(ii) For an arbitrary η, ξ ∈ D⊗E, S ⊂ Ã, a sesquilinear-form valued

map Ψ : S → 2sesq(D⊗E)2 will be said to be lower semicontinuous on
S if for every closed subset C of C the set {s ∈ S : Ψ(s)(η, ξ) ⊂ C}
is closed in S.
We remark that if E,F,G,H are lower semicontinuous on S, then
the sesquilinear-form valued P is lower semicontinuous on S.
A multivalued generalization of Lusin property which is called Scor-
za - Dragoni property [14] employed in [6] is used to define the form
of lower semicontinuity in this work. The well-known Lusin prop-
erty is the following.
Definition 4:(Lusin’s property)Let X and Y be two separable met-
ric spaces and let f : I ×X → Y be function such that
(i)t→ f(t, u) is measurable for every u ∈ X
(ii) u→ f(t, u) is continuous for almost every t ∈ I , I ⊆ R+.
Then, for each ε > 0, there exists a closed set A ⊆ I such that
λ(I \A) < ε , (λ is the Lebesgue measure on R) and the restriction
of f to A×X is continuous.

Definition 5: A sequilinear- form valued map Ψ : [0, T ] × Ã →
2sesq(D⊗E)2 is Scorza-Dragoni lower semicontinuous (SD-l.s.c.) on

[0, T ] × Ã if there exists a sequence of disjoint compact sets Jn ⊂
[0, T ], with meas([0, T ]\

⋃
n∈NJn) = 0 such that Ψ is lower semicon-

tinuous on each set Jn × Ã.
If Ψ is lower semicontinuous and convex-valued then by Michael se-
lection theorems, there exists continuous selection of Ψ. But if the
convexity is removed and Ψ is not decomposable valued multifunc-
tion then the existence of continuous selection is not guaranteed.
However, a non-convex analogue of Michael selection is Directional
continuous selection result in [4] and for infinite dimensional space
in [5]. We established in this work that such selection exists for
SD-lsc multivalued stochastic process.
For an arbitrary η, ξ ∈ D⊗E , if Ψ ∈ µE, νF, σG,H appearing in
(1) are SD-lsc then the map (t, x)→ P(t, x)(η, ξ) is SD-lsc.
A quantum stochastic differential inclusion will be said to be SD-
lower semicontinuous if the coefficients are SD-lsc.

3. MAIN RESULTS
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Theorem 1: For almost all t ∈ I, η, ξ ∈ D⊗E. Suppose the
following holds:
(i) The maps X → Ψ(t,X)(η, ξ), Ψ ∈ {µE, νF, σG,H} are non-
empty lower semicontinuous multivalued stochastic processes
(ii)The maps t→ Ψ(t,X)(η, ξ) are closed

(iii) τ+ is a topology on I × Ã with property (P).
Then the sesquilinear form valued multifunction, (t,X(t))→
P(t,X(t))(η, ξ)

P(t,X(t))(η, ξ) = (µE)(t,X(t))(η, ξ) + (νF )(t,X(t))(η, ξ)

+ (σG)(t,X(t))(η, ξ) +H(t,X(t))(η, ξ)

admits a τ+-continuous selection.
Proof: P is non-empty , since each of Ψ ∈ {µE, νF, σG,H} is non-
empty.
Therefore, P is a non-empty lower semicontinuous sesquilinear form-
valued multifunction.
We shall employ a similar procedure as in the proof of Theorem 3.2
in [5] to construct a τ+-continuous ε-approximate selections Pε of P,
hence by inductive hypothesis we obtain a τ+-continuous selection
P of P.
Let ε > 0 be fixed , since X → P(t,X)(η, ξ) is lower semicontinuous

, for every X(t) ∈ Ã , we choose point yηξ,X(t) ∈ P(t,X(t))(η, ξ)
and neighbourhood UX of X(t) such that

inf
yηξ,P(t)∈P(t,X(t′))(η,ξ)

| yηξ,X(t)− yηξ,P(t) |< ε ∀ X(t′) ∈ UX (4)

Now , let (Vα)α∈βε be a local finite open refinement of (UX)X(t)∈Ã ,

with Vα ⊂ UXα , and let (Wα)α∈βε be another open refinement such
that cl(Wα) ⊂ Vα for all α ∈ βε. By property (P), for each α , we
can choose a set Zα , clopen w.r.t. τ+, such that

cl(Wα) ⊂ int(Zα) ⊂ cl(Zα) ⊂ Vα (5)

Then (Zα)α is a local finite τ+ clopen covering of Ã . Let � be a
well-ordering of the set βε, define for each α ∈ βε ,

Ωε
α = Zα \ (

⋃
λ<α

Zλ)

Set Oε = (Ωε
α), α ∈ βε. By well-ordering , every x ∈ Ã belongs to

exactly one set Ωε
α where α = min{α ∈ βε : x ∈ Zα}. Hence , Oε

is a partition of Ã. Moreover, since Zα is locally finite(wrt τ and
therefore wrt τ+), the sets

⋃
λ<α Zλ are τ+ clopen. Hence Oε is a

τ+ clopen disjoint covering of Ã such that, {cl(Ωε
α)} refines (Vα)α.
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By setting yεηξ,α = yηξ,Xα and Pε(t,X(t))(η, ξ) = yηξ,Xα , ∀α ∈ βε
we have τ+ continuous function Pε, which by (4), satisfies

inf
yηξ,P(t)∈P(t,X(t))(η,ξ)

| Pε(t,X(t))(η, ξ)− yηξ,P(t) |< ε

Therefore , there exists an ε-approximate selection Pε of P.
Since ε was arbitrarily chosen ,thus we have a τ+-continuous selec-
tion P of P. �
Theorem 2: Suppose the following holds for an arbitrary η, ξ ∈
D⊗E, Ψ ∈ {µE, νF, σG,H} :

(i) t→ Ψ(t,X(t))(η, ξ) are measurable for all X ∈ Ã
(ii) X → Ψ(t,X(t))(η, ξ) are SD-lower semicontinuous with respect
to a seminorm ‖ . ‖ηξ , for almost all t ∈ I
(iii) Ψ are integrably bounded, that is, there exists LΨ

ηξ(t) ∈ L1(I)

such that, a.e. t ∈ I, for all X ∈ Ã,

inf
y∈Ψ(t,x)(η,ξ)

| y |≤ LΨ
ηξ(t).

Then the SD-lower semicontinuous quantum stochastic differential
inclusions

d

dt
〈η,X(t)ξ〉 ∈ P(t,X(t))(η, ξ)

X(t0) = x0

(6)

has an adapted weakly absolutely continuous solution in the sense
of Caratheodory.
Proof: Since for arbitrary η, ξ ∈ D⊗E, Ψ ∈ µE, νF, σG,H are SD-
lower semicontinuous then P(t, x)(η, ξ) is SD-lower semicontinuous,

∀x ∈ Ã, a.e. t ∈ I. The sequence of disjoint compact sets Jn =⋂
Ψ J

Ψ
n and meas(I \ ∪n∈NJn) = 0 such that P(., .)(η, ξ) restricted

to Ωn = Jn × Ã is lower semicontinuous, with respect to ‖ . ‖ηξ.
Also, suppose Lηξ = 5 maxLΨ

ηξ(t), then a.e. t ∈ I,

inf
y∈P(t,x)(η,ξ)

| y |≤ Lηξ(t),

for all X ∈ Ã
For each n ≥ 1, we can apply Theorem (1) and obtain τ+-continuous
selections Pn ∈ P.
For an arbitrary selection g from P, if we define

P (t,X)(η, ξ) =

{
Pn(t,X)(η, ξ) if t ∈ Jn,
g(t,X)(η, ξ) if t 6∈ ∪n∈NJn
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then P is a τ+-continuous selection of P, such that | P (t, x)(η, ξ) |≤
Lηξ(t) < Ln,ηξ, for every (t,X) ∈ I × Ã, η, ξ ∈ D⊗E.
Then by applying Lusin’s property to each bound of Ln,ηξ, n ∈ N
the set of solutions of τ+-continuous quantum stochastic differential
equations is the solution set of (6) in the sense of Caratheodory. �
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General Introduction and Course Objectives

This course is concerned with the general principles of numerical analysis, theory
and computations at the introductory level. We shall develop numerical techniques
needed to tackle problems in functional evaluations, approximations of roots of non-
linear equations and approximate solutions of systems of linear equations. We shall
also develop techniques for handling interpolation and extrapolation problems, curve
fittings by least squares methods and numerical differentiation and integrations from
observed or tabulated data.
We remark here that numerical analysis is a formidable branch of Applied Math-
ematics concerned with approximations of exact quantities or variables that are
known to exist but whose exact forms are difficult to obtain or are not readily avail-
able in usable forms for applications.

The general objectives of the course are as follows: The reader should be able to:

(i) evaluate errors involved in several aspects of numerical approximations,

(ii) compute required interpolated and extrapolated values from observed or mea-
sured data,

(iii) perform numerical differentiation and integration,

(iv) carry out elementary curve fitting tasks with the aid of some basic numeri-
cal schemes,

(v) apply some modern computational software such as MATLAB to carry out
numerical approximations.

This course assumes a good knowledge of MAT 223 or a combination of MAT
221 and MAT 222 (Analysis). The reader is advised to revise them as an aid to
a thorough understanding of MAT 351.
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Lecture One

Error Estimations in Computations

1.1. Introduction
In numerical computations, we deal with approximate values of numbers. The ini-
tial data themselves are usually given with some errors, which get multiplied in the
course of calculations by rounding errors, the use of approximate formulas and so
on. A reasonable error estimation enables us to decide on the number of digits to
be retained in intermediate operations as well as in the final results.

1.2. Objectives
The reader should be able to compute and estimate the absolute and relative errors
of approximated numbers and errors in functional evaluations.

1.3. Definitions
(i) Let X0 be the exact value of a number and X its approximate value. The number
defined by e = |X0 − X| is called the absolute error. The error may be estimated
by establishing an inequality of the form:

|X0 −X| ≤ 4X . (1.1)

The smallest number 4X such that equation (1.1) is satisfied is called the limiting
absolute error.
(ii) The relative error ∂X of an approximate number X is defined to be the ratio:

∂X =
4X

|X|
, X 6= 0. (1.2)

This is usually expressed in percentage and given as a two or three digit number.

1.4. Pre - Test
(i) The length and width of a room measured approximated to 1cm are X = 5.43m
and Y = 3.82m respectively. Estimate the error in computing the area of the room.

(ii) A computer is designed to receive numbers only with 3 significant digits. With
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what accuracy can the number π = 3.14 and
1

3
be introduced into the computer?

1.5. Remarks
The following statements follow from the definitions above.
(i) The absolute error of an algebraic sum of several approximate numbers is equal
to the sum of the absolute errors of the numbers. Let X1, X2, · · ·Xn be a set of
numbers approximated by the set x1, x2, · · ·xn respectively. Then absolute error in
the sum is given by

e = |(X1 + X2 + · · ·Xn)− (x1 + x2 + · · ·xn)|
= |(X1 − x1) + (X2 − x2) + · · ·+ (Xn − xn)|
≤ |X1 − x1|+ |X2 − x2|+ · · · |Xn − xn|
≤ 4X1 +4X2 + · · ·+4Xn (1.3)

(ii) When multiplying approximate numbers, their relative errors are added. This
can be shown as follows: Let X and Y be approximated by x and y respectively.
The relative error in the product is given by:

∂xy = |XY − xy

xy
| = |(x +4x)(y +4y)− xy

xy
|

= |4x

x
+
4y

y
+
4x4y

xy
|

≤ |4x

x
|+ |4y

y
|

= ∂x + ∂y (1.4)

provided that the product 4x4y is small so that 4x4y

xy
is negligible.

In general, if X1, X2, · · ·Xn are real numbers approximated by x1, x2, · · ·xn, then
the relative error in the product X1X2X3 · · ·Xn is the sum of the relative errors of
each approximate number, i. e

|Π
n
i=1Xi − Πn

i=1xi

Πn
i=1xi

| ≤
n∑

i=1

∂xi
(1.5)
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In particular, if we set X1 = X2 = · · · = Xn = X and x1 = x2 = · · · = xn = x in
(1.5), then we have

|X
n − xn

xn
| ≤ n∂x, (1.6)

showing that the relative error of the nth power of an approximate number is the
nth multiple of its relative error.
As in (ii) above, the relative error in the quotient X

Y
is the sum of their relative

errors.
(iii) If a number X has an infinite decimal representation, we say that X has been
rounded up to x with k decimal places if

|X − x| ≤ 1

2
10−k,

that is 4x = 1
2
10−k.

1.6. Examples
(1) The numbers X and Y when rounded to 3 decimal places are 4.701 and 4.832
respectively. Evaluate approximation to XY and discuss the error involved.
Solution: The exact product XY is approximated by xy = (4.701)(0.832) = 3.911232.
Since X and Y are rounded up to 3 decimal places, then4y = 4x ≤ 1

2
10−3 = 0.0005.

Relative error in x = 4.701 is given by

∂x ≤
4x

4.701
∼= 0.00011.

Relative error in y = 0.832 is given by

∂y ≤
4y

0.832
∼= 0.00060.

By Equation (1.4), approximate relative error in xy satisfies

∂xy ≤ 0.00011 + 0.00060 ∼= 0.00071.

The approximate absolute error 4xy in the product satisfies:

4xy = |XY − xy| ≤ (0.00071)(3.90232) ∼= 0.0028.

5



Therefore, the exact value XY of the product lies in the interval

3.911232− 0.0028 ≤ XY ≤ 3.911232 + 0.0028

That is, 3.908 ≤ XY ≤ 3.914 correct to 3 decimal places.

(2). Three numbers X,Y, Z when rounded up to 3 decimal places are 4.701, 0.832, 2.413
respectively. Evaluate an approximation to the product XY Z and discuss the error
involved.
Solution: The product XY Z is approximated by

xyz = (4.701)(0.832)(2.413) = 9.4378028.

Relative error in x = 4.701 satisfies

∂x ≤
0.0005

4.701
∼= 0.00011.

Relative error in y = 0.832 satisfies

∂y ≤
0.0005

0.832
= 0.00060.

Relative error in z = 2.413 satisfies

∂z ≤
0.0005

2.413
= 0.0021.

By equation (1.4), approximate relative error ∂xyz in the product satisfies:

∂xyz ≤ 0.00011 + 0.00060 + 0.00021 = 0.00092.

Hence, approximate absolute error in the product xyz satisfies

4xyz ≤ (0.00092)(9.4) ∼= 0.0086.

That is, |XY Z − xyz| ≤ 0.0086, i.e |XY Z − 9.4378| ≤ 0.0086. Hence, the exact
value XY Z lies in the interval [9.429, 9.446].

(3). A number X when rounded up to 3 decimal places is 7.361. Evaluate an
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approximation to X3 and discuss the error involved.
Solution: If X is rounded up to x = 7.361, then

4x ≤
1

2
10−3 = 0.0005.

X3 is approximated by x3 = (7.361)3 = 398.8507869.

Relative error ∂x ≤
0.0005

7.361
= 0.0000679. By Equation (1.6),

|X3 − x3| ≤ 3x3∂x = (3)(398.85079)(0.0000679) = 0.0799177.

The exact value of X3 lies in the interval:

398.85079− 0.0799177 ≤ X3 ≤ 398.85079 + 0.0799177.

That is, X3 ∈ [398.771, 398.931], correct to 3 decimal places.

1.7. Errors in the Values of a Function of One Variable
Suppose that the function y = f(x) is sufficiently differentiable in an interval [a, b].
Suppose further that due to a sufficiently small error4x in the independent variable
x, 4y is the corresponding error in the dependent variable y. Then, we have by
expanding f(x) in Taylor series,

4y + y = f(x +4x)

i.e 4y = f(x +4x)− y

= f(x +4x)− f(x)

=
[
f(x) +4xf

′
(x) +

1

2
42

xf
′′
(x) + · · ·

]
− f(x).

Thus,

4y = 4xf
′
(x) +

1

2
42

xf
′′
(x) + · · ·

If 4x is small enough and second and higher derivatives of f(x) are not excessively
large, then

4y = 4x|f
′
(x)|, f

′
(x) 6= 0. (1.7)
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Thus, the relative error in y is estimated as

∂y =
|f ′

(x)|
|f(x)|

4x, (1.8)

so that if f(x) are positive for all x, then

∂y = |[ln f(x)]
′|4x · · · (1.9)

In particular, for the basic elementary functions, we obtain the following relations:
(a) Power function: y = xa,

4y = |axa−1|4x (1.10)

Relative error is given by:

∂y = |axa−1

xa
|4x = |a|∂x. (1.11)

Equation (1.11) asserts for example that the relative error of the square x2 is twice

the relative error of the base x. The relative error of the square root x
1
2 is half of

the relative error of x. The relative error of the reciprocal 1
x

= x−1 is equal to that
of the number x itself.
(b)Exponential Functions:

y = ax, a > 0. (1.12)

By Equation (1.7), the absolute error of the exponential function is

4y = ax ln a4x (1.13)

The relative error of the exponential function is given by

∂y =
4y

ax
= 4x ln a (1.14)

Equation (1.14) asserts that the relative error of the function is proportional to the
absolute error of the argument x. Hence for the function y = ex, since ln e = 1, we
have

∂y = 4x. (1.15)

(c) Logarithmic Functions:
y = ln x (1.16)
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Absolute error in y :

4y =
1

x
4x = ∂x (1.17)

is equal to the relative error in x.
For the common logarithm,

y = log10 x, 4x = 0.4343∂x (1.18)

(d) Trigonometric Functions: sin x, cos x, we have the following relations:

4sin x = | cos x|4x ≤ 4x

and
4cos x = | sin x|4x ≤ 4x. (1.19)

However, for tan x and cot x, we have

4tan x = (1 + tan2 x)4x ≥ 4x

4cot x = (1 + cot2 x)4x ≥ 4x (1.20)

Examples: The numbers X and Y when rounded correctly rounded to 3 decimal
places are x = 0.359 and y = 0.745 respectively. Obtain approximations to cos X
and cos Y .
Solutions: (a) Approximation to cos X is cos x given by cos 0.359 = 0.936249. By
Equation (1.19),

4cos x = | cos X − cos x|
≤ | − sin x|4x

= |0.0005|| sin(0.359)| ∼= 0.0002

Therefore, cos X ∈ [0.9362− 0.0002, 0.9362 + 0.0002] = [0.936, 0.9364]
Hence, cos X = 0.936 correct to 3 decimal places.
(b) Similarly, cos y ∼= 0.735088, cos Y = 0.7351± 0.0003 or cos Y = 0.735 correct to
3 decimal places.
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1.8. Summary
We have developed techniques for evaluating absolute, relative errors in the approx-
imation of real and exact numbers. The lecture also dealt with error propagation in
the computation of the values of a function of one variable.

1.9. Post Test
(1) The number X when correctly rounded to 3 decimal places is 0.359. Evaluate
an approximation to cos X + sin X and discuss the errors involved.
(2) The numbers X, Y, Z when rounded to 3 decimal places are 4.701, 0.832 and

2.413 respectively.Evaluate approximations to
XY

Z
,

1

XY
, X ± Y, X4, Y 5, Z3 as

accurate as possible and discuss errors involved.
(3) The numbers X and Y when rounded to 4 significant digits are 37.26 and 0.5371

respectively. Evaluate approximations to
X

Y
, 2X , 4Y , eX , eY , log X,

ln Y, tan X, tan Y, X3, Y 4 as accurate as possible and discuss the errors involved
in the approximations.
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Lecture Two

Evaluation of Values of Functions

2.1. Introduction
In the process of using computers to evaluate functions given by formulae, the form
in which the formulae are written affect the accuracy and simplicity of evaluation
of the approximate functional values. It is necessary to represent mathematical
problem under consideration in the form of a sequence of elementary operations of
addition, substraction, multiplication and division which are the basic operations of
a computer. If we take into account the limited storage capacity of any computer
and the need for economic use of computational time, it is desirable to split up the
operations into repeating cycles and to choose the efficient algorithms. We shall
consider in this lecture, some typical techniques that reduce the computation of
some functional values to such cycles of elementary operations.

2.2. Objectives
The reader should be able to evaluate functional values as a sequence of elementary
basic operations of addition, substraction, multiplication and division.

2.3. Pre Test
(i) Evaluate the value of the function f(x) = 3x4 − 3x2 + x− 4 when x = 1.75.
(ii) Obtain the quotient and the remainder when the polynomial

f(x) = 2.31792x4 + 6.17843x3 − 4.40632x2 + 5.16931x− 9.76802

is divided by x + 3.47918. Use 6 significant figures throughout.

2.4. Horner’s Schemes for Computing Values of a Polynomial
Let

f(x) = a0x
n + a1x

n−1 + · · · an. (2.1)

be a polynomial of degree n with real coefficients ak, k = 0, 1, 2 · · ·n, a0 6= 0.
Suppose that it is required to find the value of this polynomial for x = ξ, i.e we are
required to evaluate f(ξ). The computation of f(ξ) is most conveniently performed
as follows. The formula (2.1) may be represented as

f(x) = (· · · ((((a0x + a1)x + a2)x + a3) + a4)x + · · · an). (2.2)

If we now put x = ξ and introduce the following numbers: b0 = a0, c1 = b0ξ, c2 =
b1ξ, c3 = b2ξ · · · cn = bn−1ξ where b1 = a1 + c1, b2 = a2 + c2 · · ·
bn = an + cn. Using (2.2), we get

bn = f(ξ) (2.3)
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We remark that the computation of the value of the polynomial f(x) for x = ξ is
reduced to repeating the following sequence of elementary operations:

ck = bk−1ξ, bk = ak + ck, k = 1, 2 · · ·n. (2.4)

Thus setting up the Horner’s scheme, we have the following table:

x = ξ a0 a1 a2 a3 · · · an−1 an

b0ξ b1ξ b2ξ · · · bn−2ξ bn−1ξ
b0 b1 b2 b3 · · · bn−1 [bn]

(2.5)
Notice that the computation of the values of the polynomial f(ξ) according to
Horner’s scheme requires the performing of n multiplications and n − k additions
where k is the number of coefficients ai of f(x) that are equal to zero. If a0 = 1, then
n− 1 multiplications are required to be performed. It is known that for computing
the values of polynomials of general form, it is impossible to construct a scheme
that is more economical as far as the number of operations is concerned, than the
Horner’s scheme.

3.5. Examples
(i) Compute the value of the polynomial f(x) = 3x5 + 5x4 + 8x2 + 7x + 4 when
x = −2.
Solution: Comparing f(x) with the general form of a polynomial of degree 5, we
have the following coefficients: a0 = 3, a1 = 5, a2 = 0, a3 = 8, a4 = 7, a5 = 4 and
ξ = −2. We set up the Horner’s scheme:

x = −2 3 5 0 8 7 4
−6 2 −4 −8 2

3 −1 2 4 −1 [6 = f(−2)]

(ii) Compute for x = −1.5, the value of the polynomial f(x) = x7−2x6 +x5−3x4 +
4x3 − x2 + 6x− 1.
Solution: Using Horner’s scheme, we have the coefficients of the polynomial given
by a0 = 1, a1 = −2, a2 = 1, a3 = −3, a4 = 4, a5 = −1, a6 = 6, a7 = −1. Thus we
set the Horner’s table:

x = −1.5 1 −2 1 −3 4 −1 6 -1
−1.5 5.25 −9.375 18.5625 −33.8438 52.2657 -87.3985

1 −3.5 6.25 −12.375 22.5625 −34.8438 58.2657 -88.3985
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Thus f(−1.5) = −88.3985.

2.6. Synthetic Division of a Polynomial
Consider a polynomial f(x) of degree n which is divided by a linear factor x − ξ.
Thus we can write:

f(x)

x− ξ
= q(x) +

R

x− ξ
, (2.6)

where R is the remainder and q(x) is the quotient polynomial. Multiplying (2.6)
both sides by (x− ξ), we have

f(x) = q(x)(x− ξ) + R. (2.7)

Equation (2.7) shows that at x = ξ, f(ξ) = R. The remainder R = 0 if x − ξ is a
factor of f(x).
We shall show through an example below that the numbers b0, b1, · · · bn−1 appear-
ing in the Horner’s table (2.5) are the coefficients of the polynomial q(x) obtained
as the quotient on dividing f(x) by the linear function x − ξ and the remainder
R = bn = f(ξ). Thus the Horner’s scheme enables us to determine the coefficients
of q(x) and the remainder f(ξ) without actually performing the operation of divi-
sion. This procedure is called the method of synthetic division.

Example
(i) Let f(x) = 2x3 − 5x2 − 3x + 4. Dividing f(x) by x − 0.5 by elementary long
division we q(x) = 2x2 − 4x− 5 with the remainder R = 1.5. Thus we can write

f(x)

x− 0.5
= (22 − 4x− 5) +

1.5

x− 0.5
(2.8)

We shall compare (2.8) with the evaluation of f(0.5) by Horner’s scheme. For the
Horner’s scheme, a0 = 2, a1 = −5, a2 = −3, a3 = 4. Thus we have the table:

x = 0.5 2 −5 −3 4
1 −2 −2.5

2 −4 −5 [1.5 = f(0.5)]

Thus from the table, b0 = 2, b1 = −4, b2 = −5 are the coefficients of q(x) given by
Equation (2.8) and the remainder R = f(0.5) = 1.5.

2.7. Evaluation of Some Transcendental Functions
Since some transcendental functions are many times differentiable on the set of real
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numbers, we shall employ Taylor series (or Maclaurin’s) expansion of such functions
f(x) in the form

f(x) =
∞∑

k=0

f (k)(0)

k!
xk (2.9)

where f (k)(x) is the kth derivative of f(x) and f (0)(x) := f(x). Taking the first n
terms in (2.9) we have the approximation: f(x) ∼= Pn(x) where

Pn(x) =
n∑

k=0

f (k)(0)

k!
xk (2.10)

The remainder of the series is given by

Rn(x) = f(x)− Pn(x) =
∞∑

k=n+1

f (k)(0)

k!
xk (2.11)

representing the errors due to replacing f(x) by the polynomial Pn(x). Estimating
the remainder enables us to determine the required number of terms in Pn(x) and
hence the degree n of the approximating polynomial Pn(x).

2.8. Remark
For computing the values of exponential functions, the following expansion holds:

ex =
∞∑

k=0

xk

k!
, −∞ < x < ∞.

It is convenient to perform computations using the following recurrent notation:

ex =
∞∑

k=0

Uk, Uk =
x

k
Uk−1, Sk = Sk−1 + Uk, k = 1, 2 · · ·n (2.12)

where U0 = 1, S0 = 1. The number Sn =
n∑

k=0

xk

k!
is the required approximate result

for ex. For the remainder Rn(x) of the series, the following estimate hold:

|Rn(x)| < |Un|, 0 < 2|x| ≤ n (2.13)

Therefore, we can terminate the summation process as soon as the last computed
term Un of the series is less by its modulus than the preassigned permissible error
ε > 0, i. e

|Rn(x)| < |Un| < ε, if only |x| ≤ n

2
. (2.14)
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Example (1) Find
√

e to within the accuracy of 10−5.
Solution: We use the formula

e
1
2 =

n∑
k=0

Uk + Rn(
1

2
). (2.15)

By Equation (2.12), U0 = 1, Uk =
Uk−1

2k
, k = 1, 2 · · ·n. The summands are com-

puted with two extra decimal digits, we have: U0 = 1, U1 = U0

2
= 0.5000000, U2 =

U1

4
= 0.1250000, U3 = U2

6
= 0.0208333, U4 = U3

8
= 0.0026042, U5 = U4

10
=

0.0002604, U6 = U5

12
= 0.0000217, U7 = U−6

14
= 0.0000016. Therefore S7 = 1.6487212

Rounding the sum to five decimal digits we get
√

e = 1.6487212.
Note: To compute the values of the exponential function f(x) = ax, a ≥ 0, we use
the formula ax = ex ln a.
For the computation of the values of Sine and Cosine functions, we make use of the
following power series expansion:

sin x =
∞∑

k=0

(−1)k x2k+1

(2k + 1)!
, −∞ < x < ∞ (2.16)

cos x =
∞∑

k=0

(−1)k x2k

(2k)!
, −∞ < x < ∞. (2.17)

Note that for large values of x, series (2.16) and (2.17) converge slowly, but taking
into consideration the periodicity of the functions and the reduction formulas for the
trigonometric functions, it is sufficient in most cases to know how to compute sin x
and cos x for x lying in the interval 0 ≤ x ≤ π

4
. The following recurrent formulas

can be used:

sin x =
n∑

k=1

Uk + Rn(x),

U1 = x, Uk+1 = − x2

2k(2k + 1)
Uk, k = 1, 2 · · ·n− 1. (2.18)

cos x =
n∑

k=1

Vk + Rn(x),

V1 = 1, Vk+1 = − x2

(2k − 1)(2k)
Vk, k = 1, 2 · · ·n− 1 (2.19)
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In the interval (0, π
4
), the remainder term R1(x) for the series (2.16) satisfies the

estimate:

|Rn| ≤
|x|2n+1

(2n + 1)!
= |Un+1| (2.20)

Analogously for the series (2.17), we

|Rn| ≤ |Vn+1|.
Hence, the process of computation of sin x and cos x may be terminated as soon as
|Un| ≤ ε for some preassigned permissible error ε > 0.
Example: (i) Compute sin 23◦ 54

′
to within the permissible error ε = 10−4.

Solution: We express the argument in radians retaining one extra digit. x =
0.41714 (radians). Using formula (2.18), we obtain

U1 = x = 0.41714, U2 = − x2U1

(2)(3)
= −0.01210

U3 = − x2U2

(4)(5)
= 0.00011, U4 = − x2U3

(6)(7)
= −0.00000.

Hence, rounding off the final result to 4 decimal digits, we have sin 23◦ 54
′
= 0.4052

(ii) Compute cos 17◦ 24
′
to within the accuracy of ε = 10−5.

Solution: Writing x = 0.30369 radians, we have by formula (2.19),

V1 = 1.000000, V2 = − x2

(1)(2)
V1 = −0.046114,

V3 −
x2

(3)(4)
V2 = 0.000354, V4 = − x2

(5)(6)
V3 = −0.000000

Hence cos 17◦ 24
′
= 0.95424.

(3) Computing the values of a Logarithmic Function
The following power series expansion is valid:

ln z = −2
∞∑

k=1

1

2k − 1
(
1− z

1 + z
)2k−1, 0 < z < ∞. (2.21)

Let x be a positive number. Representing it in the form x = 2mz where m is an
integer and 1

2
≤ z ≤ 1 and putting 1−z

1+z
= ξ, we get

ln x = ln 2mz = m ln 2 + ln z = m ln 2− 2
∞∑

k=1

1

2k − 1
ξ2k−1
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where 0 < ξ < 1
3
. Putting

Uk =
ξ2k−1

2k − 1
, k = 1, 2 · · ·n

we get the following recurrent notation

ln x = m ln 2− 2
n∑

k=1

Uk + Rn

U1 = ξ, Uk+1 =
(2k − 1)ξ2

2k + 1
Uk (2.22)

The summation process is terminated as soon as the inequality U < 4ε is satisfied,
where ε > 0 is the permissible error.

Example: Find ln 5 within accuracy of ε = 10−6.

We shall carry out the computations with extra digits. We can write 5 = (23)(0.625).
Hence , z = 0.625 and ξ = 1−z

1+z
= 0.375

1.625
= 0.23076923. Using Equation (2.22), we

have

U1 = ξ = 0.23076923, U2 =
ξ3

3
= 0.00409650,

U3 =
ξ5

5
= 0.00013089, U4 =

ξ7

7
= 0.00000498.

Thus,
U1 + U2 + U3 + U4 = 0.23500160.

Hence
ln 5 = (3)(0.69314718)− 2(0.23500160) = 1.609438.

2.8. Summary
We have developed in this lecture, techniques for efficient computations of values of
polynomial functions using the Horner’s schemes and synthetic division of polyno-
mials with linear functions. This lecture also developed techniques for evaluation
of some transcendental functions by making use of Taylor and Maclaurin’s series
expansions of these functions.

2.9. Post Test
(1) Given the polynomial:

f(x) = a0x
4 + a1x

3 + a2x
2 + a3x + a4,
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find the values of f(x) for x = 3.25 when the coefficients ai, i = 0, 1, 2, 3, 4 are given
by the following table:

a0 a1 a2 a3 a4

(i) 7.54 11.08 3.82 0.44 -0.48
(ii) 9.36 12.69 14.39 0.79 -0.94
(iii) 12.78 14.35 17.19 1.34 -1.72
(iv) 15.65 17.58 21.70 2.78 1.34
(v) 2.79 9.85 14 .15 5.38 7.24
(vi) 8.34 -7.75 4.53 -9.29 5.79

(2) Write down the quotient polynomial obtained by dividing each of the six poly-
nomials in Question (1) above by the linear function x− 3.25.

(3) Given the polynomial

f(x) = 0.22x5 − 3.27x4 − 2.74x3 + 2.81x2 − 3.36x + 2,

find the values of f(ξ) by Horner’s scheme where ξ = 0.80 + 0.05k, k = 0, 1, 2 · · · 10
and write down the quotient polynomial q(x) where

f(x) = q(x)(x− ξ) + R.

(4) By using the power series expansions, form the tables of values of the following
functions within the indicated accuracy ε > 0.

(a) ex, x = 0.300 + 002k, k = 0, 1, 2 · · · 14, ε = 10−5

(b) e−x, x = 1.35 + 0.01k, k = 0, 1, 2 · · · 14, ε = 10−5

(c) ex2

, x = 0.50 + 0.02k, k = 0, 1, 2 · · · 15, ε = 10−5

(d) e−x2

, x = 1.30 + 0.01k, k = 0, 1, 2 · · · 15, ε = 10−5

(5) By employing the expansions of sin x and cos x in power series, compile the tables
of values of the following functions accurate to 10−5.

(a) sin x, x = 0.345 + 0.005k, k = 0, 1 · · · 15

(b) cos x, x = 1.75 + 0.01k. k = 0, 1 · · · 15
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(c)
sin x

x
, x = 0.04 + 0.01k, k = 0, 1, 2 · · · 15

(d)
cos x

x
, x = 0.25 + 0.01k, k = 0, 1, 2 · · · 15

(6) Compute the values of ln x, x ∈ {6, 10, 15, 18} correct within an accuracy of
ε = 10−5.
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Lecture Three

Iterative Procedures for Finding Roots of Functions

3.1. Introduction
Many problems in application require the computation of approximate roots of equa-
tion f(x) = x. Here the function f(x) could be polynomial in x or a transcendental
function or any other real valued nonlinear function of a single variable x or a com-
bination of them. More often than not, analytical procedures for finding the exact
roots are rarely available. Hence the need for an approximate solution. Suppose it is
required to find the roots of the quadratic polynomial f(x) = 2x2−4x−3. We need
to solve the equation 2x2−4x−3 = 0. By applying the elementary formula method,
the roots λ1, λ2 are given by 1

4
(4±

√
40). However, if f(x) = 2x4 +x3−3x2 +4x−1

or f(x) = x − 2 sin x, there are no known formula to obtain the exact roots. It
is our purpose in this lecture to obtain numerical approximation (to any required
accuracy) to the roots of such functions. We shall employ the method of iteration
to perform the task.

3.2. Objectives. The reader should be able to apply iterative procedures for
the computation of the roots of some real valued functions. Such functions are
polynomials, rational, transcendental, exponential and logarithmic functions and a
combination of them.

3.3. Pre Test
Find the roots of the following functions:
(i) f(x) = x2 − 2x− 3
(ii) f(x) = x3 − 3x2 + 4x− 2
(iii) f(x) = sin x + cos x + 1

2
x2.

3.4. Simple Iteration
To find the roots of the function f(x) (or equivalently the solution of the equation
f(x) = 0), a starting point can be obtained from either the sketch or the table of
values of the graph of f(x). If the given equation f(x) = 0 is rewritten in the form
x = Φ(x), i.e f(x) ≡ x − Φ(x) = 0, then successive iterates xn are obtained as
follows:

x1 = Φ(x0), x2 = Φ(x1), · · ·xn+1 = Φ(xn).

Example: As an illustration, consider the equation f(x) = 2x3 − 7x + 2 = 0. The
table of values of f(x) for x ∈ {−2,−1, 0, 1, 2} shows that f(x) changes sign for the
values of x lying in the interval (0, 1) and (1, 2). Since f(x) is continuous,then f(x)
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must have roots in these intervals. The equation 2x3− 7x + 2 = 0 may be rewritten
in the form: x = 2

7
(x3 + 1). In this case, the function Φ(x) = 2

7
(x3 + 1). We shall

attempt to determine the root λ that lies in the interval (0, 1) by using x0 = 1 and
the formula

xn+1 =
2

7
(x3

n + 1),

we have:

x1 =
2

7
(13 + 1) = 0.571, (3 decimal places)

x2 =
2

7
((0.571)3 + 1) = 0.339, · · · etc.

Thus in tabular form, we have:

n xn x3
n

2
7
(x3

n + 1) xn+1

0 1 1 0.571 x1

1 0.571 0.186 0.339 x2

2 0.339 0.039 0.297 x3

3 0.297 0.026 0.293 x4

4 0.293 0.025 0.293 x5

5 0.293

The process converged to 0.293. Exact root λ = 1 − 1
2

√
2 = 0.292893. Greater

accuracy in the iterated solution can be obtained by retaining more figures in the
calculation.
As seen earlier, the equation f(x) = 2x3 − 7x + 2 = 0 has another positive root in
the interval (1,2). Using the same iteration formula xn+1 = 2

7
(x3

n + 1) with x0 = 2,
we generate the following table:

n xn x3
n

2
7
(x3

n + 1) xn+1

0 2 8 2.571 x1

1 2.571 16.994 5.141 x2

2 5.141 135.876 39.107 x3

3 39.107

It can be seen from the table that the iteration diverges. So the process will not
give the root λ2 that lies in the interval (1, 2) no matter the number of iterations.
This example shows that not all iteration processes with any initial approximation
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lead to convergence.
Rewriting the equation 2x3 − 7x + 2 = 0 in the form

x =
7x− 2

2x2
, x 6= 0

leads to the iteration process

xn+1 =
7xn − 2

2x2
n

, xn 6= 0.

Taking x0 = 2, we have the table:

n xn x2
n 7xn − 2 2x2

n
7xn−2
2x2

n
= xn+1

0 2 4 12 8 1.5
1 1.5 2.25 8.5 4.50 1.889
2 1.889 3.568 11.223 7.136 1.573
3 1.573 2.474 9.011 4.948 1.821
- - - - - -
- - - - - -

22 1.709 2.922 9.963 5.844 1.705
23 1.705 2.908 9.935 5.816 1.708
24 1.708 2.918 9.956 5.836 1.706
25 1.706 2.911 9.942 5.822 1.708
26 1.708

The process converges although the third decimal place has not been completely
determined. Notice also that the convergence is slow in comparison with the previous
convergent example. The exact root in the present case is 1 + 1

2

√
2 = 1.707106.

Notice that the given equation may also be written in any of the following form:

x =
(

7x− 2

2x

) 1
2

or

x =
(

7x− 2

2

) 1
3

.

These lead to the iteration formulas

xn+1 =
(

7xn − 2

2xn

) 1
2
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and

xn+1 =
(

7xn − 2

2

) 1
3

that we might consider also.

3.5. Convergence of Iteration Processes

As seen in the examples above, the success of an iterative process for a particu-
lar root λ depends on (i) the starting value used and (ii) the iteration formula used.
It would be very useful if we could determine before commencing the iterations,
whether or not a particular formula and starting value are likely to yield a sequence
of convergent iterates and their rate of convergence. This is important because of
the need to save computational time and efforts.

A root λ of the equation f(x) = 0 satisfies f(λ) = 0 and therefore λ = Φ(λ),
where Φ(x) is the iteration function. A root of the given equation is the x coor-
dinate of the point of intersection of the line y = x and the curve y = Φ(x). It
is straightforward to show that the iteration processes converge if the slope of the
curve y = Φ(x) is less than the slope of the line y = x, i.e d

dx
Φ(x) < 1. A necessary

condition for convergence of the process xn+1 = Φ(xn) to a root λ is that

|Φ′
(λ)| < 1.

Furthermore, it can be shown that if Φ maps an interval I containing a root λ into
itself, then the validity of the inequality |Φ′

(x)| < 1 on I is a sufficient condition for
convergence to the root λ of the iteration process and any starting point x0 ∈ I.

Example (i). Consider again the equation 2x3 − 7x + 2 = 0.
For the formula: xn+1 = 2

7
(x3

n + 1), we have Φ(x) = 2
7
(x3 + 1) and Φ

′
(x) = 6

7
x2. So

for any x ∈ [0, 1], Φ
′
(x) < 1 and so the iteration processes generated by the formula

converges to a root λ ∈ [0, 1] for any starting point x0 ∈ [0, 1].

(ii). If λ represent the larger root lying in the interval (1, 2) then |Φ′
(λ)| > 1.

In fact, Φ
′
(x) > 1∀x >

√
7
6
∼= 1.1. Therefore, the iteration process will not generate

a convergent sequence whatever the initial approximation x0.

(iii). For the formula: xn+1 = 7xn−2
2x2

n
, we have Φ(x) = 7x−2

2x2 , Φ
′
(x) = 4−7x

2x3 . Hence,

|Φ′
(x)| > 1 for all x ∈ (0, 1

2
]. Therefore for smaller positive root of the equation, the

process xn+1 = Φ(xn) is unsuitable.
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We have seen that for x0 = 1, the process failed to converge. However, Φ
′
(x)| < 1

for all x ∈ [1.5, 2] and so for any starting value x0 in this interval, the process will
converge to the root that lies in [1.5, 2].

(iv) For the formula: xn+1 =
(

7xn−2
2

) 1
3 , Φ(x) ==

(
7x−2

2

) 1
3 and Φ

′
(x) = 7

6
( 2

7x−2
)

2
3 ,

and so for all x in (2
7
, 1

2
], |Φ′

(x)| > 1, and so the formula is unsuitable for smaller

root. Also, |Φ′
(x)| < 1 for all x in [3

2
, 2] which contains the larger root and so for

any x0 in the interval [3
2
, 2], convergence will be achieved.

Example: Determine an approximation to the only real solution of the equation
f(x) = x3 − x2 − x− 3 = 0.

Solution:We first construct a table of values as follows:

x -3 -2 -1 0 1 2 3 4
f(x) -36 -13 -4 -3 -4 -1 12 41

From the table, the required real root λ of the polynomial equation lies between
x = 2 and x = 3. i.e λ ∈ (2, 3). Since f(2) = −1 and f(3) = 12, and being a
continuous function, it follows that the curve must cross the X-axis in the interval.
That is there exists a point λ ∈ (2, 3) such that f(λ) = 0.
Rewriting the equation f(x) = 0 in the form x = x3 − x2 − 3, we consider the
iterative formula: xn+1 = Φ(xn) where Φ(x) = x3− x2− 3. Thus, Φ

′
(x) = 3x2− 2x.

So for all x in (2, 3), |Φ′
(x)| > 1. So this formula is not suitable for finding the

root. Again rewriting f(x) = 0 in the form x = 1 + 1
x

+ 3
x2 and consider the formula

xn+1 = 1 + 1
xn

+ 3
x2

n
where Φ(x) = 1 + 1

x
+ 3

x2 . Then Φ
′
(x) = − 1

x2 − 6
x2 . Therefore

for all x in the interval [2, 3], Φ
′
(x) ∈ [−1,−1

3
] and so |Φ′

(x)| < 1 for all x ∈ (2, 3].

The formula xn+1 = 1 + 1
xn

+ 3
x2

n
with any starting value x0 in the interval (2, 3)

will generate a convergent sequence of approximations to the root. However, if the
root is close to 2 and since Φ(2)| = 1, we might expect that the convergence of this
formula would be slow.
Again rewriting the equation as x = (x2 +x+3)

1
3 and consider the formula: xn+1 =

(x2
n + xn + 3)

1
3 = Φ(xn), where Φ(x) = (x2 + x + 3)

1
3 and Φ

′
(x) =

2x + 1

3(x2 + x + 3)
2
3

.

In the interval (2, 3), we shall estimate the values of Φ
′
(x) as follows: The numerator

N(x) = 2x + 1 has maximum value of N(3) = 2(3) + 1 = 7 in the interval (2,3).

The denominator D(x) = 3(x2 + x + 3)
2
3 has a minimum value of D(2) = 3(9)

2
3 in
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the interval so that Φ
′
(x) = N(x)

D(x)
has a maximum value of

7

3(9)
2
3

=
7

3(81)
1
3

<
7

3(4)
< 1.

Hence
max

x∈(2,3)
Φ
′
(x) < 1.

Therefore, the formula xn+1 = Φ(xn) with any x0 in [2,3] will yield a convergence
sequence of approximation to the root. Again, since

Φ
′
(2) ∼=

5

3(9)
2
3

∼= 0.385 < 1,

convergence will be faster than the previous case. For x0 = 2.5, we have the following
table of iterates:

n xn x2
n x2

n + xn + 3
0 2.5 6.25 11.75
1 2.274 5.171 10.445
2 2.186 4.778 9.964
3 2. 152 4.631 9.783
4 2.139 4.576 9.715
5 2.134 4.554 9.688
6 2.132 4.546 9.678
7 2.131 4.541 9.672
8 2.131

The formula converged faster.
Note: Small errors in the calculation are not too important in that they will not
normally prevent convergence. They may result in it being necessary to repeat the
iteration process a few more time to obtain convergence. It may even reduce the
number of iteration to obtain convergence.
Furthermore,if a result is required to a large number of significant figure, it is not
necessary to use this large number of significant figure in all calculations right from
the beginning. We might start by using 2 significant figures until the process has
converged to this accuracy and then start using 6 or more significant figures and so
on. Although an iteration process xn+1 = Φ(xn) with starting value x0 to determine
a value λ may converge when working to a given number of decimal places to a value
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U such that U = Φ(U) to this number of decimal places, it does not follow that U
approximates λ to the same number of decimal places. If a root λ is required to d
decimal places, then the iterative process should be continued until convergence is
obtained to d + 1 decimal places.

3.6. Order of Iteration Processes
We shall consider in more mathematical details, the convergence of an iteration
process and ways in which convergence can be speeded up.
If λ is a root of the equation f(x) = 0, then using the formula xn+1 = Φ(xn), we
have λ = Φ(λ). Let en = xn − λ , i.e the error in the nth iterate xn. Then

xn = λ + en and xn+1 = λ + en+1.

But
xn+1 = Φ(xn) = Φ(λ + en).

Expanding by Taylor’s series about λ (provided that Φ satisfies the conditions of
Taylor’s series expansion), we have

xn+1 = Φ(λ) + enΦ
′
(λ) +

1

2
e2

nΦ
′′
(λ) + · · ·

Therefore

λ + en+1 = Φ(λ) + enΦ
′
(λ) +

1

2
e2

nΦ
′′
(λ) + · · ·

= λ + enΦ
′
(λ) +

1

2
e2

nΦ
′′
(λ) + · · ·

Therefore

en+1 = enΦ
′
(λ) +

1

2
e2

nΦ
′′
(λ) + · · ·

If the process converges, then |en+1| < |en| and so when n is sufficiently large to
make en small, we have

en+1
∼= enΦ

′
(λ)

provided that Φ(λ) 6= 0. In this case, the process is said to be first order. A necessary
condition for convergence is that |Φ′

(λ)| < 1. This follows from the fact that

|en+1| ∼= |enΦ
′
(λ)| ≤ |en||Φ

′
(λ)| < |en|,

provided that |Φ′
(λ)| < 1.

The rate of convergence will increase as |Φ′
(λ)| decreases. If |Φ′

(λ)| is close to 1
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(but less) convergence will be slow. If |Φ′
(λ)| is very much less than 1, convergence

will be faster. Again, if Φ
′
(λ) = 0, then we have

en+1
∼=

1

2
e2

nΦ
′′
(λ)

provided that Φ
′′
(λ) 6= 0. In this case, the process is said to be second order. So if

the iteration is close to the root (en small) then the errors in the subsequent iterates
will decrease rapidly. Higher order processes can be similarly defined.

Examples: (i). Consider the methods which have already been found to converge
to positive roots of 2x4 − 7x + 2 = 0.
Let λ1, λ2 be the real roots such that λ1 ∈ (0, 1) and λ2 ∈ (1, 2).
(i) The process: xn+1 = 2

7
(x3

n + 1) is first order because

Φ
′
(λ1) =

6

7
λ2

1 6= 0

since λ1 6= 0.

(ii) The process xn+1 =
(

7xn−2
2

) 1
3 is also first order since

Φ
′
(λ2) =

7

6

(
2

7λ2 − 2

) 2
3

6= 0.

3.7. Summary
We have developed, analyzed, and applied simple iteration processes for computing
approximate roots of the equation f(x) = 0. This lecture considered only methods
of first order.

3.9. Post Test
(1) Use suitable convergent iteration formula to obtain a root of the equation (i)
f(x) = x3 + x− 1

2
= 0, x0 = 0.

(ii) f(x) = sin x + x− 1 = 0, x0 = 1, correct to 3 decimal places.

(2) Verify the convergence or otherwise of the following iteration formulas

(a) xn+1 =
2

7
(x3

n + 1), x0 = 1, and x0 = 2.

(b) xn+1 =
7xn − 2

2x2
n

, x0 = 1, and x0 = 2.
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(c) xn+1 =
(

7xn − 2

2xn

) 1
2

, x0 = 1, x0 = 2.

(d) xn+1 =
(

7xn − 2

2

) 1
3

, x0 = 1, x0 = 2.

(3) The formula: xn+1 = 1
2
− x3

n, x0 = 0 is convergent to a root λ of the equation

x3 + x− 1
2

= 0. Determine the interval I of the root such that by using the formula
and for any starting point x0 ∈ I, convergence will be guaranteed.

(4) Is the formula given by

xn+1 =
1
2
− xn

x2
n

convergent to the root of the equation in (3) above and for any x0? Take x0 = 0.4,
evaluate x1, x2, x3.

(5) By considering the interval [1
3
, 1

2
) containing a root and taking x0 = 0.4 con-

sider the formula in (4) again.

(6) Show that the equation sin x − x + 1
2

= 0 has a root in the interval (0, π
2
).

Determine the root, correct to 4 significant figures.

(7) Show that the equation x3 − 10x + 4 = 0 has one root in each of the intervals:
[−4,−3], [0, 1] and [2, 3]. Show that the formula xn+1 = 1

10
(x3

n + 4), x0 ∈ [0, 1]
will generate a convergent iterates for the root in [0, 1]. Is the formula suitable for
determining either of the other two roots ? Set up a convergent iterative scheme for
the roots and determine the order of the iteration process.

References

[1] Atkinson, Kendall (1985). Elementary Numerical Analysis , John Wiley, New
York.

[2] Atkinson, Kendall E. (1988.) An Introduction to Numerical Analysis, 2nd
Edition, John Wiley, New York.

[3] Bennet, William Ralph (1976). Introduction to Computer Applications for
Non Science Students, Prentice Hall, N.J.

29



[4] Chapra, Steven C. (1985). Numerical Methods for Engineers: with personal
Computer Applications, McGraw-Hill, New York.

[5] Golub, Gene H. and Charles F. VanLoan (1989). Matrix Computations, The
John Hopskins University Press, Baltimore Md.

[6] Greenspan, Donald, and Vincenzo Casulli(1988). Numerical Analysis for Ap-
plied Mathematics, Science and Engineering, Addison-Wesley, Reading, Mass.

[7] Hager, William W. (1988). Applied Numerical Linear Algebra, Prentice Hall,
N.J.

[8] Henrici, Peter (1982). Essentials of Numerical Analysis with Pocket Calculator
Demonstrations, John Wiley, New York.

[9] Maron, Melvin J. and Robert J. Lopez. (1991). Numerical Analysis: A prac-
tical Approach, 3rd Edition, Wadsworth, California.

[10] Tuma, Jan J. (1989). Handbook of Numerical Calculations in Engineering,
McGraw- Hill , New York.

30



Lecture Four

Newton - Raphson Method For Finding
Roots of Functions

4.1. Introduction

This lecture is devoted to a popular second order method called the Newton-Raphson
method for computing approximate roots of functions. This method is applicable to
functions that are well behaved in terms of continuity and differentiability in their
domains of definition. As we shall see later, the rate of convergence is faster than
the ordinary simple iteration processes considered in the last lecture. We shall in
what follows, develop, analyze and apply the Newton-Raphson schemes.

4.2. Objectives
The reader should be able to develop and apply Newton-Raphson method for compu-
tation of approximate roots of functions. Readers should be able to employ softwares
such as MATLAB program to evaluate the Newton-Raphson schemes.

4.3. Pre -Test
(1) Find the roots of the equation f(x) = x2−x+2 = 0 by simple iteration processes.
Use x0 = 1.5 and compute x1, x2, x3.

4.4. Definition.
Suppose that the equation f(x) = 0 has a root λ in an interval [a, b]. Suppose
further that the function f : [a, b] → IR is twice continuously differentiable on the
interval. If f

′
(λ) 6= 0, then the Newton-Raphson scheme for computing the root λ

is given by

xn+1 = xn −
f(xn)

f ′(xn)
, n = 0, 1, 2 · · · (4.1)

4.5. Remark: In comparison with the simple iteration processes in the last lecture,
the iteration function is given by

Φ(x) = x− f(x)

f ′(x)
=

xf
′
(x)− f(x)

f ′(x)
(4.2)

Here, the function Φ(x) is called the Newton-Raphson iteration function.

4.6. The Newton-Raphson Theorem
In what follows, we let C2[a, b] denotes the space of twice continuously differentiable
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real valued functions on the interval [a, b]. We present the following theorem.

Theorem: Assume that f ∈ C2[a, b] and there exists a root λ ∈ [a, b] satisfying
f(λ) = 0. If f

′
(λ) 6= 0, then there exists a δ > 0 such that the sequence of iterations

generated by the process (4.1) converge to the root λ for any initial approximation
x0 ∈ [λ− δ, λ + δ].

Proof: Since f ∈ C2[a, b], we can expand f(x) by Taylor’s formula about the
point x = x0 to get:

f(x) = f(x0) + (x− x0)f
′
(x0) +

(x− x0)
2

2!
f
′′
(ξ), (4.3)

where ξ ∈ (x0, x). Substituting for x = λ in (4.3) and using the fact that f(λ) = 0,
we have:

0 = f(x0) + (λ)f
′
(x0) +

(λ− x0)
2

2!
f
′′
(ξ). (4.4)

If x0 is close enough to λ, the last term in (4.4) will be small compared to the sum
of the first two terms at the right hand side. Hence the last term can be neglected
leading to the approximation:

0 ∼= f(x0) + (λ− x0)f
′
(x0). (4.5)

Solving for λ in equation (4.5), we get:

λ ∼= x0 −
f(x0)

f ′(x0)
. (4.6)

Equation (4.6) is used to define the next approximation x1 to the root λ, i.e

x1 = x0 −
f(x0)

f ′(x0)
. (4.7)

When xn is used in place of x0 in (4.7) the general Newton-Raphson scheme (4.1)
is established.

4.7. Remark: Differentiating the iteration function Φ(x) = x − f(x)

f
′
(x)

given by

Equation (4.2) we have

Φ
′
(x) = 1− f

′
(x)f

′
(x)− f(x)f

′′
(x)

(f ′(x))2

32



=
f(x)f

′′
(x)

(f ′(x))2
. (4.8)

Notice that the right hand side of Equation (4.8) is obtained by applying quotient

rule of differentiation to the function f(x)

f ′ (x)
. By putting x = λ in Equation (4.8) and

noting that f(λ) = 0, then we have

Φ
′
(λ) =

f(λ)f
′′
(λ)

[f ′(λ)]2
= 0. (4.9)

Thus, Φ
′
(λ) = 0 and notice that Φ

′
(x) is continuous at x = λ. By this continuity at

λ, given ε = 1 > 0, we can find a δ = δ(ε) > 0 such that

|Φ′
(x)− Φ

′
(λ)| < 1, whenever |x− λ| < δ.

That is, there exists δ > 0 such that

|Φ′
(x)| < 1, ∀ x ∈ (λ− δ, λ + δ).

We conclude that a sufficient condition for x0 to initialize a convergent sequence
of iterates {xn} which converges to a root λ of the equation f(x) = 0 is that
x0 ∈ (λ− δ, λ + δ) and that δ be chosen so that

|Φ′
(x)| = |f(x)f

′′
(x)|

|f ′(x)|2
< 1, ∀ x ∈ (λ− δ, λ + δ). (4.10)

Example
The height y = f(t) of a projectile fired from the origin at time t seconds satisfies

y = f(t) = 4800(1− e−
t
10 )− 320t (4.11)

and its range (horizontal displacement from the origin) satisfies

x = R(t) = 1600(1− e−
t
10 ). (4.12

Find the elapsed time until impact and find the range.

Solution: The elapsed time is when the height becomes zero. We shall compute the
root of the equation f(t) = 0. Since f(8) = 83.220972 and f(9) = −31.534367, the
elapsed time t = λ lies in the interval (8, 9). So we can use the initial estimate t0 = 8.

The derivative of f(t) is f
′
(t) = 480e−

t
10 −320 and f

′
(t0) = f

′
(8) = −104.3220972 is

used to compute t1 = 8.797731010 in formula (4.1). The following is the summary
of the computation.

Finding The Time When Height f(t)=0
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n tn tn+1 − tn f(tn)
0 8.00000000 0.79773101 83.22097200
1 8.79773101 -0.05530160 -6.68369700
2 8.74242941 -0.00025475 -0.03050700
3 8.74217467 -0.00000001 -0.0000010
4 8.74217466 0.00000000 0.00000000

4.8 MATLAB Program: We shall briefly describe the MATLAB software pro-
gram for approximating the root of f(x) = 0, given one initial approximation x0

and using the Newton-Raphson method:

xk = xk−1 −
f(xk−1)

f ′(xk−1)
, k = 1, 2 · · ·

is given as follows:

function [x0, err, k, y] = newton (f, df, x0, delta, epsilon, max 1)
% Input- f is the object function input as a string

′
f
′

% - df is the derivative of f input as a string
′
df

′

% - x0 is the initial approximation to a zero of f
% - delta is the tolerance for x0

% - epsilon is the tolerance for the function values y
% -max 1 is the maximum number of iterations
% Output - x0 is the Newton-Raphson approximation to zero
% - err is the error estimate for x0

% k is the number of iterations
% y is the function value f(x0)
for k = 1 : max 1
x1 = x0 − feval (f, x0)/feval(df, x0);
err = abs(x1 − x0);
relerr = 2 ∗ err/(abs(x1) + delta);
x0 = x1;
y = feval(f, x0);
if (err < delta) |(relerr < delta)|(abs(y) < epsilon),
break, end
end.

4.9. Summary
This lecture deals with the development, analysis and application of Newton-Raphson
method for computing approximate solution of equation y = f(x). We have also
introduced the MATLAB program for computer application and we have shown that
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the method is second order.

4.10. Post Test
(1) Let f(x) = x2 − x + 2. Set up the Newton-Raphson scheme (4.1) by using
x0 = −1.5 and compute x1, x2, x3.

(2) For the function f(x) = cos x, use the Newton-Raphson formula to compute
the root 3

2
π of f(x) = 0. Can we use x0 = 3 or 5 ? Justify your answers.

(3) Set up the N-R scheme to solve the Post -Test problems in the last lecture.
Compare the rate of of convergence and compute your answers to 8 decimal places.
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Lecture Five

Direct Methods For Solving Linear
Systems of Equations

5.1. Introduction
Linear systems of equations occur very frequently in physical applications. This
lecture is devoted to the solutions of such systems of equations. We shall discuss
direct methods otherwise known as exact methods of solutions.

5.2. Objectives
The reader should be able to solve linear systems of equations directly. In addition,
the reader should be able to apply computer software programs to solve linear sys-
tems.

5.3. Pre -Test:
(1) Solve the system of equations

12x + 13y = 10

x− 1

2
y = 4

(2) Solve the equations:

0.125x + 0.200y + 0.400z = 2.3
0.375x + 0.510y + 0.600z = 4.8

0.500x + 0.300y + 0.z = 2.9

5.4. Direct Methods of Solving Linear Systems
5.4.1 Matrices
A matrix is a rectangular array of numbers that is arranged systematically in rows
and columns. A matrix having m rows and n columns is called an m×n matrix. We
shall use capital letters A, B, · · ·C to denote matrices and lower case subscripted
letters such as aij, bij, cij to denote one of the numbers forming the matrices
A, B, C · · ·. We shall write

A = [aij]m×n, 1 ≤ i ≤ m, 1 ≤ j ≤ n.
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Here, aij is the number lying in the location (i, j), i.e the number stored in the ith
row and jth column as follows:

a11 a12 · · · a1j · · · a1n

a21 a22 · · · a2j · · · a2n

· · · · · · · · · · · · · · · · · ·
ai1 ai2 · · · aij · · · ain

· · · · · · · · · · · · · · · · · ·
am1 am2 · · · amj · · · amn


.

We note here that the rows of an m× n matrix A are n- dimensional vectors

Vi = (ai1 ai2 · · · ain), i = 1, 2 · · ·m.

They can also be viewed as 1× n matrices.

5.4.2. Operations on Matrices
(i) Let A = [aij]m×n and B = [bij]m×n be two matrices of the same dimensions. Then
A = B if and only if the entries aij = bij for
1 ≤ i ≤ m, 1 ≤ j ≤ n.

(ii) The sum A + B = [aij + bij]m×n

(iii) −A = [−aij]m×n

(iv) A−B = [aij − bij]m×n

(v) cA = [caij]m×n

(vi) If p and q are scalars, then pA + qB = [paij + qbij]m×n

(vii) B + A = A + B - Commutative property

(viii) 0 + A = A + 0 = A- additive identity.

(ix) A− A = A + (−A) = 0, - additive inverse.

(x) (A + B) + C = A + (B + C)- associative property

(xi) (p + q)A = pA + qA - Distributive property for scalars p, q

(xii) p(qA) = (pq)A- Associative property for scalars.
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(xiii) The transpose AT of A is the n×m matrix obtained from A by converting the
rows of A to column of AT . That is if A = [aij]m×n, AT = [bij]n×m, then

bji = aij, 1 ≤ i ≤ m, 1 ≤ j ≤ n.

5.4.3. Linear Systems
This is the system of m equations in n unknowns of the form:

a11x1 + a12x2 + · · · a1nxn = b1

a21x1 + a22x2 + · · · a2nxn = b2

...
...

...
ak1x1 + ak2x2 + · · ·+ aknxn = bk

· · · · · · · · ·
am1x1 + am2x2 + · · · amnxn = bm

(5.1)

A solution to the system (5.1) is a set of numerical values x1, x2, · · ·xn that satisfies
all the equations in(5.1) simultaneously. Hence, a solution can be seen as an n -
dimensional vector X = (x1, x2, · · ·xn).

Example: Concrete (used by civil engineers for constructing sidewalks, pillars etc)
is a mixture of cement, sand, gravel and water as solvent. A distributor has three
batches available for building engineers. Batch 1 contains cement, sand and gravel

mixed in the proportion
1

8
,

3

8
,

4

8
; batch 2 has the proportions

2

10
,

5

10
,

3

10
and batch

3 has the proportion
2

5
,

3

5
,

0

5
. Let x − 1, x2, x3 denote the amount (in m2) to be

used from each batch to form a mixture of 10 cubic meters. Also suppose that the
mixture is to contain b1 = 2.3, b2 = 4.8 and b3 = 2.9 cubic meters of cement, sand
and gravel respectively. Then the system of linear equations of the ingredients is
given by:

Cement : 0.125x1 + 0.200x2 + 0.400x3 = 2.3
Sand : 0.375x1 + 0.500x2 + 0.600x3 = 4.8
Gravel : 0.500x1 + 0.300x2 + 0.000x3 = 2.9

(5.2)
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The solution to the linear system (5.2) is given by x1 = 4, x2 = 3, x3 = 3, which
can be verified by direct substitution:

Cement : 0.125(4) + 0.200(3) + 0.400(3) = 2.3
Sand : 0.375(4) + 0.500(3) + 0.600(3) = 4.8
Gravel : 0.500(4) + 0.300(3) + 0.000(3) = 2.9

Matrix Multiplication

Definition: If A = [aik]m×n and B = [bkj]n×p are two matrices with the prop-
erty that A has as many columns as B has rows, then the matrix product AB of A
and B is the matrix C of dimension m× p satisfying

AB = C = [cij]m×p

where

cij =
n∑

k=1

aikbkj

= ai1b1j + ai2b2j + · · ·+ ainbnj, i = 1, 2 · · ·m; j = 1, 2 · · · p (5.3)

Example: Find the product C = AB where A =

[
2 3
−1 4

]
and B =

[
5 −2 1
3 8 −6

]
.

The matrix A has two columns and B has two rows, so the matrix product AB
is a 2× 3 matrix C = AB given by[

2 3
−1 4

] [
5 −2 1
3 8 −6

]

=

[
10 + 9 −4 + 24 2− 18
−5 + 12 2 + 32 −1− 24

]
=

[
19 20 −16
7 34 −25

]
Notice that the product BA is not defined.

By using column vectors for both the vector X = (x1x2 · · ·xn)T and B = (b1b2 · · · bn)T ,
the linear system of equations (5.1) can be written as matrix product:

AX =


a11 a12 · · · a1n

a21 a22 · · · a2n

· · · · · · · · · · · ·
ak1 ak2 · · · akn

· · · · · · · · · · · ·





x1

x2

· · ·
xj

· · ·
xn


=



b1

b2

· · ·
bj

· · ·
bm


= B.
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Example: Express the linear system (5.2) as a matrix product and use matrix
multiplication to verify that [4, 3, 3]T is the solution of (5.2).
Solution: The linear system (5.2) may be written:

AX =

 0.125 0.200 0.400
0.375 0.500 0.600
0.500 0.300 0.000


 x1

x2

x3

 =

 2.3
4.8
2.9

 .

To verify that [4, 3, 3]T is the solution of (5.2), we must show that A[4 3 3]T =
[2.3 4.8 2.9]T . Thus, we have: 0.125 0.200 0.400

0.375 0.500 0.600
0.500 0.300 0.000


 4

3
3

 =

 0.5 + 0.6 + 1.2
1.5 + 1.5 + 1.8
2.0 + 0.9 + 0.0

 =

 2.3
4.8
2.9

 .

Special Matrices
(1) The m × n matrix whose elements are all zero is called the zero matrix and

denoted by 0 = [0]m×n, for example, 0 =

 0 0 0
0 0 0
0 0 0

 .

(2) The identity matrix of order n is the square matrix given by In = [δij]n×n where
δij is the Kronecker delta which takes the value 1 when i = j and 0 when i 6= j. An

example is I3 =

 1 0 0
0 1 0
0 0 1

.
(3) InA = AIn = A for any n× n matrix A and In the identity matrix of order n.
Next we shall state some important results on matrix multiplication.

Theorem: Matrix Multiplication
Suppose that c is a scalar and that A, B, C are matrices such that the indicated
sums and product are defined. Then
(1) (AB)C = A(BC)- associativity of matrix multiplication.
(2) IA = AI = A - identity matrix.
(3) A(B + C) = AB + AC -left distributive property.
(4) (A + B)C = AC + BC -right distributive property.
(5) c(AB) = (cA)B = A(cB)- scalar associative property.

The Inverse of Non-Singular Matrix
Definition : An n × n matrix A is called nonsingular or invertible if there exists
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an n× n matrix B such that
(6) AB = BA = I.
If no such matrices can be found, A is said to be singular. When B can be found
and (6) holds, we say that B is the inverse of A and written as B = A−1. Thus
(7) AA−1 = A−1A = I if A is nonsingular. Note that the inverse of nonsingular
matrix is unique.

Determinants

The determinant of a square matrix A is a scalar quantity (real number) and is
denoted by det(A) or |A|. If A is a n× n matrix, then it is customary to write

det(A) =

∣∣∣∣∣∣∣∣∣
a11 a12 · · · a1n

a21 a22 · · · a2n

· · · · · · · · · · · ·
an1 an2 · · · ann

∣∣∣∣∣∣∣∣∣ . (8)

We will describe how to compute determinants using the cofactor expansion method.
If A = [aij] is a 1× 1 matrix, we define det(A) = a11. If A = [aij]n×n where n ≥ 2,
then Mij denotes the determinant of the n− 1× n− 1 submatrix of A obtained by
deleting the ith row and jth column of A. This determinant is called the minor of
aij. The cofactor Aij of aij is defined as the number Aij = (−1)i+jMij. Therefore,
the determinant of an n× n matrix A is given by

detA =
n∑

j=1

aijAij, ith row expansion. (9)

or

detA =
n∑

i=1

aijAij, jth column expansion. (10)

Applying formula (9) with i = 1, to the 2× 2 matrix, we have

A =

[
a11 a12

a21 a22

]
, det(A) = a11a22 − a12a21.

For matrix A with order n ≥ 2, we use formula (9) and (10) to recursively reduce
the calculation of the determinant of an n×n matrix to the calculation of a number
of 2× 2 determinants.
Example: Use formula (9) with i = 1 and formula (10) with j = 2 to calculate the
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determinant of the matrix A =

 2 3 8
−4 5 −1
7 −6 9

 .

We use formula (9) with i = 1, to obtain

det(A) = 2

∣∣∣∣∣ 5 −1
−6 9

∣∣∣∣∣− 3

∣∣∣∣∣ −4 −1
7 9

∣∣∣∣∣+ 8

∣∣∣∣∣ −4 5
7 −6

∣∣∣∣∣
= 2(45− 6)− 3(−36 + 7) + 8(24− 35) = 77.

Using formula (10) with j = 2, we obtain

det(A) = −3

∣∣∣∣∣ −4 −1
7 9

∣∣∣∣∣+ 5

∣∣∣∣∣ 2 8
7 9

∣∣∣∣∣− (−6)

∣∣∣∣∣ 2 8
−4 −1

∣∣∣∣∣ = 77.

The following theorem provides sufficient conditions for the existence and unique-
ness of solutions of the linear system AX = B for square matrices.

Theorem: Assume that A is an n× n matrix. The following statements are equiv-
alent:
(i) Given any n× 1 matrix B, the linear system AX = B has a unique solution.
(ii) The matrix A is nonsingular, i. e. A−1 exists.
(iii) The system of equations AX = 0 has the unique solution X = 0.
(iv) The determinant det(A) 6= 0.

Remark: If statement (i) in the theorem above is true, then statement (ii) is true
together with previously established properties of matrices yield:

AX = B, implies A−1AX = A−1B, implies X = A−1B.

Example: Solve the linear system:[
3 1
7 4

] [
x1

x2

]
=

[
2
5

]
.

Here

A =

[
3 1
7 4

]
, X =

[
x1

x2

]
and det(A) = 5 6= 0 and

B =

[
2
5

]
.
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Given that

A−1 =
1

5

[
4 −1
−7 3

]
then

X = A−1B =
1

5

[
4 −1
−7 3

] [
2
5

]
=

1

5

[
3
1

]
=

[
0.6
0.2

]
.

MATLAB Program for Solving Linear Systems

The MATLAB functions det(A) and inv(A) calculate the determinant and inverse
(if A is invertible) respectively of a square matrix A.
Example: Use MATLAB to solve the linear system:

AX =

 0.125 0.200 0.400
0.375 0.500 0.600
0.500 0.300 0.000


 x1

x2

x3

 =

 2.3
4.8
2.9

 .

Use the inverse matrix described above.
Solution: First we verify that A is nonsingular by showing that det(A) 6= 0.
>> A = [0.125 0.200 0.400; 0.375 0.500 0.600; 0.500 0.300 0.000];
>> det(A)
ans = -0.0175
Following the reasoning in (11), the solution of the system AX = B is X = A−1B.
Thus the following MATLAB code calculate the solution X.
>> X = inv(A) ∗ [2.3 4.8 2.9]

′

X =
4.000
3.000
3.000

We can check our solution by verifying that AX = B
>> B = A ∗X

B =
2.300
4.800
2.900

.

Triangular Factorization
This is concerned with factorization of a given matrix A into the product of a lower
triangular matrix L that has 1’s along the main diagonal and an upper triangular
matrix U with nonzero diagonal elements. For notational convenience, we shall il-
lustrate the concepts with 4× 4 matrices noting that our theory is applicable to an
arbitrary system of dimension n× n.
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Definition: The nonsingular matrix A has a triangular factorization if it can be
expressed as the product of a lower triangular matrix L and an upper triangular
matrix U , i.e A = LU . In matrix form we have:

a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44

 =


1 0 0 0

m21 1 0 0
m31 m32 1 0
m41 m42 m43 1




u11 u12 u13 u14

0 u22 u23 u24

0 0 u33 u34

0 0 0 u44


The condition that A is nonsingular implies that ukk 6= 0 for all k. The notation for
the entries in L is mij and the notation for the entries in U is uij.

Solution of a Linear System: Suppose that the coefficient matrix A for the
system AX = B has a triangular factorization of the type given above. Then the
solution to the equation

AX = LUX = B

can be obtained by defining Y = UX and then solve two systems:LY = B for Y
and then solve UX = Y for X. Thus we must first solve:

y1 = b1

m21y1 + y2 = b2

m31y1 + m32y2 + y3 = b3

m41y1 + m42y2 + m43y3 + y4 = b4

to obtain y1, y2, y3 y4 and use them in solving the upper triangular system:

u11x1 + u12x2 + u13x3 + u14x4 = y1

u22x2 + u23x3 + u24x4 = y2

u33x3 + u34x4 = y3

u44x4 = y4

Example: (1). Solve the system:

x1 + 2x2 + 4x3 + x4 = 21
2x1 + 8x2 + 6x3 + 4x4 = 52

3x1 + 10x2 + 8x3 + 8x4 = 79
4x1 + 12x2 + 10x3 + 6x4 = 82
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Use triangular factorization and the fact that

A =


1 2 4 1
2 8 6 4
3 10 8 8
4 12 10 6

 =


1 0 0 0
2 1 0 0
3 1 1 0
4 1 2 1




1 2 4 1
0 4 −2 2
0 0 −2 3
0 0 0 −6

 = LU

Using the forward substitution method to solve LY = B, we have solving the equa-
tions:

y1 = 21
2y1 + y2 = 52

3y1 + y2 + y3 = 79
4y1 + y2 + 2y3 + y4 = 82,

we get y1 = 21, y2 = 52 − 2(21) = 10, y3 = 79 − 3(21) − 10 = 6, and y4 =
82 − 4(21) − 10 − 2(6) = −24 or Y = [21 10 6 − 24]T . Next we write the system
UX = Y given by:

x1 + 2x2 + 4x3 + x4 = 21
4x2 − 2x3 + 2x4 = 10

−2x3 + 3x4 = 6
−6x4 = −24

and solve by back substitution to get x4 = −24/− 6 = 4,
x3 = (6−3(4))/−2 = 3, x2 = (10−2(4)+2(3))/4 = 2, x1 = 21−4−4(3)−2(2) = 1
or X = [1, 2, 3, 4]T .

Triangular Factorization of Matrices
Example: Use Gaussian elimination to construct the triangular factorization of the
matrix

A

 4 3 −1
−2 −4 5
1 2 6

 .

The matrix L will be constructed from an identity matrix placed at the left. For
each row operation used, the multipliers mij will be put in their proper places at
the left. Thus we have

A =

 1 0 0
0 1 0
0 0 1


 4 3 −1
−2 −4 5
1 2 6

 .
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Row 1 is used to eliminate the elements of A in column 1 below a11. The multiples
m21 = −0.5 and m31 = 0.25 of row 1 are subtracted from rows 2 and 3 respectively.
These multipliers are put in the matrix at the left and the result is:

A =

 1 0 0
−0.5 1 0
0.25 0 1


 4 3 −1

0 −2.5 4.5
0 1.25 6.25

 .

Row 2 is used to eliminate the elements in Column 2 below the diagonal of the
second factor of A in the above product. The multiple m32 = −0.5 of the second
row is subtracted from Row 3 and the multiplier is entered in the matrix at the left
and we have the desired triangular factorization of A given by:

A =

 1 0 0
−0.5 1 0
0.25 −0.5 1


 4 3 −1

0 −2.5 4.5
0 0 8.5


The Gaussian Method for Solving Linear Systems of Equations
The most common technique for the solution of systems of linear algebraic equations
is via an algorithm for successive elimination of the unknowns. This is called the
Gaussian method. There are various computational schemes realizing this method.
We shall consider the scheme of unique division.
For simplicity, we confine ourselves to a system of four equations in four unknowns:

a11x1 + a12x2 + a13x3 + a14x4 = a15

a21x1 + a22x2 + a23x3 + a24x4 = a25

a31x1 + a32x2 + a33a3 + a34x4 = a35

a41x1 + a42x2 + a43x3 + a44x4 = a45 (1)

Suppose that a11 6= 0, we divide the first equation of the system (1) by a11 to get

x1 + b12x2 + b13x3 + b14x4 = b15 (2)

where
b1j =

a1j

a11

, j = 2, 3, 4, 5.

Using equation (2), it is easy to eliminate the unknown x1 from the second, third
and the fourth equations of the system (1). To do this, multiply equation (2) by
a21, a31 and a41 and subtract the results thus obtained from the second, third and
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fourth equations of the system respectively. We finally obtain a system of three
equations as follows:

a
(1)
22 x2 + a

(1)
23 x3 + a

(1)
24 x4 = a

(1)
25

a
(1)
32 x2 + a

(1)
33 x3 + a

(1)
34 x4 = a

(1)
35

a
(1)
42 x2 + a

(1)
43 x3 + a

(1)
44 x4 = a

(1)
45 (3)

where the coefficients a
(1)
ij are computed from the formula:

a
(1)
ij = aij − ai1b1j, i = 2, 3, 4; j = 2, 3, 4, 5. (4)

Now dividing the first equation of the system (3) by the leading coefficient a
(1)
22 , we

get

x2 + b
(1)
23 x3 + b

(1)
24 x4 = b

(1)
25 , (5)

where

b
(1)
2j =

a
(1)
2j

a
(1)
22

, j = 3, 4, 5.

Eliminating x2 in the same way that we eliminated x1, we arrive at the following
system of equations:

a
(2)
33 x3 + a

(2)
34 x4 = a

(2)
35

a
(2)
43 x3 + a

(2)
44 x4 = a

(2)
45 (6)

where
a

(2)
ij = a

(1)
ij − a

(1)
i2 b

(1)
2j , i = 3, 4; j = 3, 4, 5. (7)

Dividing the first equation of (6) by the leading element a
(2)
33 , we get

x3 + b
(2)
34 x4 = b

(2)
35 , (8)

where

b
(2)
3j =

a
(2)
3j

a
(2)
33

, j = 4, 5.

Then with the aid of this equation, we eliminate x3 from the second equation of (6).
We get the equation :

a
(3)
44 x4 = a

(3)
45 ,
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where
a

(3)
4j = a

(2)
4j − a

(2)
43 b

(2)
3j , j = 4, 5. (9)

Thus we have reduced system (1) to an equivalent system with a triangular matrix
equation:

x1 + b12x2 + b13x3 + b14x4 = b15

x2 + b
(1)
23 x3 + b

(1)
24 x4 = b

(1)
25

x3 + b
(2)
34 x4 = b

(2)
35

a
(3)
44 x4 = a

(3)
45 (10)

from where we can find:

x4 = a
(3)
45 /a

(3)
44 , x3 = b

(2)
35 − b

(2)
34 x4

x2 = b
(1)
25 − b

(1)
24 x4 − b

(1)
23 x3

x1 = b15 − b14x4 − b13x3 − b12x2 (11)

Remarks: The above process comprises two procedures: (i) Reducing the system
(1) to the triangular form (10) and finding the values of the unknowns by formula
(11). The method is applicable only if all the leading elements are nonzero. If one of
them varnishes, it is sufficient to change places of the equations in the corresponding
system to make the leading element nonzero provided that the matrix A is nonsin-
gular.
The number N of the arithmetic operations necessary to realize the Gaussian method
is determined by the formula

N =
2n

3
(n + 1)(n + 2) + n(n− 1),

where n is the number of unknowns. Thus the time required for the performance of
the arithmetic operations is approximately proportional to the cube of the number
of the unknowns.
Example Using Gaussian method, solve the following system of equations:

2.0x1 + 1.0x2 − 0.1x3 + 1.0x4 = 2.7
0.4x1 + 0.5x2 + 4.0x3 + 8.5x4 = 21.9
0.3x1 − 1.0x2 + 1.0x3 + 5.2x4 = −3.9
1.0x1 + 0.2x2 + 2.5x3 − 1.0x4 = 9.9 (12)
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Solution: Dividing the first equation of (12) by a11 = 2, we get

x1 + 0.5x2 − 0.05x3 + 0.5x4 = 1.35.

Hence, b12 = 0.5, b13 = −0.05, b14 = 0.5, b15 = 1.35. Using formula (4) above,

compute the coefficients a
(1)
ij and form the system (3). For i = 2, we have

a
(1)
22 = a22 − a21b12 = 0.5− (0.4)(0.5) = 0.3

a
(1)
23 = a23 − a21b13 = 4 + (0.4)(0.05) = 4.02

a
(1)
24 = a24 − a21b14 = −8.5− (0.4)(0.5) = −8.7

a
(1)
25 = a25 − a21b15 = 21.9− (0.4)(1.35) = 21.36

For i = 3, 4, computations are performed in a similar way. Thus we get a system in
three unknowns given by:

0.3x2 + 4.02x3 − 8.7x4 = 21.36
−1.15x2 + 1.015x3 + 5.05x4 = −4.305

−0.3x2 + 2.55x3 − 1.5x4 = 8.55.

Dividing the first equation above by a
(1)
22 = 0.3, we have:

x2 + 13.40x3 − 29.00x4 = 71.20

where
b
(1)
23 = 13.40, b

(1)
24 = −29.00, b

(1)
25 = 71.20.

Using formula (7), we compute the coefficients a
(2)
ij and form system (6). For i = 3,

we have :

a
(2)
33 = a

(1)
33 − a

(1)
32 b

(1)
23 = 1.015 + (1.15)(13.40) = 16.425

a
(2)
34 = a

(1)
34 − a

(1)
32 b

(1)
24 = 5.05− (1.15)(29.00) = −28.300

a
(2)
35 = a

(1)
35 − a

(1)
32 b

(1)
25 = −4.305 + (1.15)(71.20) = 77.575

For i = 4, computations are performed in a similar way. Thus, we have a system in
two unknowns:

16.425x3 − 28.300x4 = 77.575
6.570x3 − 10.200x4 = 29.910.
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Dividing the first equation by a
(2)
33 = 16.425, we get:

x3 − 1.72298x4 = 4.72298

where
b
(2)
34 = −1.72298, b

(2)
35 = 4.72298.

Using formula (9), we find the coefficients a
(3)
4j given by:

a
(3)
44 = a

(2)
44 − a

(2)
43 b

(2)
34 = −10.200 + (6.570)(1.72298) = 1.11998

a
(3)
45 = a

(2)
45 − a

(2)
43 b

(2)
35 = 29.910− (6.570)(4.72298) = −1.11998,

and write one equation in one unknown:

1.11998x4 = −1.11998.

Thus, the equivalent system has the form:

x1 + 0.5x2 − 0.05x3 + 0.5x4 = 1.35
x2 + 13.40x3 − 29.00x4 = 71.20

x3 − 1.72298x4 = 4.72298
1.11998x4 = −1.11998 (13)

From the system (13) above, we successively find:

x4 = −1.00000
x3 = 4.72298− 1.72298 = 3.00000
x2 = 71.20− (13.40)(3) + 29.0 = 2.00000
x1 = 1.35− (0.5)(2) + (0.05)(3) + 0.5 = 1.00000

5.5. Summary
We have developed several methods such as triangular factorizations of coefficient
matrices and Gaussian elimination methods and provided some examples for direct
solutions of systems of linear equations.

5.6. Post Test
(1) Find the matrix products AB and BA for the following matrices:

A =

[
1 −2 3
2 0 5

]
, B =

 3 0
−1 5
3 −2

 .
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(2) Find A2 and B2 for the following matrices:

A =

[
−1 −7
5 2

]
, B =

 2 0 6
−1 5 −4
3 −5 2

 .

(3) Find the determinants of the following matrices if they exist:

(i)

[
−1 −7
5 −2

]
(ii)

 2 0 6
−1 5 −4
3 −5 2



(iii)

 1 2
3 4
0 0

 , (iv)

 1 2 3 4
0 2 4 6
0 0 0 7

 .

(4) Find the triangular factorization A = LU for the matrices:

(a)

 −5 2 −1
1 0 3
3 1 6

 , (b)

 1 0 3
3 1 6
−5 2 −1

 .

(5) (a) Solve LY = B, UX = Y sand verify that B = AX for (i) B = [7 2 10]T and

(ii) B = [23 35 7]T where matrix A =

 1 1 6
−1 2 9
1 −2 3

 has a triangular factorization

given by

LU =

 1 0 0
−1 1 0
1 −1 1


 1 1 6

0 3 15
0 0 12

 .

(6) Use Gaussian scheme to solve the following system of equations. Carry out your
computation with five decimal digits.

1.116x1 + 0.1254x2 + 0.1397x3 + 0.1490x4 = 1.5471
0.1582x1 + 1.1675x2 + 0.1768x3 + 0.1871x4 = 1.6471
0.1968x1 + 0.2071x2 + 1.2168x3 + 0.2271x4 = 1.7471
0.2368x1 + 0.2471x2 + 0.2568x3 + 1.2671x4 = 1.8471.
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Lecture Six

Iterative Solutions of Linear Systems of Equations

6.1. Introduction

Given a system of linear equations in n unknowns xi, i = 1, 2 · · ·n in matrix
form AX = B, it is well known for the case of the nonsingular matrix A that by
Crammer’s rule,

xi =
det(Ai)

det(A)

where the matrix Ai is obtained from the matrix A by replacing its ith column by
the column of the constant terms.
However, such a method of solving the linear system in n unknowns leads to com-
puting n+1 determinants of order n. This is obviously a quite laborious operations
especially when the number n is rather large. In this lecture, we shall consider
iterative methods for solving linear systems. Such methods, even on the assump-
tion that the computations are performed without rounding, permit obtaining the
roots x = (x1, x2, · · ·xn) of the system only to a preassigned accuracy. The exact
solution of a system in these cases can be obtained theoretically as a result of an in-
finite process. These methods include the method of simple iteration and the Seidel
method.

6.2. Objectives
The reader should be able to compute solutions of a linear system by the method
of simple iterations and seidel method within any pre-assigned accuracy.

6.3. Pre Test
Solve the Pre-Test problems in Lecture five by iterative procedures.

6.4. The Method of Simple Iterations

Let a system of linear equations
AX = B (1)

be reduced to the form
X = CX + F (2)

where C is some matrix and F is a column vector.
Proceeding from an arbitrary vector X(0) described by

X(0) = (X
(0)
1 X

(0)
2 · · ·X(0)

n )T ,
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we write out an iteration process

X(k+1) = CX(k) + F, k = 0, 1, 2 · · ·

or in full :

X
(k+1)
1 = c11X

(k)
1 + c12X

(k)
2 + · · · c1nX

(k)
n + f1

... =
...

X(k+1)
n = cn1X

(k)
1 + cn2X

(k)
2 + · · · cnnX

(k)
n + fn (3)

Using the iteration process, we get a sequence of vectors X(1), X(2), · · ·X(k) · · ·
It has been established that if the elements of the matrix C satisfy one of the
conditions:

n∑
j=1

|cij| ≤ α < 1, i = 1, 2 · · ·n (4)

or
n∑

i=1

|cij| ≤ β < 1, j = 1, 2 · · · , n, (5)

then the iteration process converges to an exact solution X of the system for any
initial vector X(0) that is

X = lim
k→∞

X(k).

Remark: The exact solution of the system is obtained only as a result of an infinite
process and any vector X(k) of the obtained sequence is an approximate solution .
The error of this approximate solution is estimated by one of the following formulas::

|Xi −X
(k)
i | ≤ α

1− α
max

j=1,2···n
|X(k)

j −X
(k−1)
j | (4

′
)

provided that condition (4) is fulfilled or

|Xi −X
(k)
i | ≤ β

1− β

n∑
j=1

|X(k)
j −X

(k−1)
j | (5

′
)

if condition (5) is satisfied.
This estimates can be made still more accurate in the following way:

max |Xi −X
(k)
i | ≤ α

1− α
max |X(k)

i −X
(k−1)
i | (4

′′
)
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and
n∑

i=1

|Xi −X
(k)
i | ≤ β

1− β

n∑
i=1

|X(k)
i −X

(k−1)
i | (5

′′
)

respectively. The iteration process is terminated when the indicated estimates show
that the preassigned accuracy is achieved.
Note: The initial vector X(0) may be chosen, generally speaking arbitrarily. Some-
times we can put X(0) = F . But it is most expedient to take approximate values of
the unknown (obtained by rough approximation) as components of X(0).
The linear system (1) can be reduced to the form (2) by various methods. It is only
important that one of the conditions (4) or (5) is fulfilled. We shall discuss two of
such methods.
The First Method: If the diagonal elements of matrix A are nonzero, that is,
aii 6= 0, i = 1, 2 · · ·n, then system (1) can be written in the form :

X1 =
1

a11

(b1 − a12X2 − · · · − a1nXn)

X2 =
1

a22

(b2 − a21X1 − a23X3 − · · · − a2nXn)

· · · = · · ·
Xn =

1

ann

(
bn − an1X1 − · · · − an(n−1)Xn−1

)
(6)

In this case,the elements of matrix C are determined in the following way:

cij = −aij

aii

, i 6= j, aii = 0,

and then condition (4) and (5) acquire the form:

n∑
j=1, i 6=j

∣∣∣∣aij

aii

∣∣∣∣ ≤ α < 1, i = 1, 2 · · ·n (7)

and
n∑

i=1, i6=j

∣∣∣∣aij

aii

∣∣∣∣ ≤ β < 1, j = 1, 2 · · ·n (8)

respectively. Inequality (7) and (8) will be fulfilled if the diagonal elements of A
meet the conditions:

|aii| >
∑
j 6=i

|aij|, i = 1, 2 · · ·n, (9)

55



that is, if the modulus of the diagonal coefficients for each equation of the system
exceed the sum of the modula of all the remaining coefficients without taking the
constant terms into account. We shall illustrate the second method in Example 2
below.
Remarks: In general, there exists convergent iteration methods of solving any sys-
tem with nonsingular matrix. If an iteration converges, then it provides the following
advantages. (1) If iterations converge sufficiently rapidly,i.e, if less than n iterations
are enough to solve a system, then time is gained since the number of arithmetical
operations required for one iteration is proportional to n2 and the total number of
operations in the Gaussian method, for instance is proportional to n3.
(2) Rounding off errors in the method of iteration are felt considerably less than
the Gaussian method. Besides, the method of iteration is self correcting , i.e an
individual error made in the computation does not affect the final result since an
erroneous approximation may be considered as a new vector.
(3) The method of iteration becomes especially advantageous in solving systems
with a considerable number of coefficients equal to zero.
(4) The iteration process leads to performing uniform operations and is compara-
tively easily programmed on a computer.

Example 1: Solve the following system using the method of simple iteration:

20.9X1 + 1.2X2 + 2.1X3 + 0.9X4 = 21.70
1.2X1 + 21.2X2 + 1.5X3 + 2.5X4 = 27.46
2.1X1 + 1.5X2 + 19.8X3 + 1.3X4 = 28.76
0.9X1 + 2.5X2 + 1.3X3 + 32.1X4 = 49.72 (10)

Solution: We first reduce the system to the form (6) given by:

X1 =
1

20.9
(21.70− 1.2X2 − 2.1X3 − 0.9X4)

X2 =
1

21.2
(27.46− 1.2X1 − 1.5X3 − 2.5X4)

X3 =
1

19.8
(28.76− 2.1X1 − 1.5X2 − 1.3X4)

X4 =
1

32.1
(49.72− 0.9X1 − 2.5X2 − 1.3X3)

Notice that the coefficients of the obtained system satisfy (4). Indeed,

4∑
j=1

|c1j| ∼= 0.20 < 1,
4∑

j=1

|c2j| ∼= 0.24 < 1,
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4∑
j=1

|c3j| ∼= 0.25 < 1,
4∑

j=1

|c4j| ∼= 0.15 < 1.

Thus, convergence of iteration is guaranteed. Since α = 0.25, the accuracy of the
kth approximation can be estimated by formula (4

′′
) for α

1−α
= 1

3
. As initial vector

X(0) shall take the elements of the column of constant terms rounding their values
to two decimal digits:

X(0) = (1.04, 1.30, 1.45, 1.55)T .

We shall keep computing until the quantities |X(k)
i −X

(k−1)
i |, i = 1, 2, 3, 4 becomes

less than ε = 10−3. We compute in succession as follows:
For k = 1,

X
(1)
1 =

1

20.9
(21.70− 1.560− 3.045− 1.395) = 0.75

X
(1)
2 =

1

21.2
(27.46− 1.248− 2.175− 3.875) = 0.95

X
(1)
3 =

1

19.8
(28.76− 2.184− 1.950− 2.015) = 1.14

X
(1)
4 =

1

32.1
(49.72− 0.936− 3.250− 1.885) = 1.36

For k = 2,

X
(2)
1 =

16.943

20.9
= 0.8106, X

(2)
2 =

21.450

21.2
= 1.0118.

X
(2)
3 =

23.992

19.8
= 1.2117, X

(2)
4 =

45.188

32.1
= 1.4077

For k = 3,

X
(3)
1 =

16.67434

20.9
= 0.7978, X

(3)
2 =

21.15048

21.2
= 0.9977

X
(3)
3 =

23.71003

19.8
= 1.1975, X

(3)
4 =

44.88575

32.1
= 1.3983.

For k = 4,

X
(4)
1 =

16.7295

20.9
= 0.8004, X

(4)
2 =

21.2106

21.2
= 1.0005
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X
(4)
3 =

23.7703

19.8
= 1.2005, X

(4)
4 =

44.9510

32.1
= 1.4003.

Calculating the modulus of the differences of the values of X
(k)
i for k = 3 and k = 4,

we have:

|X(3)
1 −X

(4)
1 | = 0.0026, |X(3)

2 −X
(4)
2 | = 0.0028, |X(3)

4 −X
(4)
4 | = 0.0020.

Since all of them exceed the preassigned number ε = 10−3, the iteration process is
continued.
For k = 5,

X
(5)
1 =

16.71808

20.9
= 0.7999, X

(5)
2 =

21.19802

21.2
= 0.9999

X
(5)
3 =

23.75802

19.8
= 1.1999, X

(5)
4 =

44.93774

32.1
= 1.3999.

Finding the modulus of the differences of the values of X
(k)
i for k = 4 and k = 5, we

have

|X(4)
1 −X

(5)
1 | = 0.0005, |X(4)

2 −X
(5)
2 | = 0.0006, |X(4)

3 −X
(5)
3 | = 0.0006,

and
|X(4)

4 −X
(5)
4 | = 0.0004.

These values are each less than ε = 10−3. Therefore we take the following as the
solutions:

X1
∼= 0.7999, X2

∼= 0.9999, X3
∼= 1.1999, X4

∼= 1.3999.

According to estimate (4
′′
), the errors of these values should not exceed

1

3
(0.0006) = 0.0002.

For comparison, exact values are

X1 = 0.8, X2 = 1.0, X3 = 1.2, X4 = 1.4.

Example 2: Solve the system of equations:

1.02X1 − 0.05X2 − 0.10X3 = 0.795
−0.11X1 + 1.03X2 − 0.05X3 = 0.849
−0.11X1 − 0.12X2 + 1.04X3 = 1.398
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by carrying out three iterations. Indicate the error of the results obtained.
Solution: The matrix of this system is such that the diagonal elements are close to 1,
and all the remaining ones are considerably less than 1. Therefore, for the method
of iteration, we write the system as follows:

X1 = 0.795− 0.02X1 + 0.05X2 + 0.10X3

X2 = 0.849 + 0.11X1 − 0.03X2 + 0.05X3

X3 = 1.398 + 0.11X1 + 0.12X2 − 0.04X3

The condition of convergence (4) for the obtained system are fulfilled. Indeed,

3∑
j=1

|c1j| = 0.02 + 0.05 + 0.10 = 0.17 < 1

3∑
j=1

|c2j| = 0.11 + 0.03 + 0.05 = 0.19 < 1

3∑
j=1

|c3j| = 0.11 + 0.12 + 0.04 = 0.27 < 1

As the initial vector X(0) we take the column of constant term rounding its elements
to two decimal places.

X(0) = (0.80, 0.85, 1.40)T .

Then we successively find: for k = 1,

X
(1)
1 = 0.795− 0.016 + 0.0425 + 0.140 ∼= 0.962

X
(1)
2 = 0.849 + 0.088− 0.0255 + 0.070 ∼= 0.982

X
(1)
3 = 1.398 + 0.088 + 0.1020− 0.056 ∼= 1.532,

for k = 2,

X
(2)
1 = 0.97806 ∼= 0.978, X

(2)
2 = 1.00196 ∼= 1.002, X

(2)
3 = 1.56038 ∼= 1.560

for k = 3,

X
(3)
1 = 0.980, X

(3)
2 = 1.004, X

(3)
3 = 1.563.

The values of the unknowns for k = 2 and k = 3 differ by not more than

3(10−3).
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Therefore, if X1
∼= 0.980, X2 = 1.004, X3 = 1.563 are taken as approximate values

of the unknowns, then their error will not exceed(
0.27

1− 0.27

)
(3)(10−3) < (1.1)(10−3).

6.5 The Gauss Seidel Method
The Gauss Seidel (G-S) method is a certain modification of the method of simple
iteration. The principal idea behind it is that in computing (k+1)th approximation,
of the unknowns Xi, for i > 1, the earlier computed (k + 1)th approximations of
the unknowns X1, X2, · · ·Xi−1 are taken into account. Thus, for the systems (2)
of the last section, computation by G-S method are carried out using the following
formula:

X
(k+1)
1 = C11X

(k)
1 + C12X

(k)
2 + · · ·+ C1nX

(k)
n + f1

X
(k+1)
2 = C21X

(k+1)
1 + C22X

(k)
2 + · · ·+ C2nX

(k)
n + f2

· · · = · · · · · ·
X(k+1)

n = Cn1X
(k+1)
1 + Cn2X

(k+1)
2 + · · ·+ Cnn−1X

(k+1)
n−1 + CnnX

(k)
n + fn.

The convergence condition (4) and (5) given for simple iteration remain valid for
iteration by the G-S method. Ordinarily, the G-S method yields a better conver-
gence than does the method of simple iteration, though sometimes this may not be
so. Besides, G-S method turns out to be more convenient for programming since in

computing X
(k+1)
i , there is no need to store the values X

(k)
1 , X

(k)
2 · · ·X(k)

i−1.

Example 3: Solve the system in Example 1 in the last Section above by the G-S
method.

Solution: The system was already reduced to the form (6), the initial vector X(0)

was also chosen there. Applying the G-S process, we successively obtain: For k = 1,

X
(1)
1 =

1

20.9
(21.70− 1.560− 3.045− 1.395) = 0.7512.

In computing X
(1)
2 , we use the obtained value X

(1)
1 :

X
(1)
2 =

1

21.2
(27.46− 0.900− 2.175− 3.875) = 0.9674.

In computing X
(1)
3 we use the values X

(1)
1 and X

(1)
2 :

X
(1)
3 =

1

19.8
(28.76− 1.575− 1.455− 2.015) = 1.1977.
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Finally using the values X
(1)
1 , X

(1)
2 , X

(1)
3 , we get:

X
(1)
4 =

1

32.1
(49.72− 0.675− 2.425− 1.560) = 1.4037.

For k = 2, k = 3, computation are carried out in a similar way. We get for k = 2,

X
(2)
1 =

16.76062

20.9
= 0.8019, X

(2)
3 =

23.75180

19.8

X
(2)
2 =

21.19202

21.2
= 0.9996, X

(2)
4 =

44.93981

32.1
= 1.4000

For k = 3,

X
(3)
1 =

16.72132

20.9
= 0.80006, X

(3)
2 =

21.200528

21.2
= 1.00002

X
(3)
3 =

23.759844

19.8
= 1.19999, X

(3)
4 =

44.939909

32.1
= 1.40000.

Notice that in comparison with the exact values : X1 = 0.8, X2 = 1.0, X3 = 1.2,
and X4 = 1.4, the G-S performs better than the method of simple iteration in Ex-
ample 1.

6.6. Summary
We have developed the methods of simple iterations and Gauss - Seidel for approx-
imate computation of solutions of linear systems.

6.7. Post Test
(1) Solve the following systems using the method of simple iterations. Continue the
iteration process until the difference between two successive approximations of the

unknown X
(k)
i becomes less than the indicated level of accuracy ε > 0.

(a) A =

 1.02 −0.25 −0.30
−0.41 1.13 −0.15
−0.25 −0.14 1.21

 , B =

 0.515
1.555
2.780

 , ε = 10−3,

Exact Answer = [2.0, 2.5, 3.0]T .

(b) A =


4.00 0.24 −0.08 0.16
0.09 3.00 −0.15 −0.12
0.04 −0.08 4.00 0.06
0.02 0.06 0.04 −10.00

 , B =


8
9
20
1

 , ε =
1

2
10−3.
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(c) A =

 24.21 + α 2.42 3.85
2.31 31.49 1.52
3.49 4.85 28.72 + α

 , B =

 30.24
40.95− β

42.81

 ,

where ε = 10−4, α = 0.2k, k = 0, 1, 2, 3, 4, β = 0.2k, k = 0, 1, 2, 3, 4, 5.

(2) Solve the following systems by the method of simple iteration and by Gauss-
Seidel method. Compare the rate of convergence of the iterations. Compare the
obtained values with the indicated exact value of the unknowns.

(a) A =

 6.1 2.2 1.2
2.2 5.5 −1.5
1.2 −1.5 7.2

 , B =

 16.55
10.55
16.80

 , X =

 1.5
2.0
2.5

 .

(b) A =


3.82 1.02 0.75 081
1.05 4.53 0.98 1.53
0.73 0.85 4.71 0.81
0.88 0.81 1.28 3.50

 , B =


15.655
22.705
23.480
16.110

 , X =


2.5
3.0
3.5
2.0

 .

(c) Solve the systems in Question 1 above by the Gaussian -Method.
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Lecture Seven

Numerical Solution of Systems of Nonlinear Equations

7.1 Introduction
We shall consider Newton’s method and the method of iteration for the computation
of solutions of a system of a nonlinear equations in n unknowns of the form:

f1(x1, x2, · · ·xn) = 0
f2(x1, x2, · · ·xn) = 0

· · · · · · · · · = 0
fn(x1, x2, · · ·xn) = 0 (7.1)

with real left hand members.
The system (7.1) can be written in a more concise form. The totality of the argu-
ments x1, x2, · · ·xn may be considered as an n dimensional vector:

x =



x1

x2

x3
...

xn

 .

Analogously, the totality of functions f1, f2, f3, · · · fn is also an n dimensional
vector (vector function) given by

F =



f1

f2

f3
...

fn

 .

Therefore, the system (7.1) is briefly written as

F (x) = 0. (7.2)

7.2. Objectives
The reader should be able to compute the solutions of the nonlinear systems of
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equations of the form (7.1) by Newton’s method and by the method of iterations.

7.3. Pre - Test
(1) Solve the system of equations:

2x2 − xy − 5x + 1 = 0

x + 3 log x− y2 = 0.

Find the positive roots correct to four digits.
(2) Find the roots of the system:

f1(x1, x2) = 2x3
1 − x2

2 − 1 = 0

f2(x1, x2) = x1x
3
2 − x2 − 4 = 0.

7.4. Newton’s Method
Definition: The Jacobi matrix of the system of functions f1, f2, f3, · · · fn appearing
in (7.1) with respect to the variables x1, x2, · · ·xn is defined by :

W (x) =


∂f1

∂x1

∂f1

∂x2
· · · ∂f1

∂xn
∂f2

∂x1

∂f2

∂x2
· · · ∂f2

∂xn

· · · · · · · · · · · ·
∂fn

∂x1

∂fn

∂x2
· · · ∂fn

∂xn

 =

(
∂fi

∂xj

)
. (7)

Suppose that the kth approximation:

x(k) = (x
(k)
1 , x

(k)
2 · · ·x(k)

n )

of the root
x = (x1, x2, · · ·xn)

of the vector equation (7.2) is found. Then the exact root of this equation can be
represented in the form:

x = x(k) + ε(k) (7.3)

where
ε(k) =

(
ε
(k)
1 ε

(k)
2 , · · · ε(k)

n

)
is the error of the root.
If the Jacobi matrix W (x) is nonsingular i. e |W (x)| 6= 0, then the correction ε(k) is
expressed as

ε(k) = −W−1(x(k))f(x(k)) (7.4)
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where W−1(x(k)) is the inverse of the matrix W (x(k)).
Thus from Equation (7.3), the successive approximations are found by the formula:

x(k+1) = x(k) −W−1(x(k))f(x(k)), k = 0, 1, 2 · · · (7.5)

A rough value of the required root may be taken for the zeroth approximation x(0).

Example 1: Using Newton’s method, approximate the positive solution of the
system of equations:

x2
1 + x2

2 + x2
3 = 1

2x2
1 + x2

2 − 4x3 = 0

3x2
1 − 4x2 + x2

3 = 0,

Proceeding from the initial approximation

x
(0)
0 = x

(0)
2 = x

(0)
3 = 0.5

Solution: We have

F (x) =

 x2
1 + x2

2 + x2
3 − 1

2x2
1 + x2

2 − 4x3

3x2
1 − 4x2 + x2

3

 .

Then

F (x(0)) =

 0.25 + 0.25 + 0.25− 1
0.50 + 0.25− 2.00
0.75− 2.00 + 0.25

 =

 −0.25
−1.25
−1.00

 .

The Jacobi matrix is given by:

W (x) =

 2x1 2x2 2x3

4x1 4x2 −4
6x1 −4 2x3

 .

Hence,

W (x(0)) =

 1 1 1
2 1 −4
3 −4 1
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and its determinant is given by

detW (x(0)) =

∣∣∣∣∣∣∣
1 1 1
2 1 −4
3 −4 1

∣∣∣∣∣∣∣ = −40.

Finding the inverse matrix, we have:

W−1(x(0)) = − 1

40

 −15 −5 −5
−14 −2 6
−11 7 −1

 =


3
8

1
8

1
8

7
20

1
20

− 3
20

11
40

− 7
40

1
40

 .

Using formula (7.5) we get the first approximation:

x(1) = x(0) −W−1(x(0))F (x(0))

=

 0.5
0.5
0.5

−


3
8

1
8

1
8

7
20

1
20

− 3
20

11
40

− 7
40

1
40


 −0.25
−1.25
−1.00



=

 0.5
0.5
0.5

+

 0.375
0

−0.125

 =

 0.875
0.500
0.375

 .

Next, we compute the second approximation x(2) as follows. We have:

F (x(1)) =

 0.8752 + 0.5002 + 0.3752 − 1
2(0.875)2 + 0.5002 − 4(0.375)
3(0.875)2 − 4(0.500) + 0.3752

 =

 0.15625
0.28125
0.43750

 .

W (x(1)) =

 2(0.875) 2(0.500) 2(0.375)
4(0.875) 2(0.500) −4
6(0.875) −4 2(0.375)

 =

 1.750 1 0.750
3.500 1 −4
5.250 −4 0.750

 .

Hence,

detW (x(1)) =

∣∣∣∣∣∣∣
1.750 1 0.750
3.500 1 −4
5.250 −4 0.750

∣∣∣∣∣∣∣ = −64.75.
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W−1(x(1)) = − 1

64.75

 −15.25 −3.75 −4.75
−23.625 −2.6250 9.625
−19.25 12.25 −1.75

 .

By formula (7.5), we get:

x(2) = x(1) −W−1(x(1))F (x(1))

=

 0.875
0.500
0.375

+
1

64.75

 −15.25 −3.75 −4.75
−23.625 −2.6250 9.625
−19.25 −1.75


 0.15625

0.28125
0.43750



=

 0.875
0.500
0.375

−
 0.08519

0.00338
0.00507

 =

 0.78981
0.49662
0.36993

 .

Further approximations are found in a similar way. Thus, we have:

x(3) =

 0.78521
0.49662
0.36992

 , F (x(3)) =

 0.00001
0.00004
0.00005

 .

Stopping the procedure at the third approximation, we have:

x1 = 0.7852, x2 = 0.4966, x3 = 0.3699.

7.5. Method of Iteration
Suppose that the system (7.1) is expressible in the special form:

x1 = Φ1(x1, x2, · · ·xn)
x2 = Φ2(x1, x2, · · ·xn)
· · · · · · · · · · · ·
xn = Φn(x1, x2, · · ·xn) (7.6)

where the functions Φ1, Φ2, · · ·Φn are real valued, continuous in some neighborhood
of a solution (x∗1, x∗2, · · ·x∗n) of the system. In more concise notation, (7.6) may be
written as

x = Φ(x) (7.7)
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where x = (x1 x2 · · ·xn)T and Φ(x) = (Φ1(x), Φ2(x) · · ·Φn(x))T .
The vector root is sometimes found by the method of iteration given by:

x(k+1) = Φ(x(k)), k = 0, 1, 2 · · · (7.8)

If the system of equation is given in the general form :

F (x) = 0 (7.9)

where F (x) is a vector function, continuous in the neighborhood of the solution x∗,
then it is first written in the equivalent form (7.7) where Φ(x) is an iterative vector
function which satisfies

Φ(x) = x +
∧

F (x).

The matrix
∧

may be chosen such that∧
= −W−1(x(0)),

where W (x) is the Jacobi matrix of the system. We assume as before that W (x(0))
is a nonsingular matrix.
Substituting Φ(x) into Equation (7.8), we have an iterative formula:

x(k+1) = x(k) +
∧

F (x(k))

as for the Newton’s method.

7.6. Summary
We have developed the method of Newton and a a general iterative formula for
solving a system of nonlinear equations.

7.7. Post Test
(1) For the system of equations below, find the roots located in the domain bounded
by the straight lines y = 0, y = x, x = 0.5:

αx3 − y3 − 1 = 0

xy3 − y − 4 = 0, α = 1 + 0.5k, k = 0, 1 · · · 5.

(2)

2x2 − xy − y2 + 2x− 2y + 6 = 0
y − x− 1 = 0.
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(3) Solve the following systems of equations by the method of iteration:

x = log
y

z
+ 1

y = 0.4 + z2 − 2x2

z = 2 +
xy

20

Take x0 = 1, y0 = 2.2, z0 = 2.

(4)

x + x2 − 2yz = 0.1

y − y2 + 3xz = −0.2

z + z2 + 2xy = 0.3

Take x0 = y0 = z0 = 0
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Lecture Eight

The Interpolation of Functions
for the Case of Equally Spaced Points

8.1. Introduction
Let the values of a function y = f(x) (usually unknown functions whose values are
measured or observed at some finite set of points) be given by the set of n+1 ordered
pairs of points {(xi, f(xi)), i = 0, 1, 2 · · ·n} for some natural number n ∈ IN . The
problem of interpolation concerns the procedure for finding the polynomial P (x) =
Pn(x) of degree not higher than n whose values at the points xi, i = 0, 1, 2 · · ·n
coincide with the values of the given function (or the unknown function in the case
of observed or measured data) at the points xi. That is,

Pn(xi) = f(xi), i = 0, 1, 2, 3 · · ·n. (8.1)

If Equation (8.1) is satisfied, then the polynomial Pn(x) is said to satisfy the in-
terpolation property. The polynomial Pn(x) is called the interpolation polynomial.
The points xi, i = 0, 1, 2 · · ·n are called mesh points or interpolation points.
We remark here that by the Wierstrass existence theorem, interpolation polynomials
always exist within any required accuracy subject to the continuity of the function
f(x) in the interval of its definition.
Interpolation formulae are usually used when finding the unknown values of f(x) for
non tabular points x lying between x0 and xn. When the values of f(x) are required
for x lying outside the interval [x0, xn], the procedure is termed extrapolation. In
estimating the error of the results, one must consider both the error of the method
of interpolation (the remainder term) and the round - off errors of computation.
As further motivation for this lecture, interpolation procedures have found formi-
dable applications in diverse fields such as Economics, Finance, Demography, all
branches of Engineering, Statistics, and information sciences, to mention a few. In
such applications,it is often required to fit curves to observed data satisfying the
interpolation property.

8.2. Objectives
The reader should be able to compute functional values by method of interpola-
tion of equally spaced points such as Newton’s Forward and Backward methods and
other standard interpolation formulae.

8.3. Pre - Test
(1) Form the table of values of the function y = 1

x
, x ∈ [2.70, 2.74] at interval of

0.01. Find the value of 1
2.718

by linear interpolation.
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8.4. Finite Differences and Symbolic Operators
Given a table of values {(xi, f(xi), i = 0, 1, 2 · · ·n} of a function y = f(x) such
that the mesh points xi, i = 0, 1, 2 · · ·n are equally spaced points, we shall write

xi = x0 + ih, i = 0, 1, 2 · · ·n

where h is the equal mesh size and apply the notation fi = f(xi), i = 0, 1, 2 · · ·n.
The numbers denoted

4fi := fi+1 − fi, i = 0, 1, 2 · · ·n (8.2)

are called the first differences of f(xi), i.e,

4f0 = f1 − f0, 4f1 = f2 − f1, 4f2 = f3 − f2, etc

The symbolic operator 4 is called the forward difference operator and the set of
numbers {4fi} are called the first forward differences.
Similarly, we define the second and higher differences by

42fi = 4(4fi) = 4fi+1 −4fi

= fi+2 − fi+1 − (fi+1 − fi)
= fi+2 − 2fi+1 + fi, i = 0, 1, 2 · · ·n− 1 (8.3)

Higher differences are similarly defined as follows:

43fi = 4(42fi), 44fi = 4(43fi), etc

Expanding 43fi, we have :

43fi = 4(42fi)
= 4(fi+2 − 2fi+1 + fi)
= 4fi+2 − 24fi+1 +4fi

= fi+3 − fi+2 − 2(fi+2 − fi+1) + fi+1 − fi

= fi+3 − 3fi+2 + 3fi+1 − fi, i = 0, 1, 2 · · ·n− 1 (8.4)

Definition: Symbolic Operators
The step up operator E is defined by

Efk = fk+1, k ∈ {0, 1, 2 · · · (n− 1)} (8.5)
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and
Ejfk = fk+j; E−1fk = fk−1.

Notice that 4 can be expressed in terms of the operator E as follows:

4fk = fk+1 − fk = Efk − fk = (E − 1)fk

Therefore,
4 = E − 1. (8.6)

Similarly,

42fk = fk+2 − 2fk+1 + fk

= E2fk − 2Efk + fk

= (E − 2E + 1)fk = (E − 1)2fk

Hence,
42 = (E − 1)2,

agreeing with (8.6).
In general we have

4n = (E − 1)n (8.7)

From (8.6) we have
E = 1 +4,

so that
En = (1 +4)n, n ∈ IN (8.8)

Definition: (1) The backward difference operator ∇ is defined by

∇fk = fk − fk−1, k = 1, 2 · · ·n (8.9)

Thus, in terms of the step up operator E, we have:

∇fk = fk − E−1fk = (1− E−1)fk.

Therefore,
∇ = (1− E−1)

or
E−1 = 1−∇.

(2) The central difference operator δ is defined by

δfk = fk+ 1
2
− fk− 1

2
(8.10)
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In terms of the operator E, we have

δfk = E
1
2 fk − E− 1

2 fk

= E
1
2 (1− E−1)fk

Therefore
δ = E

1
2 − E− 1

2 = E
1
2 (1− E−1) = E

1
2∇.

Thus
δ = E

1
2∇ = E− 1

24 (8.11)

since E − 1 = 4 by (8.6).
Finally we have

δ2 = (E
1
2 − E− 1

2 )2 = (E − 1)(1− E−1) = 4∇ = ∇4 (8.12)

(3) The averaging operator µ is defined by

µfk =
1

2
(fk+ 1

2
+ fk− 1

2
) (8.13)

Clearly,

µ =
1

2
(E

1
2 + E− 1

2 ).

(4) Differentiation Operator D is defined by

Dfk = f
′

k =
d

dx
f(x)|x=xk

(8.14)

Notice that
D(Efk) = Dfk+1 = f

′

k+1

E(Dfk) = Ef
′

k = f
′

k+1.

So,
ED = DE (8.15)

Other operators similarly satisfy the commutative property.
Remarks: Provided that the functions on which the operators act are polynomials,
we may expand expressions involving operators in series which will terminate . This
will provide many useful formulae. For functions other than polynomials the series
will not terminate . In using such formula, it must be remembered that they are
exact only for polynomials. For other functions, they are asymptotic (i.e the first
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few terms give a good approximations but the approximation will diverge if too
many terms are taken.
Example: Suppose that the function y = f(x) can be expanded in Taylor series
about a point x0. Then

f1 = f(x0 + h)

= f(x0) + hf
′
(x0) +

1

2
h2f

′′
(x0) + · · ·+ · · ·

=
∞∑

n=0

hn

n!
f (n)(x0) (8.16)

Expression (8.16) terminates if f(x) is a polynomial.
In terms of the symbolic operators,we can write expansion (8.16) in the form:

f1 = f0 + hDf0 +
1

2
h2D2f0 + · · ·

Thus

Ef0 = f1

= (1 + hD +
1

2
h2D2 + · · ·+ · · ·)f0

= (ehD)f0

Therefore,
E = ehD (8.17)

Again,

δ = E
1
2 − E− 1

2

= e
1
2
hD − e−

1
2
hD

= 2 sin h(
1

2
hD)

Therefore,

δ = 2 sin h(
1

2
hD) (8.18)

where the hyperbolic function sin hx is defined by

sin hx =
1

2
(ex − e−x).
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From (8.18), writing hD as the subject of the expression, we have

hD = 2(sin h)−1(
1

2
δ) = δ{1− 1

24
δ2 +

3

640
δ4 − · · ·} (8.19)

Note that the parameter h in the foregoing expression is different from our usual
mesh size h.

8.5. Newton Forward Difference Formula
Linear Interpolation: Suppose that n = 1 in Equation (8.1) so that we have only
two points x0 and x1 and observed functional values f0 = f(x0) and f1 = f(x1).
The unique straight line (a polynomial of degree 1) that passes through the points
(x0, f0) and (x1, f1) is given by:

P (x) =
x− x1

x0 − x1

f0 +
x− x0

x1 − x0

f1. (8.20)

Notice that the linear function P (x) satisfies the interpolation property, i. e P (x0) =
f0 and P1(x1) = f1. Writing x1 = x0 + h, x = x0 + rh = xr and substituting in
(8.20) yields

P (xr) ∼= fr

=
rh− h

−h
f0 +

rh

h
f1

= (1− r)f0 + rf1 = f0 + r(f1 − f0)
= f0 + r4f0 (8.21)

Newton Forward Difference Formula (NFDF): In general, from Equation (8.8)
we have

Er = (1 +4)r

and by binomial expansion

Er = 1 + Cr
14+ Cr

242 + · · ·

where

Cr
j =

r!

(r − j)!j!
.

Applying the operator Er on f0, we have:

Erf0 = fr

= (1 + Cr
14+ Cr

242 + · · ·+ · · ·)f0,
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that is
fr = f(x0 + rh) = Erf0 =

∑
j=0

Cr
j4jf0. (8.22)

Equation (8.22) is called Newton’s Forward Difference Formula (NFDF). This for-
mula is exact for a polynomial function f(x) (when the series terminate). For other
function, it is asymptotic. Such series should not be summed beyond the point
where further terms become negligible.

Note: (1) The NFDF is useful when working at the beginning of a table, i. e
when 0 ≤ r ≤ 1. The differences which are used are given below:

f0

4f0

f1 42f0

4f1 43f0

f2 42f1

4f2

f3

(2) The remainder term Rn(x) of formula (8.22) has the form:

Rn(x) =
hn+1r(r − 1) · · · (r − n)

(n + 1)!
f (n+1)(ξ) (8.23)

where ξ is some interval point of the least interval containing the points xi, i =
0, 1, 2 · · ·n and the point x.

Example: The table below shows values of f(x) =
√

x, for x lying between 1.00
and 1.20. Use NFDF to compute

√
1.01 correct to five decimal places.

In the following table, for the sake of convenience, we omit the decimal points and
zeroes from the differences.
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x f(x) 4 42 43 44

1.00 1.00000
2470

1.05 1.02470 -59
2411 5

1.10 1.04881 -54 -2
2357 3

1.15 1.07238 -51
2306

1.20 1.09544

Here x0 = 1.00, h = 0.05, xr = x0 + rh = 1.01, r = 1
5
. Using NFDF (8.22) we have

fr = f(1.01) = f 1
5

= f0 +
1
5

1!
4f0 +

1
5
(−4

5
)

1 · 2
42f0 +

1
5
(−4

5
)(−9

5
)

1 · 2 · 3
43f0 + · · ·

= f0 +
1

5
4f0 −

2

25
42f0 +

6

125
43f0 + · · ·

= 1.00000 +
1

5
(0.02470)− 2

25
(−0.00059) +

6

125
(0.00005) = 1.00499.

Exact value :
√

1.01 = 1.00499.

Example 2: The following is a table of the values of the function f(x) = log x.
Find log 1001.

i xi fi 4fi 42fi 43fi

0 1000 3.0000000
43214

1 1010 3.0043214 -426
42788 8

2 1020 3.0086002 -418
42370 9

3 1030 3.0128372 -409
41961 8

4 1040 3.0170333 -401
41560

5 1050 3.0211893
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For x = 1001, x0 = 1000, we have h = 10, r = x−x0

h
= 1

10
= 0.1.

After converting the differences back to seven decimal places, we have:

f(1001) = fr

= 3.0000000 + (0.1)(0.0043214) +
(0.1)(0.9)

2
(0.0000426)

+
(0.1)(0.9)(1.9)

6
(0.0000008)

= 3.0004341

Estimating the remainder term, we use n = 3 in (8.23). Since the third differences
are practically constant, we get

R3(x) =
h4r(r − 1)(r − 2)(r − 3)

4!
f (4)(ξ), 1000 < ξ < 1030.

Since

f(x) = − 3!

x4
log e,

therefore

|f (4)(ξ)| < 3!

(1000)4
log e.

For h = 10, r = 0.1, we finally have :

|R3(1001)| < (0.1)(0.9)(1.9)(2.9)(104) log e

4(1000)4
∼= (0.5)(10−9)

Thus, the remainder term can only affect the ninth decimal digit. Note that the
obtained value of log(1001) fully coincides with its value in the seven place of loga-
rithms.

8.6. Newton Backward Difference Formula (NBDF)
Recall from Equation (8.9) that

∇ = 1− E−1

and so that

E−r = (1−∇)r

= 1− Cr
1∇+ Cr

2∇2 − Cr
3∇3 + · · ·
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Then

f(xn − rh) = E−rfn = fn−r

= {1− Cr
1∇+ Cr

2∇2 − Cr
3∇3 · · ·+ · · ·}fn

=
∑
j=0

Cr
j (−∇)jfn. (8.24)

Equation (8.24) is called the Newton Backward Difference Formula (NBDF). This
formula is useful for interpolation near the end of a table and with 0 < r < 1.
An extrapolation formula can be obtained by putting s = −r in (8.24) to yield the
formula:

f(xn + sh) = fn+s = fn + s∇fn +
s(s + 1)

2
∇2fn +

s(s + 1)(s + 2)

6
∇3fn + · · · (8.25)

Equation (8.25) is useful when extrapolating beyond the table, i.e when s > 0.
From equation (8.11), we have the relation:

E
1
2∇ = E− 1

424,

this implies that
∇ = E−14.

Thus, we may write Equation (8.25) in terms of the forward difference 4 given by:

f(xn + sh) = fn+s

= fn + s4fn−1 +
s(s + 1)

2
42fn−2

+
s(s + 1)(s + 2)

6
43fn−3 + · · · (8.26)

The remainder term Rn(x) of formula (8.26) has the form:

Rn(x) = hn+1 s(s + 1) · · · (s + n)

(n + 1)!
f (n+1)(ξ) (8.27)

where ξ is an inside point of the least interval containing all the points xi, i =
0, 1, 2 · · ·n as well as the point x = xn + sh. Formula (8.27) is useful for interpola-
tion and extrapolation at points x close to the end of the table.

Example: Using the table of values of the function: y = sin x, find sin 54◦ and
sin 56◦ and indicate the error of the results.
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i xi fi 4fi 42fi 43fi

0 30◦ 0.5000
736

1 35◦ 0.5736 -44
692 -5

2 40◦ 0.6428 -49
643 -5

3 45◦ 0.7071 54
589 -3

4 50◦ 0.7660 -57
532

5 55◦ 0.8192

Solutions: From the table of differences above, we see that the third differences
are practically constant. It is therefore sufficient to take four terms in (8.26). For
computing sin 54◦, we have

s =
54− 55

5
= −0.2

From formula (8.26), we have

sin 54 = f(54)

= 0.8192 + (−0.2)(0.0532)− (−0.2)(0.8)

2
(0.0057)

−(−0.2)(0.8)(1.8)

6
(0.0003)

= 0.80903.

For n = 3, the remainder term given by (8.27) has the form

R3(x) = h4 s(s + 1)(s + 2)(s + 3)

4!
f (4)(ξ).

In this case, h = 5◦ = 0.0873, s = −0.2, f (4)(ξ) = sin ξ ≤ 1. Thus

|R3(54)| ≤ (0.087)4(0.2)(0.8)(1.8)(2.8)

24
∼= (0.2)(10−5).
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We see that the remainder term can affect only the 5th decimal digit. We therefore
write the final result in the form sin 54◦ = 0.8090. This value completely coincides
with the one taken from the table.
For the case of sin 56◦, s = 56−55

5
= 0.2, and from Equation (8.26), we get

sin 56◦ = f(56)

= 0.8192 + (0.2)(0.0532)− (0.2)(1.2)

2
(0.0057)

−(0.2)(1.2)(2.2)

3!
(0.0003)

= 0.82913.

For s = 0.2, h = 0.0873, the remainder term is estimated by

|R3(56)| ≤ (0.087)4(0.2)(1.2)(2.2)(3.2)

24
∼= 0.4(10−5).

Hence, the remainder term can only affect the 5th digit. Therefore,

sin 56◦ = 0.8291.

8.7. Summary: We have established NFDF and NBDF for interpolation and ex-
trapolation of equally spaced functional values in this lecture.

8.8. Post Test
(1) Consider the values of two functions y = f(x) and y = g(x) given in the following
tables.

y = f(x)

x 1.50 1.51 1.52 1.53 1.54 1.55 1.56
f(x) 0.51183 0.50624 0.50064 0.49503 0.48940 0.48376 0.47811

x 1.57 1.58 1.59 1.60
f(x) 0.47245 0.46678 0.46110 0.45540

y = g(x)

x 1.0 1.1 1.2 1.3 1.4 1.5 1.6
g(x) 0.5652 0.6375 0.7147 0.7973 0.8861 0.9817 1.0848
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x 1.7 1.8 1.9 2.0
f(x) 1.1964 1.3172 1.4482 1.5906

Using NFDF and NBDF, find the following functional values and indicate the errors
that are involved.
(a) For the function y = f(x), find f(1.50911), f(1.50820), f(1.59513) and f(1.59728).

(b) For the function y = g(x), find the values g(1.0113), g(1.0219), g(1.9592) and
g(1.9819).
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Lecture Nine

The Central Difference Formula of Everrett’s, Bessel and
Stirling

9.1. Introduction
In the previous lecture, we dealt with the Newton’s forward and backward interpola-
tion formulae. These formulae are useful and are very appropriate for interpolation
at the beginning and end of the table. However, we shall in this lecture, consider
some well known central difference formulae that are useful for interpolation in the
middle of the table.

9.2. Objectives: The reader should be able to apply central difference formu-
lae to interpolate functional values at the centre of the table.

9.3. Everrett’s Formula
By applying notations from the previous lecture, we write xr = x0 + rh. Everrett’s
formula is of the form:

f(x0 + rh) = Φ0(δ)f0 + Φ1(δ)f1 (9.1)

where Φ0 and Φ1 are even functions of the central difference operator δ.
As shown in the last lecture, f(x0 + rh) = Erf0 = erhDf0, then f1 = Ef0 = ehDf0.
Consequently, we have from (9.1)

erhDf0 = Φ0(δ)f0 + Φ1(δ)e
hDf0.

Hence,
erhD = Φ(δ) + Φ1(δ)e

hD (9.2)

Similarly,
e−rhD = Φ(δ) + Φ1(δ)e

−hD. (9.3)

Therefore, by subtracting (9.3) from (9.2), we have

Φ1(δ) =
erhD − e−rhD

ehD − e−hD
=

sin h(rhD)

sin h(hD)
(9.4)

and

Φ0(δ) =
sin h[(1− r)hD]

sin h(hD)
=

sin h[shD]

sin h[hD]
(9.5)
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where s = 1− r. Consequently, Everrett’s formula can be shown to take the form:

f(x0rh) = sf0 +
1

3!
s(s2 − 1)f0 +

1

5!
s(s2 − 1)(s2 − 4)δ4f0 + · · ·+

+rf1 +
1

3!
r(r2 − 1)δ2f1 +

1

5!
r(r2 − 1)(r2 − 4)δ4f1 + · · · (9.6)

Everrett’s and other central difference formulas are useful when interpolating near
the middle of table (−1

2
< r < 1

2
). They are more rapid than the Newton’s formula,

so they are preferable when possible. For s = r = 1
2
, Everrett’s formula becomes

f 1
2

=
1

2
(f0 + f1)−

1

16
δ2(f0 + f1) +

3

256
d4(f0 + f1)−

5

2048
δ6(f0 + f1) + · · · (9.7)

9.4. Stirling Interpolation Formula
Stirling is another central difference formula which is derived by taking the arith-
metic mean of the first and second interpolation formulas of Gauss. Stirling’s formula
has the form:

fr = f(x0 + rh) = f0 +
r

2
(4f−1 +4f0) +

r2

2
42f−1

+
r(r2 − 12)

3!

43f−2 +43f−1

2
+

r2(r2 − 12)

4!
44f−2+

+ · · ·+ r2(r2 − 12) · · · [r
2 − (n− 1)2]

(2n)!
42nf−n (9.8)

which may be written in the simplified form

fr = f0 + rµδf0 +
1

2
r2δ2f0 +

1

6
r(r2 − 1)µδ3f0 + · · · (9.9)

where

r =
x− x0

h
.

The remainder term of (9.8) has the form:

R2n = h2n+1f (2n+1)(ξ)

(2n + 1)!
r(r2 − 12)(r2 − 22) · · · (r2 − n2). (9.10)
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Stirling’s formula is used for interpolation in the middle of the table for the values
of r close to zero. In practical applications, it is used for |r| ≤ 0.25.

Example. In the table of values and differences for the function y = sin hx be-
low, find sin h1.41710.

i xi fi 4fi 42fi 43fi 44fi

-4 1.0 1.17520
16045

-3 1.1 1.33565 1336
17381 175

-2 1.2 1.50946 1511 14
18892 189

-1 1.3 1.69838 1700 17
20592 206

0 1.4 1.90430 1906 19
22498 225

1 1.5 2.12928 2131 21
24629 246

2 1.6 2.37557 2377 25
27006 271

3 1.7 2.64563 2648
29654

4 1.8 2.94217

For x = 1.41710, we have

r =
1.41710− 1.4

0.1
= 0.1710.

Thus, since the 4th differences are practically constant, we take n = 2 (2n = 4) in
formula (9.8) to have

fr = f0+
r

2
(4f−1+4f0)+

r2

2
42f−1+

r(r2 − 1)

3!
(
43f−2 +43f−1

2
)+

r2(r2 − 1)

4
44f−2.

Thus ,

sin h1.41710 = 1.90430 + (0.1710)(
0.20592 + 0.022498

2
)+
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+
(0.1710)2

2
(0.01906) + (0.1710)

((0.1710)2 − 1)2

3!

(0.00206 + 0.00225)

2

+
(0.1710)2((0.1710)2 − 1)

4!
(0.00019)

= 1.90430 + (0.1710)(0.21545) + (0.01462)(0.01906)− (0.02767)(0.00215)

−(0.00118)(0.00019) = 1.94136.

We see that this value agrees with the exact value correct to five decimal places.

9.5. Bessel’s Interpolation Formula
Bessel’s formula has the form:

fr =
f0 + f−1

2
+ (r − 1

2
)4f0 +

r(r − 1)

2

(
42f−1 +42f0

2

)

+
(r − 0.5)r(r − 1)

3!
43f−1 +

r(r − 1)(r + 1)(r − 2)

4!

(
44f−2 +44f−1

2

)

+
(r − 0.5)r(r − 1)(r + 1)(r − 2)

5!
45f−2

+
r(r − 1)(r + 1)(r − 2)(r + 2)(r − 3)

6!

(
46f−3 +46f−2

2

)

+ · · ·+ r(r − 1)(r + 1)(r − 2)(r + 2) · · · (r − n)(r + n− 1)

(2n)!

(
42nf−n +42nf−n+1

2

)

+
(r − 0.5)r(r − 1)(r + 1)(r − 2)(r + 2) · · · (r − n)(r + n− 1)

(2n + 1)!
42n+1f−n (9.11)

where

r =
x− x0

h
.

The remainder term can be written in the form:

Rn(x) =
h2n+2

(2n + 2)!
f (2n+2)(ξ)r(r2 − 12)(r2 − 22) · · · (r2 − n2) (9.12)

where ξ lies between x0 − nh and x0 + nh.
Bessel’s formula is used for interpolation in the middle of the table for the values of
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r close for 0.25 ≤ q ≤ 0.75. The formula has the simplest form for r = 0.5 since all
terms containing odd differences disappear. For the remainder term for r = 0.5, we
have

Rn(x) =
(−1)n+1h2n+2

(2n + 2)!
f (2n+2)(ξ)

(1 · 3 · 5 · · · (2n + 1)2)

22n+2
(9.13)

Example: Using the table of differences in the last example, find sin h1.45224.
Solution: Here, we have r = 1.45224−1.4

0.1
= 0.5224.

Since r is close to 0.5, we shall make use of Bessel’s formula (9.11) where odd
differences disappear. Thus, we restrict ourself to the first five terms as follows:

fr =
f0 + f−1

2
+ (r − 0.5)4f0 +

r(r − 1)

2

(
42f−1 +42f0

2

)

+
(r − 0.5)r(r − 1)

3!
43f−1 +

r(r − 1)r + 1)(r − 2)

4!

44f−2 +44f−1

2
.

r(r − 1)

2
= −0.12475,

(r − 0.5)r(r − 1)

3!
= −0.00093,

r(r2 − 1)(r − 2)

4!
= 0.02339. Hence

we have

sin h1.45224 =
1.90430 + 2.12928

2
+ (0.0224)(0.22498)

−(0.12475)
(0.01906 + 0.02131)

2
− (0.00093)(0.00225)

+(0.02339)
(0.00019 + 0.00021)

2
= 2.01931.

Comparing with the obtained result with the exact value, we have result correct to
five decimal places.
Remark: It is obvious from the examples considered in this lecture that the terms in
the interpolation formulas of Stirling and Bessel decrease considerably more rapidly
than those in the Newton’s formulas and the last term does not at all affect the
accuracy of the final results.

9.6. Summary
Some central difference interpolation formulas and their applications to some spe-
cific examples have been studied in this lecture. Several examples illustrating the
procedures have been provided.

9.7. Post Test
(1) Use the interpolation formulas of Bessel, Stirling and Everrett to make the follow-
ing table of values twice denser, i.e. compute f(x) for x = 0.55, 0.65, 0.75, 0.85, · · · 1.45.
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x 0.5 0.6 0.7 0.8 0.9 1.0
f(x) 0.9384 0.9 120 0.8812 0.8463 0.8075 0.7652

x 1.1 1.2 1.3 1.4 1.5
f(x) 0.7196 0.6711 0.6201 0.5669 0.5118

(2) Find the values of the function f(x) for the following values of x: (i) x = 0.82351,
(ii) x = 1.02511, (iii) x = 1.00251, (iv) x = 0.550250.
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Lecture 10

The Lagrangian Interpolation Procedure

10.1. Introduction
The Lagrangian interpolation procedure concerns interpolation process for unequally
spaced functional values. One of the simplest methods for constructing a polynomial
approximation to a given function f(x) is to require that the error varnishes at an
appropriate number of points, i. e. that the approximation is exact at a certain
number of points. In particular, to get a polynomial approximation of degree n to
f(x) in [a, b] we look for a polynomial Ln(x) that is exact at n + 1 points in (a, b).

That is, Ln(x) =
n∑

i=0

aix
i and Ln(xi) satisfies

Ln(xi) = a0 + a1xi + a2x
2
i + · · · anx

n
i = f(xi), i = 0, 1, 2 · · ·n. (10.1)

Using matrix notation, we could try to obtain the polynomial coefficients by solving:
1 x0 x2

0 · · · xn
0

1 x1 x2
1 · · · xn

1
... · · · ... · · · ...
1 xn x2

n · · · xn
n




a0

a1
...

an

 =


f(x0)
f(x1)

...
f(xn)

 .

There are n + 1 equations in n + 1 unknowns. To guarantee the existence and
uniqueness of a solution, it is necessary to show that the matrix above is nonsin-
gular. Although this is not difficult to do, the matrix is ill-conditioned and solving
this system is not a good method of constructing Ln(x). It is more convenient to
construct the polynomial Ln(x) explicitly and, by construction establish the exis-
tence of a solution to the above set of equations.The uniqueness of the solution is
then established by a separate argument.

10.2. Objectives
The reader should be able to apply Lagrangian interpolation to unequally spaced
functional values.

10.3. Pre -Test
(1) Estimate the functional value of f(x) = ln x at x = 0.60.
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10.4. Remarks
Consider the case n = 1, it is not difficult to see that

Ln(x) =
x− x1

x0 − x1

f(x0) +
x− x0

x1 − x0

f(x1) (10.2)

is a linear function that satisfies L1(xi) = f(xi) for i = 0, 1. Introducing the notation
l0(x) and l1(x) as linear functions satisfying

l0(x) =

{
1, at x = x0

0, at x = x1

and

l1(x) =

{
0, at x = x0

1, at x = x1

then we write (10.2) in the form:

Ln(x) = l0(x)f(x0) + l1(x)f(x1). (10.3)

Hence, we have constructed the linear interpolant between two function values. It
is easy to visualize that this is the unique linear function equal to f(x0) at x0 and
f(x1) at x1, in that there is only one line connecting two points in a plane.

The Case for General n: We write

Ln(x) = l0(x)f(x0) + l1(x)f(x1) + · · ·+ ln(x)f(xn) (10.4)

where lj(x) is a polynomial of degree n in x satisfying

lj(x) =

{
1, at x = xj

0, at x = xi, i = 0, 1, 2 · · ·n, i 6= j.

We introduce the notation:

π(x) = Πn
i=0(x− xi), πj(x) = Πn

i=0, i 6=j(x− xi).

Then we construct li(x) as,

li(x) =
(x− x0)(x− x1) · · · (x− xj−1)(x− xj+1) · · · (x− xn)

(xj − x0)(xj − x1) · · · (xj − xj−1)(xj − xj+1) · · · (xj − xn)
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=
Πj(x)

Πj(xj)
. (10.5)

Hence, the linear interpolant is

Ln(x) =
n∑

j=0

fjΠj(x)

Πj(xj)
=

n∑
j=0

fjlj(x) where fj = f(xj). (10.6)

Thus, we present the following theorem:

Theorem: Let {x0, x1, · · ·xn} be distinct points. Then there exists a unique poly-
nomial Ln(x) of degree n or less that satisfies

Ln(xi) = f(xi), for i = 0, 1, 2 · · ·n.

Proof:We have already established the existence of the polynomial Ln(x) by con-
struction. It remains to show that the constructed polynomial is unique.This is done
by assuming that it is not unique and establish a contradiction. We assume that
there exits a second polynomial Qn(x) of degree n or less such that

Qn(x) 6= Ln(x), satisfying Qn(xj) = f(xj), j = 0, 1, 2 · · ·n.

If this is true, then there exists another polynomial Pn(x) of degree n or less such
that

Pn(x) = Ln(x)−Qn(x) 6= 0, Pn(xj) = 0, j = 0, 1, 2 · · ·n.

Thus, Pn(x) is a polynomial of degree n (or less) with n + 1 zeros. Hence Pn(x) = 0
and we have established a contradiction. This shows that the Lagrangian polyno-
mial is unique.

The following theorem gives us the error in Lagrangian interpolation.

Theorem: Error term in Lagrangian Interpolation

If the (n + 1)th derivative of f(x) is continuous in [a, b] and all the points {xi}n
i=0

lie in [a, b], then for each value of x ∈ [a, b] there exists a ξ ∈ (a, b) such that

εn(x) = f(x)− Ln(x) =
Φ(x)f (n+1)(ξ)

(n + 1)!
.

The proof of this theorem can be established by multiple applications of Rolle’s
theorem. This is not part of the material of this course.

Example: Let f(x) = ln(x). Form the table of values of f(x) for x = 0.40, 0.5, 0.7, 0.8
and estimate f(0.60) by Lagrangian interpolation.
Solution: We have the following table of values to four decimal places:
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xi 0.40 0.50 0.70 0.80
f(xi) -0.9163 -0.6931 -0.3567 -0.2231

We first calculate the coefficients li as defined by equation (10.5) for i = 0, 1, 2 · · ·
as follows:

l0(x) =
(x− 0.5)(x− 0.7)(x− 0.8)

(0.4− 0.5)(0.4− 0.7)(0.4− 0.8)

l0(0.6) =
(0.6− 0.5)(0.6− 0.7)(0.6− 0.8)

(0.4− 0.5)(0.4− 0.7)(0.4− 0.8)
= −1

6
.

Similarly,

l1(0.6) =
2

3
, l2(0.6) =

2

3
, l3(0.6) = −1

6

Hence by Equation (10.6),

f(0.6) ∼= L3(0.6) = −1

6
(−0.9163)+

2

3
(−0.6931)+

2

3
(−0.3567)−1

6
(−0.2231) = −0.5100.

Comparing with the exact value of f(0.6) = −0.5108, error involved is ε = | −
0.5108 + 0.5100| = 0.0008.

10.5. Summary. We have developed the Lagrangian interpolation formula. Some
examples have been provided for illustration.

10.6. Post Test
(1) Use the Lagrangian interpolation formula to make the following table of values
twice denser, i.e. compute f(x) for x = 0.55, 0.65, 0.75, 0.85, · · · 1.45.

x 0.5 0.6 0.7 0.8 0.9 1.0
f(x) 0.9384 0.9 120 0.8812 0.8463 0.8075 0.7652

x 1.1 1.2 1.3 1.4 1.5
f(x) 0.7196 0.6711 0.6201 0.5669 0.5118

(2) Use Lagrangian interpolation formula to find the values of the function f(x) for
the following values of x: (i) x = 0.82351, (ii) x = 1.02511, (iii) x = 1.00251, (iv)
x = 0.550250 and compare your results with the results of post test in lecture 9.
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Lecture Eleven

Interpolation by Methods of Divided Differences and
Undetermined Coefficients

11.1 Introduction
The Lagrangian formula (10.6) is not particularly convenient for numerical work.
The present lecture deals with other methods that are easier to handle and suitable
for automatic computation.

11.2. Objectives
The reader should be able to perform interpolation of functional values by methods
of divided differences and undetermined coefficients.

11.3. Pre - Test
Estimate the value of f(x) = e

1
2
x for x = 0.2, 0.4, 0.7, 0.9, 1.0 by any method.

11.4. Remark: The Newton’s form of Lagrange interpolation expresses

f(x) ∼= Ln(x) = a0+a1(x−x0)+a2(x−x0)(x−x1)+· · ·+an(x−x0)(x−x1) · · · (x−xn−1).

If we then impose the interpolation condition:

Ln(xi) = f(xi), i = 0, 1 · · ·n

then we can solve for ai. For example,

Ln(x0) = f(x0) = f0

implies that a0 = f0,
Ln(x1) = f(x1) = f1

implies that
a0 + a1(x− x0) = f1.

Hence,

a1 =
f1 − x0

x1 − x0

.

Furthermore

Ln(x2) = f(x2) = f2 =⇒ a0 + a1(x2 − x0) + a2(x2 − x0)(x2 − x1) = f2
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Therefore,

a2 =
f2−f0

x2−x0
− f1−f0

x1−x0

x2 − x1

, etc.

The process of determining these coefficients can be mechanized in a way that is
suitable for automatic computation by introducing the idea of divided differences.
The first divided differences are defined by

f [xi, xi+1] =
f(xi+1)− f(xi)

xi+1 − xi

.

The kth divided differences are defined by :

f [xi, xi+1, · · ·xi+k] =
f [xi+1, xi+2, · · · , xi+k]− f [xi, xi+1, · · · , xi+k−1]

xi+k − xi

,

i.e recursively in terms of the (k−1)th divided differences. In this notation we write

f [xi] = f(xi) = fi.

Example:

f [x2, x3] =
f [x3]− f [x2]

x3 − x2

f [x3, x4, x5] =
f [x4, x5]− f [x3, x4]

x5 − x3

f [x1, x2, x3, x4] =
f [x2, x3, x4]− f [x1, x2, x3]

x4 − x1

.

We present the following theorem on divided differences.

Theorem: Suppose that f(x) is defined on [a, b] and suppose that {x0, x1, · · ·xn}
are a set of distinct points in the interval [a, b]. The kth degree polynomial interpo-
lating f(x) at {xi, xi+1, · · · , xi+k} is given by

Pi,k(x) = f [xi] + f [xi, xi+1](x− xi) + f [xi, xi+1, xi+2](x− xi)(x− xi+1) + · · ·

+f [xi, · · · , xi+k](x− xi)(x− xi+1) · · · (x− xi+k−1).

Proof: The proof is established by induction on k. We have already seen that for
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k = 0 and k = 1 the theorem is true for any value of i. We will assume it is true for
some value of k [and all values of i] and denote

Pi,k+1(x) = Pi,k(x) + ak+1(x− xi)(x− xi+1) · · · (x− xi+k).

We note that the above is a polynomial of degree k + 1 which interpolates the
function f(x) at the points {xi+j, i = 0, 1, 2 · · · k}. Thus we need to choose ak+1 so
that

Pi,k+1(xi+k+1) = f(xi+k+1)

and show that
ak+1 = f [xi, xi+1, · · · , xi+k+1].

We note that
(1) The coefficient of xk in Pi,k(x) is f [xi, xi+1, · · · , xi+k].
(2) The coefficient of xk+1 in Pi,k+1(x) is ak+1.
Consider the polynomial Q(x) of degree k + 1 defined by

Q(x) =
(x− xi)Pi+1,k(x)− (x− xi+k+1)Pi,k(x)

xi+k+1 − xi

.

This polynomial satisfies: (1) Q(xi) = Pi,k(xi) = fi

(2) Q(xi+k+1) = Pi+1,k(xi+k+1) = fi+k+1.

(3)

Q(xj) =
(xj − xi)Pi+1,k(xj)− (xj − xi+k+1)Pi,k(xj)

xi+k+1 − xi

=
(xj − xi)fj − (xj − xi+k+1)fi

xi+k+1 − xi

, when i < j < i + k + 1.

= fj

Therefore
Q(x) = Pi,k+1(x).

Moreover, the leading coefficient of Q(x), that the coefficient of xk+1 is

f [xi+1, xi+2, · · · , xi+k+1]− f [xi, xi+1, · · · , xi+k]

xi+k+1 − xi

.

Thus, the leading coefficient of Pi,k+1(x) is also given by the above formula which by
definition of divided differences, is also the divided difference f [xi, xi+1, · · ·xi+k+1].
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Corollary to the Theorem

Ln(x) = f [x0] + (x− x0)f [x0, x1] + (x− x0)(x− x1)f [x0, x1, x2] + · · ·
· · ·+ (x− x0)(x− x1) · · · (x− xn−1)f [x0, x1, · · · , xn].

Note: Although the interpolation points {xi} will usually be given in ascending
order, there is no requirement for this to be the case. They could be in descending
order or indeed any order.
Divided differences are obtained by constructing a divided difference table. For
example:

x0 f0 = f [x0]
f [x0, x1]

x1 f1 = f [x1] f [x0, x1, x2]
f [x1, x2] f [x0, x1, x2, x3]

x2 f2 = f [x2] f [x1, x2, x3] f [x0, x1, x2, x3, x4]
f [x2, x3] f [x1, x2, x3, x4]

x3 f3 = f [x3] f [x2, x3, x4]
f [x3, x4]

x4 f4 = f [x4]

We note how easy it is to add a new function value to the table and construct a few
new differences. We also note that L4(x) for the above set of data values is given
by:

L4(x) = f [x0] + f [x0, x1](x− x0) + f [x0, x1, x2](x− x0)(x− x1) +
+ f [x0, x1, x2, x3](x− x0)(x− x1)(x− x2) +
+ f [x0, x1, x2, x3, x4](x− x0)(x− x1)(x− x2)(x− x3).

Example: A divided difference table for the function values: {f(−1) = 1, f(0) =
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1, f(3) = 181, f(−2) = −39, f(4) = 801} is given by

x0 = −1 f0 = 1
0

x1 = 0 f1 = 1 15
60 7

x2 = 3 f2 = 181 8 3
44 22

x3 = −2 f3 = −39 96
140

x4 = 4 f4 = 801

Thus
f [x0, x1] = 0

f [x3, x4] = 140

f [x1, x2.x3, x4] = 22, etc.

The linear Lagrange polynomial interpolating {f(−1) = 1, f(0) = 1} is

L1(x) = [1] + [0](x− [−1]) = 1.

The cubic polynomial interpolating {f(−1) = 1, f(0) = 1, f(3) = 181, f(−2) =
−39} is

L3(x) = [1] + [0](x− [−1]) + [15](x− [−1])(x− [0]) + [7](x− [−1])(x− [0])(x− [3])

= 1 + 15x(x + 1) + 7x(x + 1)(x− 3).

11.5. Method of Undetermined Coefficients
A polynomial Pm(x) given by

Pm(x) = Cmxm + Cm−1x
m−1 + · · ·+ C0 (1)

passing through the points {(xi, f(xi)), i = 0, 1, 2 · · ·n} satisfies a system of linear
equations as follows:

f(x0) = Cmxm
0 + Cm−1x

m−1
0 + · · ·+ C0

f(x1) = Cmxm
1 + Cm−1x

m−1
1 + · · ·+ C0

· · · = · · · · · · · · · · · ·
f(xn) = Cmxm

n + Cm−1x
m−1
n + · · ·+ C0 (2)
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We know from linear algebra that the system (2) has a unique solution for unknown
vector C = (Cm, Cm−1, Cm−2 · · ·C0) if m + 1 = n + 1, i.e m = n. We then solve the
system (2) to determine the coefficients Ci’s, i = 0, 1, 2 · · ·m.

11.6. Summary
We have developed interpolation procedures by using methods of divided differences
and method of undetermined coefficients.

11.7. Post Test (1) Use the method of divided differences to make the following ta-
ble of values twice denser, i.e. compute f(x) for x = 0.55, 0.65, 0.75, 0.85, · · · 1.45.

x 0.5 0.6 0.7 0.8 0.9 1.0
f(x) 0.9384 0.9 120 0.8812 0.8463 0.8075 0.7652

x 1.1 1.2 1.3 1.4 1.5
f(x) 0.7196 0.6711 0.6201 0.5669 0.5118

(2) Use divided differences interpolation procedure to find the values of the function
f(x) for the following values of x: (i) x = 0.82351, (ii) x = 1.02511, (iii) x = 1.00251,
(iv) x = 0.550250 and compare your results with the results of post tests in lectures
9 and 10.
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Lecture Twelve

Least Square Method of Curve Fitting

12.1. Introduction: Least square method of curve fitting is a popular and effi-
cient method of curve fitting to observed or measured functional values for which
the explicit knowledge of the function is usually lacking.

12.2. Objectives: The reader should be able to fit curves to known functional
values by the method of least squares.

12.3. Pre -Test
(1) Carry out curves fitting by the method of least squares to the Example in Lec-
ture 10.

12.4. Linear Approximations
Suppose, as usual, that we have n + 1 data values

{(x0, f(x0), (x1, f(x1)), · · · (xn, f(xn))}.

Setting yj = f(xj), j = 0, 1, 2 · · ·n, we seek a straight line

y(x) = a + bx (12.1)

that interpolates the functional data making the sum of the squares of the error
between the estimated and the actual data values to be minimized or least.
For n = 1, we can fit the points exactly (linear interpolation). However for n ≥ 1, we
shall determine the coefficients a and b appearing in Equation (12.1) by minimizing
the error sum of squares given by:

S =
n∑

j=0

(a + bxj − yj)
2 (12.2

where a + bxj is the estimated value and yj are the data values, j = 0, 1, 2 · · ·n.
To minimize S with respect to the constants a and b, we know from calculus that

∂S

∂a
=

∂S

∂b
= 0. (12.3)

That is,
∂S

∂a
=

n∑
j=0

2(a + bxj − yj) = 0.
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and
∂S

∂b
=

n∑
j=0

2xj(a + bxj − yj) = 0.

Expanding the sums, we have:

a
n∑

j=0

1 + b
n∑

j=0

xj =
n∑

j=0

yj. (12.4)

a
n∑

j=0

xj + b
n∑

j=0

x2
j =

n∑
j=0

xjyj. (12.5)

Equations (12.4) and (12.5) are usually called the Normal Equations. By making
the following substitution:

S0 =
n∑

j=0

1 = n + 1,

S1 =
n∑

j=0

xj, S2 =
n∑

j=0

x2
j

V0 =
n∑

j=0

yj, V1 =
n∑

j=0

xjyj,

then the normal equations (12.4) and (12.5) becomes

S0a + S1b = V0

S1a + S2b = V1. (12.6)

Solving Equation (12.6) we have:

a =
S2V0 − S1V1

S0S2 − S2
1

, b =
S0V1 − S1V0

S0S2 − S2
1

(12.7)

It may be shown that S0S2 − S2
1 6= 0 and that the values of a and b do in fact give

a minimum of S.

Example 1.: Represent the following data by a linear expression by the least
square method:
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x 8 10 12 16 20 30 40 60 100
y 0.88 1.22 1.64 2.72 3.96 7.66 11.96 21.56 43.16

In order to derive the normal equations, we first generate the following table:

j xj x2
j yj xjyj

0 8 64 0.88 7.04
1 10 100 1.22 12.20
2 12 144 1.64 19.68
3 16 256 2.72 43.32
4 20 400 3.96 79.20
5 30 900 7.66 229.80
6 40 1600 11.96 478.40
7 60 3600 21.56 1293.60
8 100 10000 43.16 4316.00∑

296 17,064 93.76 6479.44

Hence, S0 = 9, V0 = 94.76, S1 = 296, S2 = 17064, V1 = 6479.44. Therefore, we
obtain the normal equations given by

9a + 296b = 93.76
296a + 17064b = 6479.44 (12.8)

solving simultaneous equations (12.8), we have a = −4.562, b = 0.4589. The linear
expression (12.1) becomes

y(x) = −4.562 + 0.4589x.

The last equation yields the following values:

x 8 10 12 16 20 30 40 60 100
yest -0.89 0.03 0.94 2.71 4.61 9.21 13.79 22.99 41.33
ydata 0.88 1.22 1.64 2.72 3.96 7.66 11.96 21.56 43.16

where yest and ydata are respectively the estimated and data values.

12.5. Polynomial Approximations

We now seek a polynomial

y(x) = a0 + a1x + · · ·+ amxm. (12.9)
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which fits the given set of data as well as possible by minimizing S given by

S =
n∑

j=0

(y(xj)− yj)
2

=
n∑

j=0

(
a0 + a1xj + · · ·+ amxm

j − yj

)2
. (12.10)

At the minimum value of S with respect to the coefficients ai, i = 0, 1, 2 · · ·m, we
have from calculus,

∂S

∂a0

=
n∑

j=0

2
(
a0 + a1xj + · · ·+ amxm

j − yj

)
= 0

and
∂S

∂ak

=
n∑

j=0

2xk
j

(
a0 + a1xj + · · ·+ amxm

j − yj

)
= 0

So putting

Sk =
n∑

j=0

xk
j , Vk =

n∑
j=0

xk
j yj, k = 1, 2 · · ·m

the normal equations are given by:

S0a0 + S1a1 + · · ·+ Smam = V0

S1a0 + S2a1 + · · ·+ Sm+1am = V1

· · · · · · · · ·
S0a0 + Sm+1a1 + · · ·+ S2mam = Vm (12.11)

By writing the system of equations (12.11) in matrix form:∧
A = V

we have

∧
=


S0 S1 · · · Sm

S1 S2 · · · Sm+1
...

...
...

...
Sm Sm+1 · · · S2m
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and
A = (a0a1 · · · am)T , V = (V0V1 · · ·Vm)T .

Remark: Although the matrix
∧

is never singular, it may be very ill-conditioned
and it becomes necessary to keep as many decimal places in the working in order to
determine the ak’s accurately.

Example 2.: Fit a quadratic polynomial to the previous data by the method of
least squares.
Solution: We already have S0, S1, S2, V0, V1 as given before. Here S3 = 1, 322, 336
and V2 = 537940.8. It is straight forward to solve the system of equations:

S0a0 + S1a1 + S2a2 = V0

S1a0 + S2a1 + S3a2 = V1

S2a0 + S3a1 + S4a2 = V2

for the unknown a0, a1, a2 and obtain the quadratic polynomial

y(x) = a0 + a1x + a2x
2

to fit the given data.

12.6. Five Point Parabola We wish to construct a parabola

y(x) = a0 + a1
(x− xk)

h
+ a2

(x− xk)
2

h
(12.13)

by the method of least square approximation of the last section, to fit the five data
values (xk−2, yk−2), (xk−1, yk−1), (xk, yk), (xk+1, yk+1) and (xk+2, yk+2).
If we make the substitution

t =
x− xk

h
then x = xk + th

and so the parabola (12.13) becomes:

P (t) = y(xk + th) = a0 + a1t + a2t
2. (12.14)

In this section, the values of the nodes xk are evenly spaced, xk−2 = xk−2h, t = −2,
at x = xk−1 = xk−h, t = −1 and at x = xk, t = 0, etc. Thus the five points become
(−2, yk−2), (−1, yk−1), (0, yk), (1, yk+1) and (2, yk+2). The normal equations for the
polynomial (12.14) are:

S0a0 + S1a1 + S2a2 = V0

S1a0 + S2a1 + S3a2 = V1

S2a0 + S3a1 + S4a2 = V2 (12.15)
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where

S0 = 5, S1 = 0, S2 = 4 + 1 + 1 + 4 = 10,

S3 = (−2)3 + (−1)3 + 03 + 13 + 23 = −8− 1 + 1 + 8 = 0,

S4 = (−2)4 + (−1)4 + 0 + 14 + 24 = 34,

V0 =
k+2∑

j=k−2

yj,

V1 =
k+2∑

j=k−2

tjyj = −2yk−2 − yk−1 + yk+1 + 2yk+2,

V2 =
k+2∑

j=k−2

t2jyj = 4yk−2 + yk−1 + yk+1 + 4yk+2.

Substituting these values in Equation (12.15) and solving for the coefficients we
have

a0 =
1

5

[∑
yj − 10a2

]
obtained from the first equation of (12.15) and from the second equation we have:

a1 =
1

10
[−2yk−2 − yk−1 + yk+1 + 2yk+2] .

From the third equation of (12.15), we have:

a2 =
1

14

[∑
t2jyj − 2

∑
yj

]
=

1

14
[2yk−2 − yk−1 − 2yk − yk+1 + 2yk+2]

Finally, a0 can be shown to satisfy :

a0 =
1

70
[70yk − 6(yk−2 − 4yk−1 + 6yk − 4yk+1 + 6yk+2)]

so that in terms of the central difference operator ∂, we can write:

a0 = yk −
3

35
∂4yk.
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With the above values of the constants a0, a1, a2, the parabola is

P (t) = a0 + a1t + a2t
2

or

y(x) = a0 + a1
x− xk

h
+ a2(

(x− xk)

h
)2.

Data Smoothing
At x = xk, or t = 0, the parabola becomes:

y(xk) = P (0) = a0

= yk −
3

35
∂4yk.

So we have the smoothing formula:

y(xk) ∼= yk −
3

35
∂4yk.

Example 3. The table below gives thew square roots of integers between 1 to 10.
Use data smoothing formula to detect and correct random errors in the table.
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xk yk ∂ ∂2 ∂3 ∂4 3
35

∂4 y(xk)
√

xk

1 1.04 0
33

2 137 0 1.70 1.73
33 -4 0

3 1.70 -3
30 -1

4 2.00 -4 -5 0 2.00 2.00
26 -6

5 2.26 -10 28 2 2.24 2.24
16 22

6 2.42 12 -54 -5 2.47 2.45
28 -32

7 2.70 -20 66 6 2.64 2.65
8 34

8 2.78 14 -56 -5 2.83 2.83
22 -22

9 3.00 -8
14

10 3.14

Thus, random errors have been committed between x5 and x8 as detected by the
smoothing formula.

12.7. Summary
We have developed the method of least squares for curve fitting in the case of linear
and polynomial approximations. We have also developed the data smoothing for-
mula for the detection and correction of random errors in observed or measured data.

12.8. Post Tests

(1) Use least square methods to obtain linear and quadratic polynomials that fit
the following functional values of f(x) for x = 0.55, 0.65
0.75, 0.85, · · · 1.45.

x 0.5 0.6 0.7 0.8 0.9 1.0
f(x) 0.9384 0.9 120 0.8812 0.8463 0.8075 0.7652
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x 1.1 1.2 1.3 1.4 1.5
f(x) 0.7196 0.6711 0.6201 0.5669 0.5118

(2) Compute the linear least square estimates for the values of the function f(x)
for the following values of x: (i) x = 0.82351, (ii) x = 1.02511, (iii) x = 1.00251,
(iv) x = 0.550250 and compute their errors. Use data smoothing formula to detect
errors in the data above.
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Lecture Thirteen

Numerical Differentiation

13.1. Introduction
We shall be concerned with the evaluation of first and higher order derivatives of
functions from given set of functional values. This process is called numerical dif-
ferentiation. We shall employ Newton formula and some central difference formula
to derive expressions for this class of derivatives at give points in the case of equally
spaced function values.

13.2. Objectives
The reader should be able to perform numerical differentiation from tabular values
of functions.

13.3. Pre-Tests
Tabulate the values of the function y = exp 2x for values of x = 0, 1, 2 · · · 10.
Estimate the value of f

′
(7.5) from your table.

13.4. Derivation of Differentiation Formulas:
We shall be concerned with the derivation of several numerical differentiation for-
mulas in this lecture.

Newtonian Formula: We have by the Newton’s Forward Difference formula

yr = y(x0 + rh) = f0 + r4f0 +
r(r − 1)

2
42f0 +

r(r − 1)(r − 2)

3!
43f0 + · · · .

If we put x = x0 + rh, then dr
dx

= 1
h

and so

y
′

r =
d

dx
(y(x))

∣∣∣∣∣x=x0+rh =
dr

dx
· d

dr
y(x0 + rh)

=
1

h

{
4f0 +

1

2
(2r − 1)42f0 +

1

6
(3r2 − 6r + 2)43f0 + · · ·+

}
(13.1)

In particular, when r = 0, then putting this value for r in Equation (13.1), we have

y
′

0 =
1

h
{4f0 −

1

2
42f0 +

1

3
43f0 · · ·}. (13.2)
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Equation (13.2) converges very slowly. Again, by putting r = 1
2

in (13.1), we have

y
′
1
2

=
1

h

{
4f0 −

1

24
43f0 + · · ·

}
(13.3)

If we take just the first term of Equation (13.2), then we have the approximation:

y
′

0
∼=

1

h
4f0 =

f1 − f0

h
=

f(x0 + h)− f(x0)

h
. (13.4)

A similar formula can be obtained using backward differences. However, central
differences are normally better.

Differentiation Formulas by Central Differences: By differentiating the Stir-
ling formula given by

yr = y(x0 + rh) = f0 + rµδf0 +
1

2
r2δ2f0 +

1

6
r(r2 − 1)µδ3f0 + · · · ,

we have

y
′

r =
1

h

d

dr
y(x0 + rh) =

1

h

{
µδf0 + rδ2f0 +

1

6
(3r2 − 1)µδ3f0 + · · ·

}
(13.5)

In particular, setting r = 0, we have

y
′

0 =
1

h

{
µδf0 −

1

6
µδ3f0 +

1

3
µδ5f0 + · · ·

}
(13.6)

which is better than (13.2) but still not very rapidly convergent.
If we take just the first term in (13.6), then we have

y
′

0 =
1

h
µδf0 =

δf 1
2

+ δf− 1
2

2h
.

Since
1

h
µδf0 = δ(

µf0

h
) =

δ

h
(
f0+ 1

2
+ f0− 1

2

2
),

then we have from above,

y
′

0 =
(f1 − f0) + (f0 − f−1)

2h
=

f1 − f−1

2h
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Hence,

y
′

0
∼=

f(x0 + h)− f(x0 − h)

2h
. (13.7)

In the case r = 1
2
, it is better to use the relation involving the differentiation operator

D given by:

hD = δ − 1

24
δ3 +

3

640
δ5 +− · · ·

Hence,

Df 1
2

= y
′
1
2

∼=
1

h

{
δf 1

2
− 1

24
δ3f 1

2
+

3

640
δ5f 1

2
− · · ·

}
, (13.8)

where
δf 1

2
= f1 − f0, δfk = fk+ 1

2
− fk− 1

2
.

Expression (13.8) converges more rapidly than (13.6), has an advantage over (13.6)
since δf 1

2
is more easily found than δf0. If we take only the first term in (13.8), we

have

y
′
1
2

∼=
1

h
δf 1

2
=

f1 − f0

h
.

i.e,

y
′
(x0 +

1

2
h) ∼=

f(x0 + h)− f(x0)

h
. (13.9)

13.5. Higher Derivatives
Recall the expression (13.5) given by the Stirling formula as follows:

y
′

r =
1

h

d

dr
y(x0 + rh) =

1

h

{
µδf0 + rδ2f0 +

1

6
(3r2 − 1)µδ3f0 + · · ·

}
,

then differentiating again, we have

y
′′

r =
1

h

d

dr
y
′

r =
1

h2

{
δ2f0 + rµδ3f0 +

1

12
(6r2 − 1)δ4f0 + · · ·

}
(13.10)

In particular,

y
′′

0
∼=

1

h2

{
δ2f0 −

1

12
δ4f0 +

1

90
δ6f0 + · · ·

}
. (13.11)

This may also be obtained by expanding

(hD)2 = (δ − 1

24
δ3 +

3

640
δ5 + · · ·)2.
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If we just take the first term of (13.11), we have :

y
′′

0
∼=

1

h2
δ2f0 =

f1 − 2f0 + f−1

h2
=

f(x0 + h)− 2f(x0) + f(x0 − h)

h2
. (13.12)

Higher derivatives may be obtained by further differentiating Stirling formula.
Note that the Stirling’s formula (13.6) for the differentiation may be written in
terms of forward differences as follows: For the function y = f(x) tabulated at
equal intervals we have:

dy

dx
|x=x0 =

1

h

[
4f−1 +4f0

2
− 1

6

43f−3 +43f−1

2
+

1

30

45f−3 −45f−2

2
+ · · ·

]
.

and
d2y

dx2
|x=x0 =

1

h2

[
42f−1 −

1

12
44f−2 +

1

90
46f−3 + · · ·

]
If a derivative is required near the end of a table, one of the following formula may
be used to obtain better accuracy:

hy
′

0 =
[
4− 1

2
42 +

1

3
43 − 1

4
44 +

1

5
45 − 1

6
46 +

1

7
47 − 1

8
48 + · · ·

]
f0 (13.12b)

and

h2y
′′

0 =
[
42 −43 +

11

12
44 − 5

6
45 +

137

180
46 +

7

10
47 +

363

580
48 + · · ·

]
f0 (13.12c)

Example: Form the table of differences from the following table of values of x and
f(x) and compute the first and second derivatives of y = f(x) at the point x = 1.2.

x 1.0 1.2 1.4 1.6 1.8 2.0 2.2
f(x) 2.7183 3.3201 4.0552 4.9530 6.0496 7.3891 9.0250

using (13.12b) above, x0 = 1.2, y0 = 3.3201, h = 0.2, then

dy

dx
|x=1.2 =

1

0.2

[
0.351− 1

2
(0.1627) +

1

3
(0.0361)− 1

4
(0.0080) +

1

5
0.0014)

]
= 3.3205.

Again by using (13.12c),

d2y

dx2
|x=1.2 =

1

0.04

[
0.1627− 0.0361 +

11

12
(0.0080)− 5

6
(0.0014)

]
= 3.318.
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13.5. Error Analysis
Expanding the function f(x) by Taylor series about x0, we have from Equation
(13.4)

y
′
(x0) =

f(x0 + h)− f(x0)

h

=
1

h

{
[f(x0) + hf

′
(x0) +

h2

2
f
′′
(x0) + · · ·]− f(x0)

}

= f
′
(x0) +

h

2
f ′′(x0) +

h2

6
f
′′′
(x0) + · · ·

Thus, the error term is

h

2
f
′′
(x0) +

h2

6
f
′′′
(x0) + · · · ∼=

h

2
f
′′
(ξ), ξ ∈ (x0, x0 + h).

Truncation error

E1 =
h

2
f
′′
(ξ1), ξ1 ∈ (x0, x0 + h). (13.13)

Again expanding the function f(x) about x0 we have:

y
′
(x0) =

f(x0 + h)− f(x0 − h)

2h

=
1

2h

{
f(x0) + hf

′
(x0) +

h2

2
f
′′
(x0) +

h3

6
f
′′′
(x0) + · · ·

− f(x0) + hf
′
(x0)−

h2

2
f
′′
(x0) +

h3

6
f
′′′
(x0) + · · ·

}

= f
′
(x0) +

h2

6
f
′′′
(x0) + · · · .

Thus truncation Error E2 is given by:

E2 =
h2

6
f
′′′
(ξ2), ξ2 ∈ (x0 − h, x0 + h). (13.14)

Note that ξ1 ξ2 are unknown points in the interval considered. Although we cannot
directly compare the values of f

′′
(ξ1) and f

′′′
(ξ2), as h is normally small, the error

115



E2 is usually considerably smaller than E1.

Consider rounding error for Equation (13.7). Let f−1 and f1 be the exact val-
ues, f ∗−1 and f ∗1 the approximate values and e−1 and e1, the errors.
Thus,

f−1 = f ∗−1 + e−1, f1 = f ∗1 + e1.

Therefore,
f1 − f−1

2h
=

f ∗1 − f ∗−1

2h
+

e1 − e−1

2h
.

The rounding error in the approximate derivative is therefore given by

e1 − e−1

2h
.

So if
|e1| ≤ ε, |e−1| ≤ ε

then ∣∣∣∣e1 − e−1

2h

∣∣∣∣ ≤ 2ε

2h
=

ε

h
.

So if maximum rounding error in f is ε, then maximum rounding error in the deriv-
ative f

′
is ε

h
.

Notice that on differentiating, rounding error is multiplied by a factor 1
h

which in-
creases as h is made smaller. However truncation error increases as h is made larger.
So it is not possible to reduce the total error (i.e the sum of the rounding and trunca-
tion errors) below a certain value whatever the choice of h. Further differentiations
result into further multiplying the rounding error by 1

h
.

Example: Find approximate values of f
′
(6) by using suitable values of h for the

function f(x) = ln e.
Solution: First consider h = 1, then

f
′
(6) ∼=

ln 7− ln 5

2

=
1.9459− 1.60904

2
= 0.1682.
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For h = 0.1,

f
′
(6) ∼=

ln 6.1− ln 5.9

0.2

=
1.8083− 1.7750

0.2
= 0.1665.

For h = 0.01,

f
′
(6) ∼=

ln 6.01− ln 5.99

0.02

=
1.7934− 1.7901

0.02
= 0.1650.

For h = 0.001,

f
′
(6) ∼=

ln 6.001− ln 5.999

0.002

=
1.7920− 1.7910

0.002
= 0.2000.

However, f
′
(x) = 1

x
, so f

′
(6) = 1

6
= 0.1667.

Minimum error occurs with h = 0.1. For small h, rounding error becomes large.

13.6. Use of Data Smoothing Formula
Recall that

Y (x) = a0 + a1
x− xk

h
+ a2(

x− xk

h
)2.

Differentiating,

y
′
(x) =

a1

h
+ 2a2

(x− xk)

h2
,

at x = xk, y
′
(xk) = a1

h
, i.e

y
′

k =
1

10h
(−2yk−2 − yk−1 + yk+1 + 2yk+2) , (13.15)
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where we have used the value of a1 derived in the last lecture given by

a1 =
1

10
(−2yk−2 − yk−1 + yk+1 + 2yk+2) .

Formula (13.15) has a similar truncation error to (13.7). However, it has the advan-
tage of considerably reducing rounding error.

Example: By considering the last example, we shall use h = 0.01 and formula
(13.15) to compute f

′
(6.0). We have

f
′
(6.0) ∼=

1

10(0.01)
(−2 ln 5.98− ln 5.99 + ln 6.01 + 2 ln 6.02)

∼= 10 (−2(1.7884)− 1.7901 + 1.7934 + 2(1.7951))
= 0.167.

This compared with the value of 0.1650 previously obtained with h = 0.01.

13.7. Summary:
We have developed several formulas for numerical differentiation from tables of val-
ues of functions. Newton and Stirling difference formulas have been used to derive
differentiation formulas. Some examples have been provided.

13.8. Post Tests
(1) By using the table of differences generated from the last example in Section 13.6,
calculate the first and second derivatives at the point x = 2.2, x = 2.0, x = 1.6.
(2) By differentiating Newton forward difference formula and the Stirling formula,
obtain approximations to the first derivatives at x = x0.
(3) Compute y

′
(0.60) and y

′′
(0.60) from the following table:

x 0.50 0.55 0.60 0.65 0.70
f(x) 0.520500 0.563323 0.603856 0.642029 0.677801

(4) A rod is rotating in a plane. The following table gives the angle θ (radians)
through which the rod has turned for various values of the time t in seconds. Find
(i) angular velocity of the rod when t=0.6. (ii) The angular acceleration when
t = 0.4 seconds.

t 0 0.2 0.4 0.6 0.8 1.0 1.2
θ 0 0.122 0.493 1.123 2.022 3.200 4.666
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Lecture Fourteen

Numerical Integration

14.1. Introduction
Many of the integrals that are required in practical calculation turn out to be either
very hard or cannot be done using well known integration formula and procedures.
An approximate solution is all that can be easily obtained. In this lecture, we shall
look at some simple ways to find approximations to integrals from tabulated data.
We shall consider estimating

I =
∫ b

a
f(x)dx

which, of course is the area under the curve y = f(x) between x = a and x = b.
In what follows, we shall employ Newton’s forward formula to derive some simple
numerical integration formulas.

14.2. Objectives
The reader should be able to perform numerical integration from tabulated func-
tional values.

14.3. Derivation of Integration Formulas
Recall the Newton Forward interpolation formula:

f(xr) = f(x0 + rh) = f0 + r4f0 +
r(r − 1)

2
42f0 +

r(r − 1)(r − 2)

6
43f0 + · · · .

Putting x = x0 + rh, dx = hdr, then∫ xr

x0

f(x)dx =
∫ r

0
hdr

[
f0 + r4f0 +

r(r − 1)

2
42f0 + · · ·

]
.

= h
[
rf0 +

1

2
r24f0 + (

1

6
r3 − 1

4
r2)42f0 + (

1

24
r4 − 1

6
r3 +

1

6
r2)43f0

]r
0
.

Taking r = 1, and the first two terms, we have:∫ x1

x0

f(x)dx = h[f0 +
1

2
4f0] = h[f0 +

1

2
(f1 − f0)] =

h

2
(f0 + f1) (14.1)

Equation (14.1) is called the Trapezoidal rule.
Again, taking r = 2 and the first three terms yields:∫ x2

x0

f(x)dx = h
[
2f0 + 24f0 +

1

3
42f0

]
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= h
[
2f0 + 2(f1 − f0) +

1

3
(f2 − 2f1 + f0)

]
=

h

3
(f0 + 4f1 + f2) . (14.2)

Equation (14.2) is called Simpson’s Rule.
With r = 3 and taking the first four terms gives:∫ x3

x0

f(x)dx ∼=
3h

8
[f0 + 3f1 + 3f2 + f3] (14.3)

This is called Simpson’s 3
8

rule and so on for other formulae.
The error terms are as follows: For the Trapezoidal Rule we have :

E(x) = − 1

12
h3f

′′
(ξ) (14.5)

For the Simpson’s Rule, we have :

− 1

90
h5f

′′′′
(ξ) (14.6)

where ξ belongs to the appropriate interval.

14.4. Composite Formulae
These are obtained by applying the simple formulae (derived above) repeatedly to
cover longer intervals. This is normally simpler and more stable than taking extra
terms in the finite difference series.
Applying (14.1) over n stages, we have:∫ xn

x0

f(x)dx =

{∫ x1

x0

+
∫ x2

x1

+ · · ·+
∫ xn

xn−1

}
f(x)dx

=
1

2
h (f0 + f1) +

1

2
h (f1 + f2) +

1

2
h (fn−1 + fn) .

=
1

2
h [f0 + 2f1 + 2f2 + · · ·+ 2fn−1 + fn] (14.7)

Formula (14.7) is called the Composite Trapezoidal Rule.
If we apply (14.2) from x0 to x2n we have :∫ x2n

x0

f(x)dx =

{∫ x2

x0

+
∫ x4

x2

+ · · ·+
∫ x2n

x2n−2

}
f(x)dx
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=
1

3
h (f0 + 4f1 + f2) +

1

3
h (f2 + 4f3 + f4) + · · ·+ 1

3
h (f2n−2 + 4f2n−1 + f2n) .

=
1

3
h (f0 + 4f1 + 2f2 + 4f3 + 2f4 + · · ·+ 2f2n−2 + 4f2n−1 + f2n) . (14.8)

Formula (14.8) is called the Composite Simpson’s Rule. If we take the end of the
integration to be a and b, for some point ξ ∈ (a, b), the truncation errors are :
Trapezoidal Rule:

E = − 1

12
h2(b− a)f

′′
(ξ)

Simpson’s Rule:

E = − 1

100
h4(b− a)f (4)(ξ) (14.9)

Note: The Trapezoidal Rule and the Simpson’s Rule may be applied iteratively to
improve the accuracy of the results as in the Romberg integration procedure as fol-
lows:

14.5. Romberg Integration
The error in the Trapezoidal Rule is approximately proportional to h2. Suppose that
we have two estimates of an integral A1, with steplength 2h and A2 with steplength
h. Then we can write the errors as

E1
∼= C((2h)2, E2

∼= Ch2,

where C is a constant. If I is the correct value of the integral, then

I = A1 + E1, I = A2 + E2

I − A1 = 4Ch2,

I − A2 = Ch2

I − A1 = 4(I − A2).

So that a better approximation of the integral is

I =
4A2 − A1

3
.

Examples
(1) Find from the following table, the area bounded by the curve, the X-axis from
x = 7.47 to x = 7.52.

122



x 7.47 7.48 .7.49 7.50 7.51 7.52
f(x) 1.93 1.95 1.98 2.01 2.03 2.06

It is known that the area under the curve is given by:

Area =
∫ 7.52

7.47
f(x)dx.

With step length h = 0.01, the Trapezoidal Rule yields:

Area =
0.01

2
[1.93 + 2(1.95 + 1.98 + 2.01 + 2.03) + 2.06] = 0.0996

(2). Evaluate approximations for the integral I =
∫ 2
1

1
x
dx

Solution: Trapezoidal Rule with h = 1 yields:

I =
1

2
(1)

(
1

1
+

1

2

)
=

1

2
(
3

2
) = 0.7500.

With h = 1
2
, we have:

I =
1

2

1

2

(
1

1
+

2
3
2

+
1

2

)
=

1

4
(1 + 1.3333 + 0.5) = 0.

With h = 1
4
, we have:

I =
1

2
· 1

4

(
1

1
+

2
5
4

+
2
3
2

+
2
7
4

+
1

2

)

=
1

8
(1 + 1.6 + 1.3333 + 1.1479 + 0.5)

= 0.6970.

We could continue using the Trapezoidal Rule and interval halving until conver-
gence. Alternatively, we use Romberg integration with A1 and A2 as follows:

A1 = 0.7500, A2 = 0.7083, then

I =
1

3
(4(0.7083)− 0.7500) = 0.64
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With A2 and A3 where A3 = 0.6970, we have:

I =
1

3
(4(0.6970− 0.7083) = 0.6932.

Correct value is
loge 2 = 0.6931.

14.6. More Complicated Formula.
We have by Stirling’s formula:

yr = f0 + rµδf0 +
1

2
r2δ2f0 +

r(r2 − 1)

6
µδ3f0

+
r2(r2 − 1)

24
δ4f0 +

r(r2 − 1)(r2 − 4)

120
µδ5f0 +

r2(r2 − 1)(r2 − 4)

720
δ6f0.

So, ∫ x1

x−1

f(x)dx = h
∫ 1

−1
yrdr

= h
[
2f0 +

1

3
δ2f0 −

1

90
δ4f0 +

1

756
δ6f0

]
.

But

h(2f0 +
1

3
δ2f0) =

1

3
h(f0 + 4f1 + f2),

which is Simpson’s rule. So∫ x1

x−1

f(x)dx =
1

3
h [f0 + 4f1 + f2] + h[− 1

90
δ4f0 +

1

756
δ6f0

= Simpson’s Rule + Corrrection

This formula makes use of terms outside the range of integration. It can be applied
to cover several consecutive strips to give a composite formula:∫ x2n

x0

f(x)dx =

[∫ x2

x0

+
∫ x4

x2

+ · · ·+
∫ x2n

x2n−2

]
f(x)dx

=
1

3
h [f0 + 4f1 + 2f2 + · · ·+ 2f2n−2 + 4f2n−1 + f2n]
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+
h

756

[
δ6f1 + δ6f3 + · · ·+ · · ·+ δ6f2n−1

]
which is equal to the Composite Simpson’s Rule plus Correction.

14.7. Numerical Double Integration Formulae
These formulae can be obtained by repeatedly applying the Trapezoidal and Simp-
son’s rules.
Consider for example the double integral of a real valued function y = f(x, y) of two
real variables x and y:

I =
∫ yj+1

yj

∫ xi+1

xi

f(x, y)dxdy (14.10)

where xi+1 = xi + h, yj+1 = yj + k.
By repeated application of Trapezoidal Rule to (14.10), we get

I =
h

2

∫ yj+1

yj

[f(xi, y) + f(xi+1, y)] dy

=
hk

4
[f(xi, yj) + f(xi+1, yi) + f(xi, yj+1) + f(xi+1, yj+1)]

=
hk

4
[fi,j + fi+1,j + fi,j+1 + fi+1,j+1]

where
fi,j = f(xi, yi).

Similarly, by applying Simpson’s rule to the integral

I =
∫ yj+1

yj−1

∫ xi+1

xi−1

f(x, y)dxdy (14.11)

we have

I =
h

3

∫ yj+1

yj−1

[f(xi−1, y) + 4f(xi, y) + f(xi+1, y)] dy

=
hk

9
[f(xi−1, yj−1) + 4f(xi−1, yj) + f(xi−1, yj+1)

+ 4 {f(xi, yj−1) + 4f(xi, yj) + f(xi, yj+1)}
+ f(xi+1, yj−1) + 4f(xi+1, yj) + f(xi+1, yj+1)]

=
hk

9
[fi−1,j−1 + fi−1,j+1 + fi+1,j−1 + fi+1,j+1

+ 4(fi−1,j + fi,j−1 + fi,j+1 + fi+1,j) + 16fi,j]
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Example: Evaluate the double integral

I =
∫ 1

0

∫ 1

0
ex+ydxdy

using the Trapezoidal and Simpson’s rules using the following table for f(x, y).

y\x 0 0.5 1.0
0 1 1.6487 2.7183

0.5 1.6487 2.7183 4.4817
1.0 2.7183 4.4817 7.3891

(i) Using the Trapezoidal rule above repeatedly, we have:

I =
0.25

4
[1.0 + 4(1.6487) + 6(2.7183) + 4(4.4817) + 7.3891] =

12.3050

4
= 3.0762.

(ii) Using Simpson’s rule repeatedly, we have:

I =
0.25

9
[1.0 + 2.7183 + 7.3891 + 2.7183

+4(1.6487 + 4.4817 + 4.4817 + 1.6487) + 16(2.7183)] .

=
26.59042

9
= 2.9545

14.7. Summary
We have developed, analyzed, and applied some numerical differentiation procedures
for real valued functions of one and two variables.Newton’s and Stirling interpola-
tion formulae were employed to derive the formulae. Error estimates were provided
as well as some examples for illustration.

14.8. Post Tests
(1) The Trapezoidal Rule for the interval [0, 1] may be written:∫ 1

0
f(x)dx =

1

2N

[
f(0) + 2f(

1

N
) + 2f(

2

N
) + · · · 2f(

N − 1

N
) + f(1)

]
where N is the number of strips into which the interval is divided.
Apply the rule to evaluate the integral∫ 1

0
(1 + x2)

3
2 dx.
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Take N = 2, 4, 8, 16 · · · continue to double N until successive approximations differ
by less than 10−5.

(2) If y = A + Bx + Cx2 and f0, f1, f2 are the values of f(x) are the values
of f(x) corresponding to x = a, a + h, a + 2h respectively. Prove that∫ a+2h

a
f(x)dx =

h

3
[f0 + 4f1 + f2] .

(3) Evaluate ∫ 3

1

1

x
dx

by Simpson’s rule with 4 strips and 8 strips respectively. Determine the error by
direct integration.

(4) Find the value of

I =
∫ 7

3
x2 log xdx

by taking 4 strips.

(5) A reservoir discharging through sluices at a depth h below the water surface
has a surface area A for various values of h as given below:

h (m) 10 11 12 13 14
A (m2) 950 1070 1200 1350 1530

If t denotes time in minutes, the rate of fall of the surface is given by

dh

dt
= −48

A

√
h.

Estimate the time taken for the water level to fall from 14m to 10m above the sluices.

(6) Find the approximate value of the integral:

I =
∫ π

2

0

√
cos θdθ

by dividing the interval into 6 parts.

(7) Derive Simpson’s 3
8

Rule:∫ x3

x0

f(x)dx =
3

8
h [f0 + 3f1 + 3f2 + f3] ,
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by setting n = 3 in the general formula. Use this to evaluate

I =
∫ 1

0

1

1 + x
dx

with h = 1
6
. Evaluate the integral by using Simpson’s 1

3
rule and compare the re-

sults.
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ADVANCED ANALYSIS I
MEASURE THEORY AND INTEGRATION

MAT 405

General Introduction and Course Objectives

MAT 405, Advanced Analysis I, concerns the theory of measure
and integration. The theory is presented in the first instance for
general spaces. However, Lebesgue measure and the Lebesgue
integration are considered as important special examples of the
general theory and their detailed properties are obtained.
The general theory of integration that will be addressed in this
course, is designed to repair most serious limitation of the well
known Riemann theory of integration, thereby enlarging the
class of functions that are integrable in the general sense, most
especially integration in the sense of Lebesgue.
This course starts by reviewing integration theory in the sense of
Riemann and Riemann Stieljes. This is followed by essential fea-
tures of the general measure theory and finally by integration in
abstract spaces with Lebesgue integration as a special example.
Properties and chracterizations of the class of integrable maps
will be studied with a generous number of examples. At the end
of the course, students are expected to acquire knowledge about
general integration theory and some applications.
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LECTURE ONE

Riemann - Stieljes Integration

1.0. Introduction

In this lecture, I intend to briefly review the subject of Rieman-Stieljes inte-

gration theory. The subject serves as an important prelude to the theory of

integration in abstract spaces. I shall take you through the basic construction

of the integral and some important properties and limitation of the theory.

You will be exposed to some basic facts about Riemann Stieljes integration

and the need to extend it to Lebesgue integration theory.

1.1. Objectives

At the end of the lecture, you should be able to

1. define monotonic maps on some interval of the real line,

2. compute the lower 4 above sum and upper 4 above sum,

3. establish some properties of these sums,

4. construct the Riemann-Stieljes integral of a bounded real valued function

f with respect to a non decreasing function P on a closed interval [a, b] of

IR.

1.2. Pre-Test

1. Define a monotonic function P on a closed interval [a, b] of IR.

2. When do we say that a bounded real valued function f is Riemann-Stieljes

integrable?
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3. Establish the important properties of lower and upper 4 above sums.

4. Show that the Rieman integral of f is a special case of the Riemann -

Stieljes integral of the function on its domain.

1.3. Definition

Throughout, IR+ = [0,∞), IC= the complex plane and IR∗= the extended

real line.

1.4. Definition

A map P of subset X of IR into IR∗ is called (i) non decreasing (resp. non

increasing) if P (x) ≤ P (y) (resp. P (x) ≥ P (y)), whenever x, y ∈ X with

x < y.

(ii) Strictly increasing (resp. strictly decreasing ) if P (x) < P (y) (resp.

P (x) > P (y)).

(iii) The map P is said to be monotone or monotonic if it is either non de-

creasing or non increasing.

1.5. Definition

(i) If [a, b] is a closed sub interval of IR we write ρ([a, b]) for the set of all

partitions of [a, b], i.e 4 ∈ ρ([a, b]) implies that 4 is a finite subset:

4 = {t0, t1, · · · tn} ⊂ [a, b]

such that

a = t0 < t1 < t2 · · · < tn−1 < tn = b.

(ii) If [a, b] is a closed sub-interval of IR, 4 ∈ ρ([a, b]) with 4 = {t0, t1, · · · tn}
P is a non-decreasing function and f a bounded real valued function on [a, b],

introduce the numbers:

L(f,4, P ) =
n∑
j=1

inf{f(x) : x ∈ [tj−1, tj]} (P (tj)− P (tj−1))
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and

U(f,4, P ) =
n∑
j=1

sup{f(x) : x ∈ [tj−1, tj]} (P (tj)− P (tj−1))

The number L(f,4, P ) (resp. U(f,4, P )) is called a lower -4 above sum

(resp. upper 4 above sum) associated with f . The notions of Riemann

Stieljes (R-S) integration is linked with those sums.

1.6. Definition

A bounded real -valued function on [a, b] is said to be Rieman - Stieljes in-

tegrable with respect to P on [a, b] if given any ε > 0 there is a 4 ∈ ρ([a, b])

(possibly depending on f, P and ε).

Remark

Some properties of the R-S integrals are highlighted in what follows:

1.7. Lemma

Let [a, b], f , P be as above. If 4, 4∗ ∈ ρ([a, b]) with 4 ⊂ 4∗, then

L(f,4, P ) ≤ L(f,4∗, P ) ≤ U(f,4∗, P ) ≤ U(f,4, P ).

1.8. Lemma

If 4, 4∗ are arbitrary members of ρ([a, b]), then

L(f, 4, µ) ≤ U(f, 4∗, µ).

Proof

By Lemma (1.7),

L(f, 4, µ) ≤ L(f,4∪4∗, µ) ≤ U(f, 4∪4∗, µ) ≤ U(f, 4∗, µ),

as demanded.
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1.9. Remark

The Riemann-Stieltjes integrability of a function is equivalent to the exis-

tence of a unique number that arises as follows:

1.10. Theorem

Let f be Riemann-Stieljes integrable with respect to µ on [a, b]. Then there

exists a unique real umber γ such that

L(f, 4, µ) ≤ γ ≤ U(f, 4, µ), ∀4 ∈ ρ([a, b]).

This γ is given by:

γ = sup{L(f, 4, µ) : 4 ∈ ρ([a, b])} = inf{U(f, 4, µ) : 4 ∈ ρ([a, b])}.

Proof

Let

sup{L(f, 4, µ) : 4 ∈ ρ([a, b])} = γ

and

inf{U(f, 4, µ) : 4 ∈ ρ([a, b])} = δ.

It follows from Lemma 1.8 that γ ≤ δ.

We will show that γ = δ. To this end, assume that γ < δ. Then by Definition

1.6 there exists a 40 ∈ ρ([a, b]) such that

U(f, 40, µ)− L(f,40, µ) < δ − γ.

But,

δ ≤ U(f, 40, µ) =
(
U(f, 40, µ)− L(f, 40, µ)

)
+L(f, 40, µ) < δ−γ+γ = δ.

A contradiction. Hence, γ = δ.
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1.11. Remark

1. The number γ in Theorem 1.10 is called the Riemann - Stieljes integral of

f with respect to µ on [a, b] and is denoted by
∫ b
a
f(x)µ(dx). We shall often

denote this integral by IRSµ (f).

2. When µ(x) = x, for x ∈ [a, b], the number γ in Theorem 1.10. is called

the Riemann integral of f on [a, b]. This integral will be denoted by IRµ .

3. If f1, f2 are bounded real - valued functions on a non -empty subset

of IR, then the following results are well known.

inf(f1 + f2) ≥ inf f1 + inf f2

and

sup(f1 + f2) ≤ sup f1 + sup f2.

We shall employ these remarks to prove the following properties of the inte-

gral IRSµ .

1.12. Theorem

If f1 and f2 are Riemann -Stieljes integrable on [a, b] with respect to µ, then

so is f1 + f2 and

IRSµ (f1 + f2) = IRSµ (f1) + IRSµ (f2).

Proof

Given ε > 0, let 4j be such that

U(fj, 4j, µ)− L(fj, 4j, µ) <
ε

2
, j = 1, 2.
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Set 41 ∪42 ≡ 4. Then

L(f1, 41, µ) + L(f2, 42, µ)

≤ L(f1, 4, µ) + L(f2, 4, µ)

≤ L(f1 + f2, 4, µ)

≤ U(f1 + f2, 4, µ)

≤ U(f1, 4, µ) + U(f2, 4, µ)

≤ U(f1, 41, µ) + U(f2, 42, µ)

< L(f1, 41, µ) + L(f2, 42, µ) + ε.

This shows that

U(f1 + f2, 4, µ)− L(f1 + f2, 4, µ)

≤ U(f1 + f2, 4, µ)− L(f1, 41, µ)− L(f2, 42, µ) < ε.

This proves that f1 + f2 is Riemann-Stieljes integrable.

To prove the second part of the theorem, let

IRSµ (fj) = γj, j = 1, 2

and choose Γj ∈ ρ([a, b]) such that

|L(fj,Γj, µ)− γj| <
ε

6
(i)

|U(fj,Γj, µ)− γj| <
ε

6
, j = 1, 2 (ii)

Then,

0 ≤ U(fj,Γj, µ)− L(fj,Γj, µ)

= |U(fj,Γj, µ)− γj − (L(fj,Γj, µ)− γj) |

≤ |U(fj,Γj, µ)− γj|+ |L(fj,Γj, µ)− γj| <
ε

3
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Define Γ = Γ1 ∪ Γ2. Then

L(f1,Γ1, µ) + L(f2,Γ2, µ)

≤ L(f1,Γ, µ) + L(f2,Γ, µ)

≤ L(f1 + f2,Γ, µ)

≤ U(f1 + f2,Γ, µ)

≤ U(f1,Γ, µ) + U(f2,Γ, µ)

≤ U(f1,Γ1, µ) + U(f2,Γ2, µ)

≤ L(f1,Γ1, µ) + L(f2,Γ2, µ) +
2ε

3
.

Whence,

L(f1 + f2,Γ, µ)− L(f1,Γ1, µ)− L(f2,Γ2, µ) <
2ε

3
(iii)

and

U(f1,Γ1, µ) + U(f2,Γ2, µ)− U(f1 + f2,Γ, µ) <
2ε

3
. (iv)

From (i) and (iii) we get:

|L(f1 + f2,Γ, µ)− (γ1 + γ2)| < ε

and from (ii) and (iv), we get:

|U(f1 + f2,Γ, µ)− (γ1 + γ2)| < ε.

This concludes the proof.

1.13. Summary

This lecture has introduced to you, the definition of monotonic maps on some

interval of the real line. We have also dealt with the formula for computing

the lower 4 above sum and upper 4 above sum. Some important proper-

ties of these sums have been established as well as the construction of the

Riemann-Stieljes integral of a bounded real valued function f with respect to

a non decreasing function P on a closed interval [a, b] of IR. We have estab-

lished the Rieman - Stieljes integrability of the sum of two or more Rieman
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- Stieljes integrable functions.

1.14. Post-Test

1. Define a monotonic function P on a closed interval [a, b] of IR.

2. When do we say that a bounded real valued function f is Riemann-Stieljes

integrable?

3. Establish the important properties of lower and upper 4 above sums.

4. Show that the Rieman integral of f is a special case of the Riemann -

Stieljes integral of the function on its domain.

5. State and prove Theorem 1.12.
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LECTURE TWO

Classes of Sets: σ-Rings, σ-Algebras

2.0. Introduction

Certain classes of sets are needed for the establishment of a theory of integra-

tion which extends the Riemann - Stieljes (RS) integration. This lecture is

therefore, devoted to the study of the propeties of such family of subsets of a

given set. We shall study such classes of sets that are rings, algebras σ- rings

and σ- algebra and establish some of their their properties. In particular, we

shall give examples of such classes of sets.

2.1. Objectives

At the end of this lecture, you should be able to

1. define a ring, and other classes of sets,

2. define a σ-ring and σ-algebra

3. show that a field of subsets of X is a ring containing X,

4. show that the intersection of a family of σ-algebra is also a σ - algebra.

2.2. Pre-Test

1. Define the following: (a) A Ring of subsets of a set X.

(b) A Field of subsets of X.

2. What do you understand by (a) a σ-Ring; (b) A σ-algebra of subsets of

X.

3. Show that every Field is a Ring.

4. Show that a Field of subsets of X is a Ring containing X.
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5. Prove the following result. If X is a set and Eα(X) a Ring (resp a Field;

resp a σ -Ring; resp a σ-Field) for each α in some index set I. Then⋂
α∈I

Eα(X)

is also a Ring (resp. a Field, resp a σ-Ring, resp. a σ-Field).

2.3. Definition: Let X be a non empty set. A RING is a class <(X)

of subsets of X which is closed under the formation of unions and differ-

ences. That is A,B ∈ <(X) implies that A∪B and A−B are also in <(X).

Remark

1. Every ring <(X) contains the empty set, since A ∈ <(X) implies A−A = ø

is also in <(X).

2. Recall that for any subsets A,B of X, one has the symmetric difference

of A and B given by

A4B = (A−B) ∪ (B − A),

and

A ∩B = (A ∪B)− (A4B).

It follows that a ring may also be defined as a class <(X) of subsets of X

that is closed under the formation of intersections and symmetric differences.

Similarly, as

A ∪B = (A4B)4(A ∩B)

and

A−B = A4(A ∩B)

a ring may also be defined as class <(X) of subsets of X that is closed under

the formation of unions and symmetric differences.
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2.4. Examples:

(i) The class <(X) = {ø} is a Ring.

(ii) The class <(X) = {ø, X} is a Ring.

(iii) Take X = IR and <(X) to be the class of all finite unions of bounded

subintervals of IR of the form [a, b), a, b ∈ IR with a < b. Then <(X) is a

Ring.

(iv) Let X be an uncountable set and <(X) be the class of all countable

subsets of X. Then <(X) is a Ring.

2.5. Definition: A Field (also called an Algebra or Boolean Algebra )

is a class F(X) of subsets of X closed under the formation of unions and

complements. That is A,B ∈ F(X) implies A ∪ B and A
′

(the complement

of A ) are also in F(X).

2.6. Remark

1. Every Field is a Ring.

This follows immediately from the fact that

A−B = A ∩B′ = (A
′ ∪B)

′

for arbitrary subsets A,B in X.

Thus, the notion of a Field is a more restrictive concept than that of a Ring.

Indeed, these concepts are related as follows.

2.7. Proposition

Let X be a non empty set. Then a Field of Subsets of X is a Ring containing

X.

Proof

Let R(X) be a Ring of subsets of X containing X itself.We shall show that
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R(X) is a Field.

To this end, since R(X) is already closed under the formation of unions, we

need only show that it is closed under the formation of complements.

Let A ∈ R(X). Then A,X are both in R(X), whence, X − A = A
′

is

also in R(X), since R(X) is a Ring. Hence, R(X) contains the complements

of each of its members, showing that R(X) is a Field.

Conversely, we shall show that if F(X) is a Field of subsets of X, then

F(X) contains X.

Let A ∈ F(X). Then both A and its complement A
′

as well as A
′ ∪A are in

F(X). But

A
′ ∪ A = X.

Hence, X is in F(X). This ends the proof.

2.8. Definition: A Ring R(X) of subsets of X is called a σ-Ring if it

is closed under the formation of countable unions of subsets of X. That is,

if Aα ∈ R(X), with α ∈ I where I is some subset of Z, the set of integers,

then ∪α∈IAα also lies in R(X).

We remark that if

A =
⋃
α∈I

Aα

with I ⊆ Z, then ⋂
α∈I

Aα = A−
⋃
α∈I

(A− Aα).

This shows that any σ-Ring is automatically closed under the formation of

countable intersections.

2.9. Definition: A Field F(X) of subsets of X is called a σ-Field (also
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called σ-Algebra or Borel Field) if it is closed under the formation of count-

able unions.

2.10. Remarks:

It follows that a σ-Field is a Ring which contains the set X itself.

2.11. Examples

Let X be a set. The class of all countable subsets of X is a σ- Ring and a

σ-Field if it contains X itself. That is, if X is countable,

The following results is easily checked.

2.12. Proposition:

Let X be a set and Eα(X) a Ring (resp a Field; resp a σ -Ring; resp a σ-Field)

for each α in some index set I. Then⋂
α∈I

Eα(X)

is also a Ring (resp. a Field, resp a σ-Ring, resp. a σ-Field).

Proof: Take the case where Eα(X) is a Ring for each α ∈ I and A,B ∈⋂
Eα(X), then A,B ∈ Eα(X). As Eα(X) is a Ring , then A ∪ B and A − B

are also in Eα(X), for each α ∈ I. Thus, A∪B and A−B are in ∩α∈IEα(X)

showing that ∩α∈IEα(X) is indeed a Ring. Other assertions are similarly

established.

2.13. Summary

This lecture has addressed the notion of a ring, a σ-ring and σ-algebra of

subsets of a set X. We have shown that a field of subsets of X is a ring

containing X, and that the intersection of a family of σ-algebra is also a σ -

algebra, among other properties.
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2.14. Post-Test

1. Define the following: (a) A Ring of subsets of a set X.

(b) A Field of subsets of X.

2. What do you understand by (a) a σ-Ring; (b) A σ-algebra of subsets of

X.

3. Show that every Field is a Ring.

4. Show that a Field of subsets of X is a Ring containing X.

5. Prove the following result: If X is a set and Eα(X) a Ring (resp a Field;

resp a σ -Ring; resp a σ-Field) for each α in some index set I. Then⋂
α∈I

Eα(X)

is also a Ring (resp. a Field, resp a σ-Ring, resp. a σ-Field).
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LECTURE THREE

Measure Spaces

3.0. Introduction

This lecture will be devoted to the notion of a measure and related concepts.

The notion of a measure space will be employed in the formulation of a the-

ory of integration that extends the Rieman Steiljes theory of integration in

our subsequent lectures.

3.1. Objectives

At the end of this lecture, you should be able to

1. understand the properties of a measure ,

2. explain the notion and characteristics of a finitely additive set function,

3. explain the characteristics of σ-additive set functions,

4. furnish some nontrivial examples of σ-additive set functions,

5. distinguish between finite and σ-finite set functions.

3.2. Pre-Test

1. Give a full definition of a finitely additive set function.

2. Explain the notion of a counting set function.

3. Give an example of a finitely additive function on the power set of the set

of real numbers.

4. Show that every σ-additive set function is finitely additive.

5. Give an example to show that a finitely additive set function may not be
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σ-additive.

3.3. Definition

Let X be a set and E(X) a collection of subsets of X containing the empty

set ø. We shall write

IR∗ = IR ∪ {−∞} ∪ {+∞}, IR∗+ = IR ∪ {+∞}.

3.4. Definition

A map µ : E(X)→ IR∗+ is called a set function.

3.5. Definition: Let µ : E(X) → IR∗+ be a set function. Then µ is called

finitely additive if

(i) µ(ø) = 0

(ii) Whenever A1, a2, · · · , An is a finite number of disjoint members of E(X)

with the property that
n⋃
j=1

Aj ∈ E(X)

the following relation holds:

µ(∪nj=1Aj) =
n∑
j=1

µ(Aj).

3.6. Remark

1. Condition (i) will follow from (ii) if there is A ∈ E(X) satisfying µ(A) <∞
since

µ(A) = µ(ø ∪ A) = µ(ø) + µ(A)

. Whence µ(ø) = 0.

2. It is clear that the natural domain of a finitely additive set function
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is a Ring.

3.7. Examples

1. Let X = IR and E(X) = the class of finite intervals of IR. For A = [a, b] or

[a, b) or (a, b] or (a, b), put µ(A) = b− a. Check that µ is a finitely additive

map from E(X) to IR∗+.

2. Let X be a set with infinitely many points, E(X) the class of all sub-

sets of X. Define µ by

µ(A) = the cardinality of A (that is, the number of elements in A)

Check that µ is finitely additive. µ so defined is called a counting set function.

Remark: The following results furnish some important properties of family

of additive set functions.

3.8. Theorem

Let X be a set, R(X) a ring of subsets of X, µ : R(X) → IR∗+ a finitely

additive set function and A,B ∈ R(X). Then

(i) if B ⊃ A, and µ(A) <∞, then

µ(B − A) = µ(B)− µ(A).

(ii) if B ⊃ A and µ(A) =∞, then

µ(B) = µ(A).

Proof: (i) As R(X) is a ring, B − A ∈ R(X). Then as A ∩ (B − A) = ø,

and µ is finitely additive, one gets

µ(B) = µ(A ∪ (B − A)) = µ(B − A) + µ(A) (2.0)
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Whence, µ(B − A)− µ(B)− µ(A), since µ(A) <∞.

(ii) if µ(A) =∞, then Equation (2.0) implies µ(B) =∞ since µ(B−A) ≥ 0,

whence µ(B) ≥ µ(A) showing that µ(B) = µ(A).

Some finitely additive set functions enjoy the following property:

2.4 Definition: A set function µ : E(X) → IR∗+ is called σ- additive (or

completely additive or countable additive) if

(i) µ(ø) = 0,

(ii) Whenever A1, A2, · · · is a countable collection of disjoint members of

E(X) with the property that
⋃∞
j=1Aj ∈ E(X), the following relation holds:

µ(
∞⋃
j=1

) =
∞∑
j=1

µ(Aj).

3.9. Remarks:

1. By setting Aj = ø, j = n + 1, n + 2 · · · , n < ∞ in (ii) above, one sees

that every σ-additive set function is finitely additive. But the converse is in

general false.

Reason

Let X = (0, 1], E(X) is the class of intervals (a, b] with 0 ≤ a ≤ b ≤ 1 and

the map µ : E(X)→ IR∗+ defined by µ((a, b]) = b−a, for a 6= 0 and for a = 0,

µ((0, b]) = +∞.

Furthermore, let An = ( 1
n+1

, 1
n
], n = 1, 2, · · · then the sets {Aj, j = 1, 2 · · · }

is a set of disjoint members of E(X). Moreover,

+∞ = µ((0, 1]) 6= µ(
∞⋃
j=1

Aj) =
∞∑
j=1

(
1

n
− 1

n+ 1
) = 1
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Showing that µ is not σ-additive.

2. If there is A ∈ E(X) satisfying µ(A) < ∞, then the condition (i) above

follows from condition (ii) as in the case of finitely additive set functions.

3. The important notion of a MEASURE is the following.

3.10. Definition: Let X be a set and E(X) is a class of subsets of X.

A measure µ on the set E(X) is a σ-additive (that is countable additive) set

function

µ : E(X)→ IR∗+.

Note that the natural domain of measure is a σ-Ring, since Aj ∈ Rσ(X), j =

1, 2 · · · always implies ∪∞j=1Aj ∈ Rσ(X).

2. Given a measure µ on a Field F(X) of subsets of X, there is a pro-

cedure for extending µ to the σ-Field Fσ(X) generated by the field F(X).

If µ is σ-finite, then the relevant extension is UNIQUE. This assertion is

established by the Hahn Extension Theorem.

3. The triple (X, F(X), µ) is called a measure space, where X is a non

empty set, F(X) is a σ-algebra of subsets of X and µ is a measure on F(X).

3.11. Definition

1. A set function µ : E(X) → IR∗+ is called σ-finite if to each A ∈ E(X),

there corresponds a sequence of sets Aj, j = 1, 2 · · · lying in E(X) such that

A ⊂ ∪∞j=1Aj and µ(Aj) <∞.

2. A set function µ : E(X)→ IR∗+ is called finite if X ∈ E(X) and µ(X) <∞.

3. If µ : Fσ(X) → IR∗+ is a finite measure on a σ-field Fσ(X) of subsets
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of X for which µ(X) = 1, then µ is called a PROBABILITY MEASURE.

This type of measure is important in the theory of Mathematical Statistics.

3.12. Summary

This lecture has focused on the important properties of a measure as a set

function defined on the class of subsets of a non empty set. We have dis-

cussed among others, the notion and characteristics of a finitely additive set

function, the characteristics of σ-additive set functions, and some nontrivial

examples of σ-additive set functions. We have also introduced the notion of

a finite and σ-finite set functions. Finally we have introduced and defined

general measure space and the specific case of a probability space.

3.13. Post-Test

1. Give a full definition of a finitely additive set function.

2. Explain the notion of a counting set function.

3. Give an example of a finitely additive function on the power set of the set

of real numbers.

4. Show that every σ-additive set function is finitely additive.

5. Give an example to show that a finitely additive set function may not be

σ-additive.

6.If A,B are elements of a ring R(X) of subsets of a set X, establish the

following properties of a finitely additive set function µ.

(i) if B ⊃ A, and µ(A) <∞, then µ(B − A) = µ(B)− µ(A).

(ii) if B ⊃ A and µ(A) =∞, then µ(B) = µ(A).

7. Explain what you understand by a measure space.
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LECTURE FOUR

A Measure on a Class of Intervals on the Real Line

4.0. Introduction

This lecture shall focus on an important and famous example of a measure

defined on a class of intervals of the real number line. This measure has

found very wide applications in many real life situations. We shall establish

some important properties of the measure.

4.1. Objectives

At the end of this lecture, you should be able to

1. define and establish the properties of an important example of a measure

on the real line,

2. extend the measure so defined to the finite dimensional Euclidean space

IRn.

3. explain and define the domain of the measure,

4. show that the set function is σ-additive,

5. establish some important results concerning the measure.

4.2. Pre-Test

1. Define a set function on the class of intervals on the real line.

2. Show that the set function so defined is a measure.

3. State and establish some important properties of the measure.
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4. Show how the measure can be extended to the set of n-dimensional vectors

in IRn.

4.3. Definition

In what follows, an important measure on the set of intervals of the real line

will be described.

Notations:

1. Let X = IR, the real line, R0 be the class of all intervals of the form:

[a, b) = {x ∈ IR : −∞ < a ≤ x < b <∞, a < b}

and R the class of all finite, disjoint unions of the members of R0, that is

A ∈ R implies

A = ∪nj=1[aj, bj), −∞ < aj < bj <∞, j = 1, 2 · · ·n <∞

Note that we need to work on the intervals of the form [a, b) rather than

(a, b) or [a, b] because, for example, the difference of two open intervals (a, b),

(c, d) is nether an open interval nor a finite union of open intervals. Similar

remarks holds for closed intervals.

2. Define µ : R0 → IR∗+ by

µ([a, b)) = b− a.

Since [a, a) = ø, one gets µ(ø) = 0.

The following theorem establishes some properties of µ.

4.4. Theorem

If {A1, A2, A3 · · ·An} is a finite, disjoint class of members of R0 satisfying

Aj ⊂ A0, j = 1, 2 · · ·n, where A0 is some given set belonging to R0, then

n∑
j=1

µ(Aj) ≤ µ(A0).
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Proof: Write Aj = [aj, bj), j = 0, 1, 2 · · ·n. There is no loss of generality in

assuming that a1 ≤ a2 ≤ · · · ≤ an. Then from the disjointness of the sets

Aj, j = 1, 2 · · ·n, one must have

a0 ≤ a1 ≤ b1 · · · ≤ an ≤ bn ≤ b0.

Whence
n∑
j=1

µ(Aj) =
n∑
j=1

(bj − aj)

≤
n∑
j=1

(bj − aj) +

n1∑
j=1

(aj+1 − bj)

= bn − a1

≤ bn − a0

≤ b0 − a0

= µ(A0).

This ends the proof.

Remark: We shall employ the following result whose proof will be omit-

ted.

4.5. Theorem

If a closed interval [a0, b0] is contained in the union of a finite number of

bounded open intervals (aj, bj), j = 1, 2 · · ·n, then

b0 − a0 <

n∑
j=1

(bj − aj).

4.6. Theorem

If {A0, A1, A3, · · · } is a sequence of sets in R such that A0 ⊆ ∪∞j=1Aj, then

µ(A0) ≤
∞∑
j=1

µ(Aj)
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Proof

Write Aj = [aj, bj), j = 0, 1, 2 · · · . If a0 = b0, there is nothing to prove.

Suppose ε is any positive number satisfying b0 − a0 > ε. Also let δ be any

positive number. Introduce the sets B0 = [a0, b0− ε], Bj = (aj − δ
2j
, bj), j =

1, 2 · · · . Check that

B0 ⊂ ∪∞j=1Bj.

As B0 is compact, there is a positive integer n such that B0 ⊂ ∪nj=1Bj.

Applying Theorem 2.8, we get

µ(A0)− ε

= (b0 − a0)− ε

<
n∑
j=1

(bj − aj +
δ

2j
)

≤
∞∑
j=1

µ(Aj) + δ.

The assertion of the Theorem follows since ε, δ are arbitrary.

4.7. Theorem

The set function µ : R0 → IR∗+ is σ-additive.

Proof

Let {Aj}∞j=1 be a disjoint sequence of sets in R0 whose union, denoted by A

is also in R0. Then by Theorem 4.4,

n∑
j=1

µ(Aj) ≤ µ(A), n = 1, 2 · · ·

whence,
∞∑
j=1

µ(Aj) ≤ µ(A).
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But by Theorem 2.9, we also have

µ(A) ≤
∞∑
j=1

µ(Aj).

Hence µ is σ-additive.

Remark: The set function µ has R0 as its domain. In the next result,

it is asserted that µ has a unique extension to R.

4.8. Theorem

The set function µ : R0 → IR∗+ possesses a unique extension µ̃ to R.

Remarks

1. It follows that µ̃(A) = µ(A) whenever A ∈ R0. We shall often write µ for

µ̃ denoting the extension of µ from R0 to R again by µ.

2. Theorems (4.7) and (4.8) can be extended to X = IRn, by considering sets

of the form:

[a, b) = {(x1, x2 · · ·xn) ∈ IRn : a1 ≤ xj < bj, j = 1, 2, 3 · · ·n}

for a, b ∈ IRn with a = (a1, a2, · · · an), b = (b1, b2, · · · bn), −∞ < aj < bj <

∞, j = 1, 2 · · ·n.
Denoting the class of all such sets (of the form [a,b)) in IRn by R0, define

µ : R0 → IR∗+ by

µ([a, b)) = Πn
j=1(bj − aj).

Then one proves as above that µ is σ-additive and possesses a unique exten-

sion to the class of finite disjoint unions of sets in R0.

3. Let φ be a finite non decreasing continuous real valued function on X = IR.

With R0 and R as above in the case of X = IR, define µφ : R0 → IR+ by

µφ([a, b)) = φ(b)− φ(a).
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Check that Theorems 4.7 and 4.8 remain valid if µ is replaced by µφ.

4.9. Summary

This lecture has focused on the definition and establishment of an important

example of a measure on the real number system. We have extended the

example to the case of the finite dimensional Euclidean space IRn.

We have explained and defined the domain of the measure, shown that the

set function is σ-additive, and established some important results concerning

the measure.

4.10. Post-Test

1. Define a set function on the class R′ of intervals on the real line.

2. Show that the set function so defined is a measure.

3. State and establish some important properties of the measure.

4. Show how the measure can be extended to the set of n-dimensional vectors

in IRn.
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LECTURE FIVE

Continuity and σ-Additivity of Measures

5.0. Introduction

This lecture is concerned with the relationship between continuity and σ-

additivity of measures. We shall introduce the notion of monotone sequences

of sets and define the notion of a continuous set function on an arbitrary

measurable set. A major result shall be established in the lecture. We shall

return to the case of an arbitrary set X and consider more measure theoretic

notions.

5.1. Objectives

At the end of the lecture, students should be able to

1. define and explain sequences of subsets in an arbitrary set,

2. explain the notion of increasing and decreasing sets,

3. explain the question of convergence of a sequence of subsets of a set,

4. establish connection between continuity and σ-additivity of set functions.

5.2. Pre-Test

1. Define increasing and decreasing sequences of sets.

2. What do you understand by the notion of monotone sequences of subsets.

3. Prove that every additive set function is continuous at a set in R.
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4. Prove that if µ is finite and continuous from above at the empty set, then

µ is σ-additive.

5.3. Definition: Let {Xn : n ∈ Z} be a sequence of sets. Then {Xn}n∈Z is

said to be

(i) increasing if Xn+1 ⊃ Xn for each n ∈ Z.

(ii) decreasing if Xn+1 ⊂ Xn for each n ∈ Z.
A sequence of sets that is either increasing or decreasing is said to be mono-

tone.

5.4. Remark

A monotone sequence of sets always converges to some limit. Indeed, if

{Xn : n ∈ Z} is increasing (resp. decreasing) then its limit is ∪n∈ZXn (resp

∩n∈ZXn).

5.5. Definition: Let X be a set, R a ring of subsets of X and µ : R → IR∗+

a finitely additive set function. Then given a set A ∈ A, the set function µ

is said to be continuous from below(resp. above) at A if

lim
n→∞

µ(An) = µ(A)

for every monotone increasing (resp. decreasing ) sequence {An, n ∈ Z} in

R which converges to A (with the constraint that µ(An) <∞ for each n).

5.6. Remark

The connection between continuity and σ-additivity of measures is given by

the following result.

5.7. Theorem

Let X be a set. R a ring of subsets of X and µ : R → IR∗+ an additive

measure on R. Then the following assertions are true:

(a) If µ is additive, then µ is continuous at A for A ∈ R.
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(b) If µ is continuous from below at every set A ∈ R, then µ is σ-additive.

(c) If µ is finite and continuous from above at the empty set ø, then µ is

σ-additive.

Proof

We shall first prove (b) and (c). To prove (b). Suppose that A ∈ R and

An ∈ R, n = 1, 2, 3 · · · are pairwise disjoint set such that

A = ∪∞n=1An.

Define Bn by

Bn = ∪nj=1Aj.

Then {Bn, n ∈=N} is a monotone increasing sequence of members of R which

converges to A. Since µ is continuous from below at A, by hypothesis, we

get
n∑
j=1

µ(Aj) = µ(Bn) −→ µ(A),

whence

µ(A) =
∞∑
j=1

µ(Aj),

showing that µ is σ-additive.

To prove (c), with An and Bn as in (b), define Dn by

Dn = A−Bn, n = 1, 2, · · · .

Then {Dn, n ∈ N} is a monotone decreasing sequence of members of R
converging to ø. Then

µ(Dn) −→ µ(ø) = 0, as n −→∞.

whence,

µ(A) =
∞∑
j=1

µ(Aj).
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Showing that µ is σ-additive.

We prove (a) as follows. Suppose {An : n ∈ N} is monotone increas-

ing and µ(An) = +∞ for some n = n0. Then µ(A) = +∞ and hence

µ(An) −→ µ(A), as n −→∞.
Next suppose that µ(An) <∞ for all n ∈ N An increases to A. Then we can

write

A = A1 ∪ (∪∞j=1(Aj+1 − Aj))

is a disjoint decomposition of A, whence

µ(A) = µ(A1) +
∞∑
j=1

µ(Aj+1 − Aj)

= µ(A1) + lim
n→∞

n∑
j=1

µ(Aj+1 − Aj)

= lim
n→∞

µ(An).

Since µ is σ-additive. This shows that µ is continuous from below.

To show that µ is continuous from above, suppose that {An : n ∈ N} de-

creases to A and µ(An) <∞ for some n0. Define Bn by

Bn = An0 − An, n ≥ n0.

Then, µ(Bn) < ∞. The sequence {Bn, n ∈ N} is monotone increasing to

An0 − An. Hence

µ(Bn) −→ µ(An0 − A) = µ(An0)− µ(A) as n −→∞.

As

µ(Bn) = µ(An0)− µ(An),

it follows that

µ(An) −→ µ(A) as n −→∞,
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since µ(An0) < ∞. Thus µ is continuous from above at A. This concludes

the proof.

5.8. Summary

We have defined and explained the notion of sequences of subsets in an ar-

bitrary set.

We have dealt with the notion of increasing and decreasing sets as well asa

the question of convergence of a sequence of subsets of a set. Finally, we

have established the connections between continuity and σ-additivity of set

functions.

5.9. Post-Test

1. Define increasing and decreasing sequences of sets.

2. What do you understand by the notion of monotone sequences of subsets.

3. Prove that every additive set function is continuous at a set in R.

4. Prove that if µ is finite and continuous from above at the empty set, then

µ is σ-additive.
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LECTURE SIX

Outer Measures

6.0. Introduction

This lecture is devoted to the subject of outer measures. This notion is very

crucial to our subsequent discussion of integration theory. It also provides a

tool by which measurable sets are characterized. We shall discuss important

properties and characteristics of outer measures.

6.1. Objectives

At the end of the lecture, you should be able to

1. define an outer measure,

2. generate outer measures,

3. define measurability of a set with respect to any outer measure,

4. show that if λ is an outer measure, then λ-measurable subsets of a set X

form a σ-field on which λ is a measure.

6.2. Pre-Test

1. Give a complete definition of an outer measure.

2. Describe how outer measures defined on power set of a set X may be

obtained.

3. If a set A ⊂ X is λ-measurable, where λ is an outer measure, show that

λ(X) = λ(A) + λ(A
′
).
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4. When do we say that a measure on a ring of subsets of X is complete?

6.3. Definition: Let A be a set and E(X) a class of subsets of X. A

set function µ : E(X)→ IR+ is called an OUTER MEASURE on X if

(i) µ(ø) = 0,

(ii) µ is monotone in the sense that A ⊂ B implies µ(A) ≤ µ(B).

(iii) µ is countably subadditive.

This means that for any sequence {An : n ∈=N} of sets in E(X) , then

A ⊂ ∪∞j=1Aj implies µ(A) ≤
∞∑
j=1

µ(Aj).

6.4. Remark:

1. Any measure on the class 2X is an outer measure. However, not every

outer measure is a measure.

2. Outer measures may be obtained as follows:

Let µ be a measure on a field F of subsets of X. Define µ∗ : 2X → IR∗

by

µ∗(A) = inf
∞∑
j=1

µ(Aj)

where the inf is taken over all sequences {An : n ∈=N} in F satisfying

∪∞j=1Aj ⊃ A.

Then, µ∗ is an outer measure on 2X and µ∗ = µ on F .

3. The notion of a measurability with respect to an outer measure is ex-

pressed as follows:
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6.5. Definition: Let λ be an outer measure on a set X. Then a set

A ⊂ X is called λ-measurable or measurable with respect to λ if

λ(B) = λ(A ∩B) + λ(A
′ ∩B), ∀B ⊂ X

6.6. Remark:

1. If A is λ-measurable then taking B to be X we get

λ(X) = λ(A) + λ(A
′
).

2. Whether a set is measurable or not depends on the given outer measure.

Indeed, given two outer measures, a set may be measurable with respect to

one and not the other.

3. If the outer measure λ is specific once and for all, we shall refer to λ-

measurable sets as simply measurable sets.

4. The following facts about outer measures will be needed in the sequel.

6.7. Theorem

Let λ be an outer measure on a set X. Then the λ-measurable subsets of X

form a σ- field Fσ,λ(X) on which λ is a measure.

6.8. Remark

1. We omit the proof of this theorem.

2. Recall that a measure µ on a field F admits an extension to a measure µ̃

on the σ-field Fσ generated by F . This extension is unique if µ̃ is σ-finite.

6.9. Definition

Let X be a set, R a ring of subsets of X and µ a measure on R. Then µ is

called complete if the conditions A ∈ R, B ⊂ A and µ(A) = 0 imply that

B ∈ R (with µ(B) being necessarily zero).
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6.10. Remark

1. Not every measure on a ring R is complete.

2. If µ : Rσ → IR∗+ is an incomplete measure on a σ-ring Rσ, we may com-

plete it as follows:

Let

R̃σ = {A4B : A ∈ Rσ, and B is a subset of a set C satisfying µ(C) = 0}.

Then, one can check that R̃σ is also a σ-ring.

Define

µ̃ : R̃σ → IR∗+

by

µ̃(A4B) = µ(A), A ∈ Rσ and B is contained in a set of measure zero.

Then, µ̃ is a complete measure on R̃σ and is called the completion of the

incomplete measure µ.

6.11. Summary

This lecture has focused on the definition and properties of an outer mea-

sure. We have dealt with a procedure for generating outer measures. The

question of the measurability of a set with respect to any outer measure has

been addressed. In addition, we have shown that if λ is an outer measure,

then λ-measurable subsets of a set X form a σ-field on which λ is a measure,

among other properties.

6.12. Post-Test

1. Give a complete definition of an outer measure.

2. Describe how outer measures defined on power set of a set X may be

obtained.

3. If a set A ⊂ X is λ-measurable, where λ is an outer measure, show that

λ(X) = λ(A) + λ(A
′
).
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4. When do we say that a measure on a ring of subsets of X is complete?
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LECTURE SEVEN

Lebesgue Measure

7.0. Introduction

This lecture is devoted to the study of Lebesgue measure. This is a class

of measure defined on the subsets of the real number system and also has

extension to the subsets of finite dimensional vector space IRn. It is with

respect to this measure that Lebesgue integration theory as a special case of

integration in abstract spaces will be developed in our subsequent lectures.

A thorough understanding of the properties and characteristics of Lebesgue

measure is therefore, necessary for mastering future materials.

7.1. Objectives

At the end of the lecture, you should be able to,

1. identify the class of subsets of IR and IRn on which Lebesgue measure is

defined,

2. identify the σ-ring of subsets of IR constituted by the Borel subsets.

3. show that every countable subset of IR is a Borel set of Lebesgue measure

zero,

4. show by means of Cantor set that there exists uncountable Borel sets of

Lebesgue measure zero,

5. identify non trivial properties of Lebesgue measures.
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7.2. Pre-Test

1. Define the Lebesgue measure on the Borel subsets of IR.

2. Show that every countable subset of IR is a Borel set of measure zero.

3. Describe the Cantor set and show that it is uncountable and of measure

zero.

4. Show that the Lebesgue measure is translation, reflection and rotation

invariant.

7.3. Definition

Let R0 be the class of all subsets of IR of the form [a, b), (−∞, a) and [a,∞)

with a, b ∈ IR. Write Rσ for the σ-ring generated by R0. On R0, define µ by

µ([a, b)) = b− a, µ((−∞, a)) = −∞, µ([a,∞)) =∞.

The members of Rσ are called BOREL SUBSETS of IR. By the Hahn Ex-

tension Theorem, we may assume that µ is a measure on Rσ.

Define R̃σ by

R̃σ = {A4B : A ∈ Rσ and B is a subset of µ− null set }.

Then if µ̃ on R̃σ is the completion of µ on Rσ, the members R̃σ are referred

to as the Lebesgue measurable subsets of IR and the measure µ̃ is called the

Lebesgue measure. [ Many authors also sometimes refer to the measure µ on

Rσ as Lebesgue measure].

7.4. Remark

1. The classes Rσ and R̃σ are indeed σ-fields, since IR ∈ Rσ.

2. Since µ(IR) =∞, µ is not a finite measure on Rσ but µ is σ-finite.

3. Some other properties of µ and µ̃ are as follows:
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7.5. Theorem

Every countable subset of IR is a Borel SET of µ measure zero.

Proof: Let a ∈ IR. Then

{a} = {x : x = a} = ∩∞n=1{x : a ≤ x < a+
1

n
},

whence,

µ({a}) = lim
n→∞

µ([a, a+
1

n
)) = lim

n→∞

1

n
= 0.

Thus, every singleton is a Borel set of measure zero.

As the Borel subsets of IR form a σ-ring and as is σ-additive, every count-

able subset of IR which is clearly expressible as a disjoint countable union of

singletons is a Borel set of measure zero. This concludes the proof.

7.6. Remark

1. Are there also any uncountable Borel subsets of IR of µ-measure zero?.

The answer is yes.

A famous example of such a set is the Cantor set, which is described as

follows.

Take I = [0, 1], the unit interval. From I, remove the open middle third

(1
3
, 2

3
). From the remainder [0, 1

3
∪[2

3
, 1], remove the middle thirds: (1

9
, 2

9
), (7

9
, 8

9
),

iterate this process indefinitely. Then what remains of the set I = [0, 1] is

called the Cantor set denoted by C. The Cantor set is uncountable, perfect

(that is , it is the set of all its limit points) closed and nowhere dense (i.e its

closure has empty interior) in I = [0, 1].

Moreover,

µ(C) = 0.

This can be shown as follows: since

µ((I − C)) =
1

3
+

2

9
+

4

27
+ · · · = 1
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But

I = C ∪ (I − C)

Hence,

1 = µ(I) = µ(C) + µ(I − C) = µ(C) + 1,

showing that µ(C) = 0.

2. Note that

[a, b] = (a, b) ∪ {a} ∪ {b}, (a, b] = (a, b) ∪ {b}, {a} = ∩∞n=1(a− 1
n
, a+ 1

n
)

Showing that {a}, (a, b), and (a, b] are also Borel subsets and that

µ((a, b)) = µ([a, b))− µ({a}) = µ([a, b))

µ((a, b]) = µ((a, b)) + µ({b}) = µ((a, b))

µ([a, b]) = µ((a, b)) + µ({a}) + µ({b})

= µ([a, b))

µ([a, b)) = b− a.

Using the foregoing facts and Theorem 7.5, we prove that the class Rσ of

all Borel subsets of IR coincides with the σ-ring generated by the class of all

open subsets of IR.

The case of IRn

3. If a, b ∈ IRn, with a = (a1, a2, · · · an) and b = (b1, b2, · · · bn), n ≥ 1,

[a, b) = {(x1, x2, · · ·xn) ∈ IRn : aj ≤ xj < bj, j = 1, 2, · · ·n}

and denote the class of all subsets of this form by R0.

Define µ : R0 → IR∗+ by

µ([a, b)) = Πn
j=1(bj − aj).

Then, one proves as above that µ possesses an extension µ to the completion

R̃σ of the σ-ring Rσ generated by R0. This extension µ̃ is a complete mea-

sure called the Lebesgue measure on R̃σ.
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4 (a) Property of Lebesgue Measure: Translation Invariance

Let Rσ be the ring of all Borel subsets of IRn and x ∈ IRn. For any A ∈ Rσ,

define:

A+ x = {y + x : y ∈ A}.

Then, one can show that A + x always lies in Rσ for each x ∈ IRn. More-

over, one also proves that Lebesgue measure µ is translation invariant in the

following sense:

µ(A+ x) = µ(A), ∀A ∈ Rσ, x ∈ IRn.

This is clear when A is of the form [a, b), a, b ∈ IRn, since [a, b) + x =

[a+ x, b+ x).

(b) Property of Lebesgue Measure: Reflection Invariance

Let Rσ be as in (a) above and A ∈ Rσ Then the set

−A = {−y : y ∈ A}

is called the reflection of A. One checks that Lebesgue measure µ is reflection

invariant in the sense that

µ(−A) = µ(A),∀A ∈ Rσ.

(c) Property of Lebesgue Measure: Rotation Invariance

With Rσ as in (a); � an n× n matrix, for A ∈ Rn
σ, define �A by

�A = {�x : x ∈ A}.

� is a proper rotation of IRn if the determinant of � is 1. Improper rotation

otherwise.

For example, if x ∈ R2, �, a 2× 2 matrix, then �x ∈ IR2.
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That is, �A is the image of A under �.
One can show that �A is in Rn

σ and that the Lebesgue measure µ is rotation

- invariant in the sense that

µ(�A) = µ(A), ∀A ∈ Rn
σ.

(d) Property of Lebesgue Measure with respect to scalar multiple

of members of a Borel set

Finally,if λ > 0,Rn
σ is as above andA ∈ Rn

σ, define λA by λA = {λx : x ∈ A},
then λA ∈ Rn

σ. Moreover, one can show that

µ(λA) = λnµ(A), ∀A ∈ Rn
σ, λ > 0.

5. The following theorem summarizes the properties highlighted in 4(a-d) as

follows:

7.7. Theorem

Let Rn
σ be the class of all Lebesgue measurable subsets of IRn. Then the

Lebesgue measure on Rσ is invariant under translations, reflections and ro-

tations.

7.8. Summary

In the course of this lecture, we have indicated the class of subsets of IR and

IRn on which Lebesgue measure is defined. We have also identified the σ-

ring of subsets of IR constituted by the Borel subsets.It is shown that every

countable subset of IR is a Borel set of Lebesgue measure zero. We have

described the Cantor set and shown that it is an uncountable Borel set of

Lebesgue measure zero. Finally we have established some non trivial proper-

ties of Lebesgue measures with respect to translation, reflection and rotation.
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7.9. Post-Test

1. Define the Lebesgue measure on the Borel subsets of IR.

2. Show that every countable subset of IR is a Borel set of measure zero.

3. Describe the Cantor set and show that it is uncountable and of measure

zero.

4. Show that the Lebesgue measure is translation, reflection and rotation

invariant.
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LECTURE EIGHT

Measurable Space and Measurable Functions

8.0. Introduction

This lecture is devoted to the notion of measurable spaces and measur-

able functions. These are important foundations and structures upon which

Lebesgue integration rests. We shall deal with the properties of these struc-

tures that will be used in the definition and establishment of properties of

Lebesgue measures.

8.1. Objectives

At the end of the lecture, you should be able to,

1. explain the concept of measurable space and measurable functions,

2. identify and establish measurable sets in the domain of a measurable func-

tion,

3. establish the measurability of products, sum and other combination of

measurable functions,

4. establish the measurability of the limits of sequences of measurable func-

tions.

8.2. Pre-Test

1. Define (a) a measurable space, (b) a measurable function,

2. Show that if f and g are measurable extended real valued functions on a
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set X, then f + g, f 2, fg, max(f, g), min(f, g), are all measurable.

3. Let {fn} the sequence of measurable IR∗-valued functions on X. Then

(i) sup fn and inf fn are measurable.

(ii) lim sup fn and lim inf fn are measurable.

(iii) If the sequence {fn}∞n=1 converges and in particular if it is monotone,

then limn→∞ fn is measurable.

8.3. Definition

(i) A measurable space is a pair (X,F) consisting of a set X and a σ-field F
of subsets of X. The members of F are called measurable sets.

(ii) A measure space is a triple (X,F , µ) consisting of a measurable space

(X,F) and a σ-additive measure in F .

8.4. Definition

Let (X,F) be a measurable space. A function f : X → IR∗ (i.e, f is an

extended real valued function on X) is called measurable if for each α ∈ IR,

the set {x ∈ X : f(x) < α} is measurable (i.e lies in F).

The following results are some consequences of the last definition.

8.5. Theorem

Let (X,F) be a measurable space and f a measurable IR∗-valued function

on X. The following sets are measurable.

(i) {x ∈ X : f(x) ≤ α}
(ii) {x ∈ X : f(x) > α}
(iii){x ∈ X : f(x) ≥ α}
(iv) {x ∈ X : f(x) = α}
(v) {x ∈ X : f(x) 6=∞}
(vi) {x ∈ X : f(x) = −∞}
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Proof

These are proved as follows:

(i) The set {x ∈ X : f(x) ≤ α} = ∩n>0{x ∈ X : f(x) < α + 1
n
}.

(ii) The set {x ∈ X : f(x) > α} = {x ∈ X : f(x) ≤ α}′ .
(iii) The set {x ∈ X : f(x) ≥ α} = {x ∈ X : f(x) < α}′ .
(iv) The set {x ∈ X : f(x) = α} = {x ∈ X : f(x) ≤ α}∩{x ∈ X : f(x) ≥ α}.
(v) The set {x ∈ X : f(x) =∞} = ∩n≥0{x ∈ X : f(x) > n}.
(vi) The set {x ∈ X : f(x) = −∞} = ∩n≥0{x ∈ X : f(x) < −n}.

8.6. Theorem

Let (X,F) be a measurable space and f, g measurable functions on X. Then,

the following functions when defined are measurable.

(i) f + g, (ii) f 2, (iii) fg, (iv) cf , where c is a real number, (v) max(f, g)

(vi) min(f, g), where

max(f, g) = max(f(x), g(x)), min(f, g) = min(f(x), g(x)).

Note: f + g is not defined if f assumes the value ±∞ and g assumes the

value ∓∞. Also, fg is not defined if f assumes the value 0 and g the value

±∞ or f assumes the value ±∞ and g the value 0.

Proof

Note that for x, y ∈ IR, max(x, y) = 1
2
(x + y + |x − y|), min(x, y) =

1
2
(x+ y − |x− y|).

Let α ∈ IR. Then the proof proceeds as follows:

(i) Suppose that f(x) + g(x) < α implies that there is a rational number
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r ∈ Q, the set of rationals such that f(x) < r and g(x) < α− r. Thus

{x ∈ X : f(x)+g(x) < α} = ∪r∈Q [{x ∈ X : f(x) < r} ∩ {x ∈ X : g(x) < α− r}] .

Each set {x ∈ X : f(x) < r} ∩ {x ∈ X; g(x) < α − r} is a measurable set

and as {x ∈ X : f(x) + g(x) < α} is a countable union of such sets, it is also

measurable.

(ii) The set

{x ∈ X : f(x)2 < α} = {x ∈ X : f(x) <
√
x} ∩ {x ∈ X : f(x) > −

√
x}

The claim follows by the measurability of the intersection of two measurable

sets.

(iii) Again consider the equality of the following:

f.g =
1

4
[(f + g)2 − (f − g)2]

showing that f.g is measurable by (i) and (ii) above.

(iv) Assume c 6= 0. Then cf(x) < α if and only if f(x) < α
c

for c > 0

and f(x) > α
c

for c < 0.

The claim follows immediately in each case above.

(v) Notice that in this case,

{x ∈ X : max(f, g)(x) < α} = {x ∈ X : f(x) < α} ∩ {x ∈ X : g(x) < α}.

The claim follows immediately.

(vi) This follows from the following expression that

min(f, g) = f + g −max(f, g).
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8.7. Remark

Recall the definitions of lim sup and lim inf: If {xn}∞n=1 is a sequence of real

numbers, then we can define the sequence

sup
n
xn =

∞∨
n=1

xn, inf
n
xn =

∞∧
n=1

xn

where

α
∨

β = max(α, β), α
∧

β = min(α, β)

Then, we have:

lim sup
n
xn =

∞∧
n=1

∞∨
m=n

xm

and

lim inf
n
xn =

∞∨
n=1

∞∧
m=n

xm

There is the following result.

8.8. Theorem

Let (X,F) be a measurable space and {fn} the sequence of measurable IR∗-

valued functions on X. Then

(i) sup fn and inf fn are measurable.

(ii) lim sup fn and lim inf fn are measurable.

(iii) If the sequence {fn}∞n=1 converges and in particular if it is monotone,

then limn→∞ fn is measurable.

Proof

(i) The set {x ∈ X : supn fn > c} = ∪∞n=1{x ∈ X : fn(x) > c} is in F since

F is a σ-field. So supn fn is measurable . Next infn fn is measurable since

inf
n
fn = − sup

n
(−fn).
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(ii) Suppose we have a monotone sequence {gn}∞n=1 increasing sequence of

measurable functions. Then

lim
n→∞

gn = sup
n
gn.

This shows that the limit

lim
n→∞

gn

is measurable.

Now, let {fn} be as in the theorem. Define

gn = sup
r≥n

fr

and

hn = inf
r≥n

fr.

Then the sequence {gn} and {hn} are monotone sequences and

lim sup
n
fn = lim

n→∞
gn

and

lim inf
n
fn = lim

n→∞
hn

which are measurable by (i).

(iii) If {fn} converges, then limn→∞ fn is measurable since

lim sup
n
fn = lim

n→∞
fn = lim inf

n
fn.

8.9. Summary

In the course of this lecture, we have addressed the concept of measurable

space and measurable functions. We have identified and established measur-

able sets in the domain of a measurable function. We have also established
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the measurability of products, sum and other combination of measurable

functions. Finally, we have established the measurability of the various lim-

its of sequences of measurable functions.

8.10. Post-Test

1. Define (a) a measurable space, (b) a measurable function,

2. Show that if f and g are measurable extended real valued functions on a

set X, then f + g, f 2, fg, max(f, g), min(f, g), are all measurable.

3. Let {fn} the sequence of measurable IR∗-valued functions on X. Then

(i) sup fn and inf fn are measurable.

(ii) lim sup fn and lim inf fn are measurable.

(iii) If the sequence {fn}∞n=1 converges and in particular if it is monotone,

then limn→∞ fn is measurable.
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LECTURE NINE

Integration of Simple Measurable Functions

9.0. Introduction

In this lecture, it will be shown how integration of certain IR∗-valued simple

and measurable functions on a set may be performed with respect to a σ-

additive measure. This will be generalized to the integration of measurable

non negative functions in our next lecture. Integration of simple function is

the starting point, giving the indicated generalization using existing result

on convergence of sequences of non negative simple functions to arbitrary

non negative measurable functions.

9.1. Objectives

At the end of this lecture, you should be able to,

1. explain the use of indicator function with respect to the definition of a

simple function,

2. explain the notion of a dissection of a non empty set X,

3. show that simple function takes constant value on each member of the

dissection of X,

4. show that the sum, difference and product of two simple functions are

simple functions,

5. show that every simple function on a measure space is measurable,
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6. define the integral of a simple function and give some examples.

9.2. Pre-Test

1. Let (X,F , µ) be a measure space. Define a simple function on X.

2. Define a dissection of the set X and show that every simple function f

takes constant values on each member of the dissection.

3. Show that the sum, product, difference of two simple function are simple

functions.

4. Define and give examples of integral of a simple function.

5. Show that the integral of simple non negative functions preserves order.

9.3. Definition

Let (X,F , µ) be a measure space and A ∈ F . then, the indicator func-

tion (also called the characteristic function) of the set A is the function

χA : X → {0, 1} defined by

χA(x) = 1, if x ∈ A

= 0, if x is not in A

9.4. Definition

Let (X,F , µ) be a measure space and Aj, j = 1, 2 · · ·n <∞, a set of disjoint

subsets of X such

X = ∪nj=1Aj.

Then {A1, A2, · · ·An} is called a dissection of X, if each Aj belongs to F ,

for each j = 1, 2 · · ·n, then the dissection {A1, A2 · · ·An} is called an F -

dissection.

9.5. Remark: Related to the notion of indicator function and dissection is

the concept of a simple function.
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9.6. Definition

A simple function is a function f : X → IR which has a representation of the

form:

f(x) =
n∑
j=1

cjχAj
(x), (3.1)

for some F -dissection {A1, A2 · · ·An} of X and real numbers {c1, c2 · · · cn}.

9.7. Remark

(1) One sees that a simple function f of the form (3.1) takes the constant

value cj on the set Aj, j = 1, 2 · · ·n.

(2) Some properties of simple functions are summarized as follows:

9.8. Proposition

The sum, difference and product of two simple functions is a simple function.

If f is a simple function, then cf is a simple function for each c ∈ IR.

Proof

Let f, g be two simple functions in a fixed measure space (X,F , µ). Then

f =
n∑
j=1

cjχAj
, and g =

m∑
k=1

dkχBk

for F -dissections {A1, A2 · · ·An} and {B1, B2 · · ·Bm} of X. One checks that

the sets

Djk = Aj ∩Bk, j = 1, 2, 3 · · · , n; k = 1, 2 · · · ,m

are in F and form a dissection of X.

Moreover,

χDjk
= χAj

· χBk

and

f(x) = cj, g(x) = dk, x ∈ Djk.
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Whence,

(f ± g)(x) = cj ± dk, x ∈ Djk

fg(x) = cjdk, x ∈ Djk.

9.9. Remarks

It is clear that if f is a simple function and c ∈ IR, cf is a simple function.

The remark and the foregoing proposition imply that the set of all simple

functions on a fixed measure space is an algebra, denoted by Sim(X, IR).

9.10. Proposition

Let (X,F , µ) be a measure space and f : X → IR a simple function. Then f

is measurable.

Proof

Suppose that f has the form:

f =
n∑
j=1

cjχAj
.

Then, the set Aα = {x ∈ X : f(x) ≤ α} for any α ∈ IR, is the finite union of

those sets Aj for which cj ≤ α. Therefore, Aα ∈ F for each α ∈ IR showing

that f is measurable.

9.11. Remark

Interest in simple functions arises from the following:

9.12. Theorem

Let (X,F , µ) be a measure space. Then every non negative function f : X →
IR+ is the limit of a monotone increasing sequence of non negative simple

functions.
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Remark

(1) We omit the proof of Theorem 3.6.

(2) Integration of measurable functions is defined as follows:

9.13. Definition of the Integral

Let (X,F , µ) be a measure space, with F the σ-field of µ-measurable subsets

of X. Integration of simple functions on X will first be defined, then the

definition is extended to a much wider class of functions.

(a) Integration of Non Negative Simple Functions

If f : X → IR+ is a simple function given by (3.1), then f has the form

f(x) =
n∑
j=1

cjχAj
(x)

for some F -dissection {A1, A2 · · ·An} of X, then the integral of f with respect

to µ is defined by ∫
X

fdµ =
n∑
j=1

cjµ(Aj). (3.2)

The sum on the right hand side is always defined since each summand is

non-negative. Although the simple function f has the representation (3.1),

it can be shown that the integral (3.2) is independent of the representation

(3.1).

9.14. Example: Let X = [0, 1], F = the Borel subsets of [0, 1] and µ

be the measure defined by µ([a, b)) = b − a. Then (X,F , µ) is a measure

space.

Let A1 = [0, 1
4
), A2 = [1

4
, 1

2
], A3 = (1

2
, 3

4
) and A4 = [3

4
, 1]. Then

∪4
j=1Aj = [0, 1].
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Hence, {A1, A2, A3, A4} is an F dissection of X = [0, 1].

Consider the function:f : [0, 1]→ IR given by

f(x) = 5χA1(x) + 3χA2(x)− 4χA3(x)− 7χA4(x), x ∈ [0, 1].

Then f is a simple function whose integral with respect to µ is given by∫
[0,1]

f(x)dµ(x) = 5µ(A1) + 3µ(A2)− 4µ(A3)− 7µ(A4)

= 5µ([0,
1

4
)) + 3µ([

1

4
,
1

2
])− 4µ((

1

2
,
3

4
))− 7µ([

3

4
, 1])

= 5 +
1

4
+ 3× 1

4
− 4× 1

4
− 7× 1

4
.

9.15. Remark

One also verifies that for β ≥ 0, α ≥ 0 and f, g non negative simple functions,

then ∫
X

(αf + βg)(x)dµ(x) = α

∫
X

f(x)dµ(x) + β

∫
X

g(x)dµ(x),

showing that the transformation f →
∫
X
f(x)dµ(x) from Sim(X, IR) to IR

is linear.

Moreover, if f, g are simple functions satisfying f ≥ g, then∫
X

fdµ ≥
∫
X

gdµ.

9.16. Summary

In the course of this lecture, I have addressed the use of indicator function

with respect to the definition of a simple function. We have employed the

notion of a dissection of a non empty set X, and showed that simple func-

tion takes constant value on each member of the dissection of X. We have

established that the sum, difference and product of two simple functions are

simple functions. We have also shown that every simple function on a mea-

sure space is measurable. Finally we have defined the integral of a simple
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function and indicated some examples.

9.17. Post-Test

1. Let (X,F , µ) be a measure space. Define a simple function on X.

2. Define a dissection of the set X and show that every simple function f

takes constant values on each member of the dissection.

3. Show that the sum, product, difference of two simple function are simple

functions.

4. Define and give examples of integral of a simple function.

5. Show that the integral of simple non negative functions preserves order.
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LECTURE TEN

Integration of Non Negative Measurable Functions

10.0. Introduction

This lecture is devoted to the process of integration of nonnegative functions.

This will be an extension of the integration of simple functions. The defini-

tion of the integral shall be given and some of their important properties will

be established.

10.1. Objectives

At the end of the lecture, you should be able to

1. explain and define the integration of a non negative measurable function,

2. show that the integral is the limit of the sequence of integrals of simple

functions,

3. show that the integral defines a measure on the appropriate measurable

space,

4. explain some important properties of the integral.

10.2. Pre-Test

1. Define the integral of a non negative measurable function f in terms of

the integrals of simple functions, over the whole space X.

2. Define the integral of a measurable function over a measurable set A.
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3. When do we say that two measurable functions are equal almost every-

where?

4. Itemize and discuss some important properties of integral of integrable

functions over the whole space X.

10.3. Definition

If f ;X → IR+ = [0,∞) is measurable, then by Theorem (9.12), we can write

f = lim
n→∞

fn,

where {fn}∞n=1 is a monotone increasing sequence of simple functions.

Since ∫
X

fndµ

is defined for each n and is monotone increasing, it has a limit in IR∗+, where

IR∗+ = [0,∞) ∪ {∞}.

Define the integral: ∫
X

fdµ = lim
n→∞

fndµ.

Note: It can be shown that the definition of the integral of f with respect

to µ is independent of the choice of the monotone increasing sequence which

converges to f .

10.4. Definition

A non negative measurable function f is called integrable with respect to µ

if the integral
∫
X
fdµ is finite. If f is not integrable, we say that f is non

integrable.

10.5. Remark

It has been noted that if f : X → IR is measurable, then so too are:

f+ = max(0, f) and f− = −min(0, f).
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If f+ and f− are integrable, then the integral of f with respect to µ is defined

by ∫
X

fdµ =

∫
X

f+dµ−
∫
X

f−dµ

since

f = f+ − f−·

10.6. Definition

Integral of a Measurable Function over a Measurable Set A

If f : X → IR is a measurable function, then its integral over a measurable

set A with respect to µ is defined by∫
A

fdµ =

∫
X

fχAdµ. (3.3)

10.7. Remark: The integral (3.3) will be valid provided that the right hand

side is defined. The right hand side will be defined if (i) fχA is non negative

and measurable, (ii) if fχA is measurable and integrable.

The function f is called integrable over A with respect to µ if fχA is inte-

grable.

It is clear from (3.3) that if A ∈ F and µ(A) = 0, then any function

f : X → IR is integrable over A and∫
A

fdµ = 0.

10.8. Remark

(1) Suppose that f is a non negative measurable integrable function on X

and define the set function ν by

ν(A) =

∫
A

fdµ, A ∈ F .

Then, we can show that ν is a measure on the measurable space (X,F).

The most difficult property of the measure is established by the fact that,
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given any pairwise disjoint sequence {Aj}∞j=1 of members of F

ν(∪∞j=1Aj) =

∫
(∪∞j=1Aj)

fdµ =
∞∑
j=1

∫
Aj

fdµ =
∞∑
j=1

ν(Aj).

Other properties of the integral follow trivially from the properties of the

integral. For example ν(Ø) = 0.

(2) If f : X → IR+ is a measurable function, we can show that∫
X

fdµ = sup

[
n∑
j=1

inf{f(x) : x ∈ Aj}µ(Aj)

]
,

where the supremum is taken over the collection of all finite classes of disjoint

measurable sets satisfying

X = ∪nj=1Aj.

(3) Let (X,F , µ) be a measure space. A proposition about points of X is

said to be true almost everywhere if it is true at every every point outside

some µ-null set.

10.9. Example

As examples, consider the following:

(i) A measurable function f : X → IR∗ is finite almost everywhere (a.e) if

µ({x ∈ X : f(x) = ±∞}) = 0.

(ii) Two measurable functions f, g : X → IR∗ are equal almost everywhere

(a.e) if

µ({x ∈ X : f(x) 6= g(x)}) = 0.

The following are some important non trivial properties of the integral in-

troduced above.
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10.10. Theorem

Let (X,F , µ) be a measure space, A,B disjoint members of F and f : X →
IR∗ and g : X → IR∗ two integrable functions over X with respect to µ.

Then f is integrable over A, f + g and |f | are integrable over X and

(i)

∫
A∪B

fdµ =

∫
A

fdµ+

∫
B

fdµ,

(ii) f is finite almost everywhere

(iii)

∫
X

(f + g)dµ =

∫
X

fdµ+

∫
X

gdµ

(iv) |
∫
X

fdµ| ≤
∫
X

|f |dµ.

(v) For any c ∈ IR, cf is integrable and
∫
X
cfdµ = c

∫
X
fdµ

(vi) f ≥ 0 implies
∫
X
fdµ ≥ 0; f ≥ g implies

∫
X
fdµ ≥

∫
X
gdµ.

(vii) If f ≥ 0 and
∫
X
fdµ = 0, then f = 0 almost everywhere.

(viii) f = g almost everywhere implies
∫
X
fdµ =

∫
X
gdµ.

(ix) If h : X → IR∗ is F -measurable and |h| ≤ f , then h is integrable.

(x) Any finite h : X → IR∗ which is bounded, F -measurable and zero out-

side a set A ∈ F of finite µ-measurable is integrable over X with respect to µ.

10.11. Summary

In the course of the lecture, we have addressed and explained the subject of

integration of a non negative measurable function. We have shown that the
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integral is the limit of the sequence of integrals of simple functions. We have

highlighted the fact that the integral defines a measure on the appropriate

measurable space and we have itemized some important properties of the

integral.

10.12. Post-Test

1. Define the integral of a non negative measurable function f in terms of

the integrals of simple functions, over the whole space X.

2. Define the integral of a measurable function over a measurable set A.

3. When do we say that two measurable functions are equal almost every-

where?

4. Itemize and discuss some important properties of integral of integrable

functions over the whole space X.
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LECTURE ELEVEN

The Lebesgue Integrals

11.0 Introduction

The lecture shall be focused on the subject of Lebesgue integration. It is a

special case of integration in an arbitrary measure space (X,F , µ) discussed

in the last lecture. The Lebesgue integration generalizes integration in the

sense of Riemann - Stieljes and it is a restriction of the theory of abstract

integration to the finite dimensional Euclidean spaces. All the properties

established in the last lecture are valid in the case of Lebesgue integration.

11.2. Objectives

At the end of the lecture, you should be able to

1. define and carry out integration in the sense of Lebesgue, 2. discuss the

properties of Lebesgue integrals,

3. integrate a sequence of non negative measurable functions,

4. explain the Lebesgue monotone convergence theorem,

5. explain and establish the Fatou’s lemma.

11.3. Pre-Test

1. Define the Lebesgue integral over the appropriate space.

2. Show that the Lebesgue integral defines a measure.

3. State and prove the convergence theorem.
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4. State and prove the Lebesgue monotone convergence theorem.

5. State and establish the Fatou’s lemma.

11.4. Definition

(1) In what follows, we shall take X = IR, µ as the Lebesgue measure and F
as the σ-algebra of all Lebesgue measurable subsets of IR.

Then, it is usual to denote the integral
∫
A
fdµ of a Lebesgue measurable

function f over A ∈ F by ∫
A

f(x)dx.

This integral is called the Lebesgue integral of f over A.

(2) Similarly, we shall take X = IRn, µ as the Lebesgue measure and Fn =

as the σ-algebra of all Lebesgue measurable subsets of IRn.

Then the Lebesgue integration of a Lebesgue measurable function f over a

measurable set A is denoted by:∫
A

f(x)dx rather than

∫
A

fdµ.

The assertions of Theorem (10.10) apply in particular to the Lebesgue inte-

gral.

11.5. Remark

Let (X,F , µ) be a measure space and f a non negative function on X.

Define ν : F → IR+ by

ν(A) =

∫
A

fdµ, A ∈ F .

Then, one can show that ν is a measure on (X,F), that is (X,F , ν) is a

measure space.
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11.6. Theorem

Let (X,F , µ) be a measurable space, f and g non negative measurable func-

tions such that f = g, µ- almost everywhere on A ∈ F . Then∫
A

fdµ =

∫
A

gdµ.

Proof

Let

B = {x ∈ A : f(x) 6= g(x)}.

Then, ∫
A

fdµ =

∫
B

fdµ+

∫
A−B

fdµ

=

∫
A−B

fdµ =

∫
A−B

gdµ+

∫
B

gdµ =

∫
A

gdµ.

Convergence Theorem

The next result is one of the most important convergence theorems concern-

ing Lebesgue integrals.

11.7. Theorem

Let (X,F , µ) be a measure space and {fn}∞n=1 a sequence of non negative

IR∗- valued measurable functions on X. Then∫
X

(
∞∑
j=1

fj

)
dµ =

∞∑
j=1

∫
X

fjdµ.

Proof.

Since
∞∑
j=1

fj ≥
m∑
j=1

fj
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for every positive integer m. We have∫
X

(
∞∑
j=1

fj

)
dµ ≥

∫
X

(
m∑
j=1

fj

)
dµ =

m∑
j=1

∫
X

fjdµ.

Whence, ∫
X

(
∞∑
j=1

fj

)
dµ ≥

∞∑
j=1

∫
X

fjdµ.

Next, for each n ∈=N , let {Skn}∞k=1 be a non decreasing sequence of non

negative simple functions whose limit is fn. For ∈=N , let

gk = S
(k)
1 + S

(k)
2 + · · ·+ S

(k)
k .

Then {gk}∞k=1 is non decreasing. For m ≤ k, we see that

S
(k)
1 + S

(k)
2 + · · ·+ S(k)

m ≤ gk ≤ f1 + f2 + · · · fk ≤
∞∑
j=1

fj.

Passing to the limit as k −→∞, we get

f1 + f2 + · · ·+ fm ≤ lim
k→∞

gk ≤
∞∑
j=1

fj.

Then, as m −→∞, we get

lim
k→∞

gk =
∞∑
j=1

fj.

Whence, ∫
X

(
∞∑
j=1

fj

)
dµ = lim

k→∞

∫
X

gkdµ

≤ lim
k→∞

∫
X

(f1 + f2 + f3 · · · fk) dµ

= lim
k→∞

k∑
j=1

∫
X

fjdµ

=
∞∑
j=1

∫
X

fjdµ.

72



11.8. Remark

The following result is variously called B. Levi’s Theorem or Lebesgue mono-

tone convergence Theorem.

11.9. Theorem

Let (X,F , µ) be a measure space. Let {fk}∞k=1 be a non decreasing sequence

of IR∗- valued measurable functions on X such that∫
X

fkdµ <∞

for some k. Then

lim
k→∞

∫
X

fkdµ =

∫
X

(
lim
k→∞

fk

)
dµ.

Proof

Without loss of generality, suppose that
∫
X
f1dµ <∞ and that no fk assumes

the value −∞.

If any
∫
X
fkdµ is equal to +∞, then the result is trivial. Otherwise define

gk(x) = fk+1(x)− fk, if f(x) <∞

= ∞, otherwise.

Then

lim
n→∞

fn = lim
n→∞

(f1 +
n−1∑
k=1

gk) = f1 +
∞∑
k=1

gk.

Hence, ∫
X

(
lim
n→∞

fn

)
dµ =

∫
X

f1dµ+
∞∑
k=1

(∫
X

fk+1dµ−
∫
X

fkdµ

)

= lim
n→∞

∫
X

fndµ.
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11.10. Notation

Let {xn}∞n=1 be a sequence of members of IR∗. Then we shall employ the

following notations.

limn→∞xn = inf
k∈=N

(
sup
n≥k

xn

)
.

This is called the limit superior of the sequence {xn} and

limn→∞xn = sup
k∈=N

(
inf
n≥k

xn

)
is called the limit inferior of the sequence {xn}∞n=1.

11.11. Remarks

1. Clearly, the sequences {supn≥n xn}∞k=1 and {infn≥k xn}∞k=1 are monotone

sequences, hence limn→∞xn and limn→∞xn are merely their respective limits.

2. The alternative notations are: limn→∞ supxn = limn→∞xn and limn→∞ inf xn =

limn→∞xn are often used.

11.12. Fatou’s Lemma

Let (X,F , µ) be a measure space and {fn}∞n=1 a sequence of non negative

IR∗- valued measurable functions on X. Then∫
X

limn→∞fndµ ≤ limn→∞

∫
X

fndµ.

Proof

For k ∈=N , let gk = inf{fk, fk+1, · · · }. Then gk is measurable and {gk}∞k=1 is

non decreasing. Moreover, gk ≤ fk.
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Then by the Lebesgue monotone convergence (Levi’s Theorem), we have∫
X

limn→∞fndµ =

∫
X

lim
k→∞

gkdµ

= lim
k→∞

∫
X

gkdµ

≤ lim
k→∞

∫
X

fkdµ

≤ limk→∞

∫
X

fkdµ.

11.13. Summary

In the course of the lecture, we have defined and carried out integration in

the sense of Lebesgue. We have also discussed the properties of Lebesgue

integrals. The integral of the limit of a sequence of non negative measurable

functions has been established. We addressed important theorems such as

the Lebesgue monotone convergence theorem and the Fatou’s lemma.

11.14. Post-Test

1. Define the Lebesgue integral over the appropriate space.

2. Show that the Lebesgue integral defines a measure.

3. State and prove the convergence theorem.

4. State and prove the Lebesgue monotone convergence theorem.

5. State and establish the Fatou’s lemma.
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LECTURE TWELVE

The Lebesgue Spaces

12.0. Introduction

Let (X,F , µ) be a measure space. In this lecture, we shall study the proper-

ties and characteristics of the spaces of Lebesgue integrable functions. They

are spaces of complex valued functions which are known to be normed spaces

and are in fact Banach spaces.

12.1. Objectives

At the end of the lecture, you should be able to

1. explain the properties of the natural norms in an Lp-space,

2. show that for p = 2, L2 spaces are inner product spaces,

3. show that Lp spaces are linear spaces,

4. show that the Lp spaces are Banach spaces.

12.2. Pre-Test

(1) Define an Lp-space, 1 ≤ p ≤ ∞.
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(2) Define the norm ||.||p.

(3) Show that (Lp(X,F , µ), ||.||p) is a linear space.

(4) Show that the space in (3) above is a normed space.

(5) Identify an element of an Lp space.

12.3. Definition

(i) Let Ω 6= φ be a set. Then (Ω, β) is called a measurable space if β is a

collection of subsets of Ω that forms a σ-algebra in Ω.

(ii) The set function µ : β → IK, IK ∈ {IR, IC} is called a measure if it is

σ-additive.

(iii) The triple (Ω, β, µ) is called a measure space.

(iv) A map f : Ω → IK is called measurable if, for any open set θ ⊆
IK, f−1(θ) = {w ∈ Ω : f(w) ∈ θ} is a measurable set in Ω that is

f−1(θ) ∈ β.

12.4. Remark

Lebesgue integral of a measurable function f on a measure space (Ω, β, µ)

has been defined and studied in MAT 405 (Lebesgue Theory and integration).

12.5. Definition

(i) Let (Ω, β, µ) be a measure space. A measurable function f : Ω → IK

is said to be essentially bounded if there exists a constant C > 0 such

that µ({w ∈ Ω : |f(w)| > C}) = 0.
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(ii) If f is essentially bounded, we define the number

||f ||∞ := inf{C : µ({w : |f(w)| > C}) = 0}

as the essential supremum of f .

12.6. Definition: Lp Spaces

(i) Let (Ω, β, µ) be a measure space. We define for 1 ≤ p < ∞, the

Lp(Ω, β, µ) space by

Lp(Ω, β, µ) = {f : Ω→ IK/f is β−measurable with Lebesgue integral satisfying∫
Ω

|f(w)|pµ(dw) <∞

(ii) If p =∞, then

L∞(Ω, β, µ) = {f : Ω→ IK : f is measurable and essentially bounded on Ω}

12.7. Definition

(i) For 1 ≤ p <∞, f ∈ Lp(Ω, β, µ), we define

||f ||p =

(∫
Ω

|f(w)|pµ(dw)

) 1
p

.

(ii) For p =∞, f ∈ L∞(Ω, β, µ) if ||f ||∞ <∞.

We remark that two β-measurable functions are equivalent, if they differ only

on a µ-null set in β. Define ||.||p, 1 ≤ p <∞ by

|f ||p =

(∫
Ω

µ(dw)|f(w)|p
)1/p

, f ∈ Lp(Ω, β, µ), 1 ≤ p <∞.
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12.8. Theorem: Holders Inequality

For p satisfying 1 ≤ p <∞, and for f ∈ Lp(Ω, β, µ), g ∈ Lq(Ω, β, µ),
1
p

+ 1
q

= 1 then fg ∈ L1(Ω, β, µ) and ||fg||1 ≤ ||f ||p.||g||q.

Proof

This is based on the following inequality:

for a, b ∈ IR+ and p, q ∈ (1,∞) satisfying 1
p

+ 1
q

= 1, we have

ab ≤ ap

p
+
bq

q
(1)

First assume f ∈ Lp(Ω, β, µ) and g ∈ Lq(Ω, β, µ) are non-negative and are

normalized, i.e. ||f ||p = 1 = ||g||q. Then (1) gives

f(w)g(w) ≤ f(w)p

p
+
g(w)q

q
, for almost all w ∈ Ω

whence, integrating we have∫
Ω

µ(dw)f(w)g(w) ≤ 1

p

∫
Ω

µ(dw)f(w)p

+
1

q

∫
Ω

µ(dw)g(w)q

i.e.

||fg||1 ≤
1

p
||f ||pp +

1

q
||g||qq, with

1

p
+

1

q
= 1

=
1

p
+

1

q
= 1 = ||f ||p||g||q

showing that the Holder’s inequality holds in this case.

When ||f ||p and ||g||q are unrestricted, if either of these norms is zero, then

the Holder’s inequality holds trivially. Let ||f ||p 6= 0 and ||g||q 6= 0. Then,
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|f |
||f ||p

and
|g|
||g||q

are unit vectors in Lp(Ω, β, µ) and Lq(Ω, β, µ) respectively,

whence,

|| |f |
||f ||p

.
|g|
||g||q

||1 ≤ 1

||fg||1 ≤ ||f ||p ||g||q.

This proves Holder’s inequality.

12.9. Theorem

The pair (Lp(Ω, β, µ), ||.||p), 1 ≤ p <∞, is a normed space.

Proof:

For p = 1, or p = ∞, then the claim is obvious. For p ∈ (1,∞), the non-

trivial aspect of the theorem is to show that

||f + g||p ≤ ||f ||p + ||g||p, ∀ f, g ∈ Lp(Ω, β, µ).

This inequality, which is the triangle inequality, is called the Minkowski’s in-

equality. This inequality is proved by means of the Holder’s inequality given

by Theorem 5.8

Proof of Minkowski’s Inequality (Triangle Inequality)

Let 1 < p <∞. Since∣∣[f(w) + g(w)][(f(w) + g(w))]p−1
∣∣ ≤ (|f(w)|+ |g(w)|)(|f(w) + g(w)|)p−1

then

|f(w) + g(w)|p ≤ |f(w)| |f(w) + g(w)|p−1 + |g(w)| |f(w) + g(w)|p−1 (1)

for almost all w ∈ Ω,
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Integrating the first term and using Holder’s inequality, we have:∫
Ω

µ(dw)|f(w)| |f(w) + g(w)|p−1 ≤ ||f ||p
(∫

Ω

µ(dw)|f(w) + g(w)|(p−1) p
p−1

) p−1
p

= ||f ||p
(∫

Ω

µ(dw)|f(w) + g(w)|p
) p−1

p

= ||f ||p ||f + g||p−1
p

(2)

A similar estimate holds for

∫
Ω

µ(dw)|g(w)||f(w) + g(w)|p−1. Hence, from

(1), we have∫
Ω

µ(dw)|f(w) + g(w)|p ≤
∫

Ω

µ(dw)|f(w)||f(w) + g(w)|p−1 +

∫
Ω

µ(dw)|g(w)|f(w) + g(w)|p−1

i.e.||f + g||pp ≤ ||f ||p||f + g||p−1
p + ||g||p||f + g||p−1

p using (2)

Dividing through by ||f + g||p−1
p , we have

||f + g||p ≤ ||f ||p + ||g||p,

which is the triangle or Minkowski’s inequality. Hence, (Lp(Ω, β, µ), ||.||p) is

a normed space for all 1 ≤ p ≤ ∞.

12.10. Remark:

(1) Two numbers p, q ∈ IR which satisfies
1

p
+

1

q
= 1 are called conjugate.

(2) When p = 2, then q = 2. In this case, Holder’s inequality is called

Schwarzt Inequality.

12.11. Summary

This lecture deals with the establishment and the properties of natural norms

in Lebesgue spaces which are called Lp-spaces. We have shown that the Lp
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spaces are linear spaces, and established the Minkowski’s inequality by us-

ing Holders inequality as a tool, thereby showing finally that Lp spaces are

normed spaces.

12.12. Post-Test

(i) Show that for p =∞, L∞(Ω, β, µ) is a linear space.

(ii) Show that Lp(Ω, β, µ) is a normed space for p satisfying 1 ≤ p ≤ ∞.

(iii) Define the followings:

(a) Holder’s inequality

(b) Minskowski inequality

(c) Schwartz inequality

(iv) Show that if f ∈ Lp(Ω, β, µ) and g ∈ Lq(Ω, β, µ) such that 1
p

+ 1
q

= 1

then fg ∈ L1(Ω, β, µ).

Hint: Use Holder’s inequality.
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LECTURE THIRTEEN

Some Examples of Lebesgue Integrable Functions

13.0. Introduction

In this lecture, I shall work through some specific examples of functions and

determine whether or not such functions belong to some Lp spaces or not.

This will teach you a practical way of handling this type of problems.

13.1. Objectives

At the end of the lecture, you should be able to

1. determine whether or not a function lies in some Lp spaces,

2. handle certain forms of integrands with respect to some functions,

3. show that that L2 is an inner product space whose L2 norm is defined by

the inner product,

4. identify and explain some properties of Lp spaces.

13.2. Pre-Test

1. State without proof, Holder’s inequality.

2. State and prove the Minskowski inequality for members of an Lp space.

3. Let (X,F , µ) be a measure space, f : X → IC, define

f(x) = expx
2

, x ∈ X = [−a, a], a ∈ IR.
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Determine whether f is in L1(X, dµ) in the cases where

(i) dµ(x) = dx

(ii) dµ(x) = xdx

(iii) dµ(x) = e−x
2
dx

13.3. Definition

Let (X,F , µ) be a measure space. For 1 ≤ p < ∞, let Lp(X, dµ) be the set

of all complex valued measurable functions on X defined by:

Lp(X, dµ) = {f : X → IC, :

∫
X

|f |pdµ <∞}.

13.4. Example:

Given that X = IR, f(x) = 1√
|x|

, for x ∈ IR, show whether or not f ∈ Lp,
for 1 ≤ 1 <∞.

Applying the definition of an Lp space, we shall check whether the given

function satisfies condition for membership of Lp space by first carry out the

following integration:∫
X

(
1√
|x|

)p

=

∫ ∞
−∞

(
1

|x|

) p
2

dx <∞.

This shows that f ∈ Lp.
For f ∈ Lp(X, dµ), 1 ≤ p <∞, define ‖f‖p by

‖f‖p =

(∫
X

|f |pdµ
) 1

p

.
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13.5. Definition

1. Let (X,F , µ) be a measure space. Then a complex valued measurable

function f on X is called essentially bounded if

µ ({x ∈ X : |f(x)| > a}) = 0

for some number a.

2. If f is essentially bounded, then the essential supremum of f , denoted by

ess sup |f |, is defined by

ess sup |f | = inf{a : µ ({x : |f(x)| > a}) = 0}.

3. We shall write ‖f‖∞ for the ess sup |f | and L∞(X, dµ) for the set of all

essentially bounded measurable complex valued functions on X.

13.6. Remark

1. We combine the foregoing definitions as follows: for 1 ≤ p ≤ ∞, Lp(X, dµ)

is the set of complex valued measurable functions for which ‖f‖p <∞, where

‖f‖p =

(∫
X

|f |pdµ
) 1

p

, if 1 ≤ p <∞,

= ess sup |f |, if p =∞.

13.7. Example

Let (X,F , µ) be a measure space, f : X → IC, define

f(x) =
1

1 + |x|2
, x ∈ X = [−a, a], a ∈ IR.

Determine whether f is in L1(X, dµ) in the cases where

(i) dµ(x) = dx

(ii) dµ(x) = xdx
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(iii) dµ(x) = e−x
2
dx

Solutions

(i) We want to determine if f ∈ L1([−a, a], dx).

For f to lie in L1([−a, a], dx), we need to show that∫ a

−a
|f(x)|dx =

∫ a

−a

1

1 + |x|2
dx <∞.

Now, ∫ a

−a

1

1 + |x|2
dx = 2

∫ a

0

dx

1 + |x|2
= 2

∫ a

0

dx

1 + x2
.

= 2

∫ tan−1 a

0

dθ

= 2 [θ]tan−1 a
0

= 2 tan−1 a

which is always finite. Hence, f ∈ L1([−a, a], dx)

(ii) Here, we need to find out if f ∈ L1([−a, a], xdx).

Now,

‖f‖1 =

∫ a

−a

x

1 + |x|2
dx

= 0, if a is finite

Also, f ∈ L1((−∞,∞),∞dx). Notice that f 6∈ L1 ((0,∞), xdx) .

(iii) Here, we need to find out if f ∈ L1
(

[−a, a], e−x
2
dx
)

Now,

‖f‖1 =

∫ a

−a

e−x
2

1 + |x|2
dx = 2

∫ a

0

e−x
2

1 + x2
dx <∞, ∀a.
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Therefore, f ∈ L1
(

[−a, a], e−x
2
dx
)

and f ∈ L1
(

[−∞,∞], e−x
2
dx
)

.

We need the following results in what follows:

13.8. Lemma

Let a, b ≥ 0, 1 < p <∞ and q be such that 1
p

+ 1
q

= 1

(If p = 1, set q =∞ and vice versa). Then

ab ≤ ap

p
+
bq

q
.

13.9. Remark:

1. Two numbers p, q as in Lemma 4.1 are said to be conjugate indices.

2. There is the following result due to Holder, and called Holder’s inequality.

13.10. Theorem

For f ∈ Lp(X, dµ) and g ∈ Lq(X, dµ) with 1
p

+ 1
q

= 1 then

‖f · g‖1 ≤ ‖f‖p‖g‖q.

Proof

By Lemma 13.8,

|f(x)|
‖f‖p

· |g(x)|
‖g‖q

≤ |f(x)|p

‖f‖pp
· 1

p
+
|g(x)|q

‖g‖qq
· 1

q
.

Whence,

1

‖f‖p
· 1

‖g‖q

∫
X

|f(x)||g(x)|dµ

≤ 1

‖f‖pp
· 1

p

∫
X

|f(x)|pdµ+
1

‖g‖qq
· 1

q

∫
X

|g(x)|qdµ

=
‖f‖pp
‖f‖pp

· 1

p
+
‖g‖qq
‖g‖qq

· 1

q

=
1

p
+

1

q
= 1.
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Thus,
1

‖f‖p
· 1

‖g‖q
‖f · g‖1 ≤ 1.

That is,

‖f · g‖1 ≤ ‖f‖p‖g‖q.

The followings are some non-trivial properties of members of Lp spaces.

13.11. Theorem

Let 1 ≤ p ≤ ∞. Then, for f, g ∈ Lp(X, dµ)

(a) ‖f‖p ≥ 0, if ‖f‖p = 0, then f = 0, (µ a. e)

(b) ‖αf‖p = |α|‖f‖p, for α ∈ IC.

(c) ‖f + g‖p ≤ ‖f‖p + ‖g‖p (Minkowski’s inequality).

Proof

(a) and (b) follow the definition of ‖ · ‖p. Let us prove (c). To this end, we

have

|f(x) + g(x)|p = |f(x) + g(x)| · |f(x) + g(x)|p−1

≤ |f(x)||f(x) + g(x)|p−1 + |g(x)||f(x) + g(x)|p−1

Then, by Holder’s inequality, we have∫
X

|f(x)||f(x) + g(x)|p−1dµ ≤ ‖f‖p · ‖f + g‖q= p
p−1
≤ ‖f‖p · ‖f + g‖p−1

p .

Similarly, ∫
X

|g(x)||f(x) + g(x)|p−1dµ ≤ ‖g‖p · ‖f + g‖p−1
p .

Hence,

‖f + g‖pp ≤ ‖f‖p · ‖f + g‖p−1
p + ‖g‖p · ‖f + g‖p−1

p .
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Dividing both sides by ‖f + g‖p−1
p , we get

‖f + g‖p ≤ ‖f‖p + ‖g‖p.

Remarks

(i) It follows from Theorem 13.10 that every Lp(X, dµ), 1 ≤ p ≤ ∞, is a

normed space.

(ii) Every Lp(X, dµ) space is a Banach space for 1 ≤ p ≤ ∞.

(iii) When p = 2, the space L2(X, dµ) is special called a Hilbert space where

the norm is generated by an inner product in the following sense.

Suppose that f, g ∈ L2(X, dµ). Define an inner product 〈f, g〉 by

〈f, g〉 =

∫
X

f(x)g(x)dµ >

Notice that

〈f, f〉 = ‖f‖2
2.

We also see that if f, g, h ∈ L2(X, dµ), then

(i) 〈f, g + h〉 = 〈f, g〉+ 〈f, h〉

(ii) 〈f, αg〉 = α〈f, g〉.

(iii) 〈f, f〉 ≥ 0 and 〈f, f〉 = 0 if and only if f = 0, a.e.

(iv) 〈f + g, h〉 = 〈f, h〉+ 〈g, h〉

(v)〈αf, g〉 = α〈f, g〉

These properties may be generalized to an arbitrary linear space. If we
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have a linear space Y equipped with a map:

〈·, ·〉 : Y × Y → IC

and possess the properties (i)to (v), then the map 〈·, ·〉 is called an inner

product on Y . In this case, we say that Y is an inner product space. This

type of space is also called a pre- Hilbert space. Every pre-Hilbert space Y

is automatically a normed space with norm given by

‖f‖ =
√
〈f, f〉, f ∈ Y.

A pre Hilbert space which is complete as a normed space is called a Hilbert

Space. These considerations imply that L2(X, dµ) is a Hilbert space. You

will learn details of these in MAT 406.

13.12. Summary

We have shown how to determine whether or not a function lies in some Lp

spaces by giving some specific forms of integrands needed to be integrated

with respect to some functions. In addition, we have shown that the L2 space

is an inner product space whose L2 norm is defined by the inner product.

We have itemized and established some properties of Lp spaces.

13.13. Post-Test

1. State without proof, Holder’s inequality.

2. State and prove the Minskowski inequality for members of an Lp space.

3. Let (X,F , µ) be a measure space, f : X → IC, define

f(x) = expx
2

, x ∈ X = [−a, a], a ∈ IR.

Determine whether f is in L1(X, dµ) in the cases where

(i) dµ(x) = dx

(ii) dµ(x) = xdx

(iii) dµ(x) = e−x
2
dx
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LECTURE FOURTEEN

Topological Duals of Lebesgue Spaces

14.0. Introduction We have already shown in previous lectures that Lp

spaces for 1 ≤ p ≤ ∞ are Banach spaces. The object of the present lecture

is to identify topological duals of the spaces. They are also called spaces

conjugate to the Lp spaces.

14.1. Objectives

At the end of the lecture, you should be able to

1. identify spaces that are conjugate to Lp spaces,

2. establish relevant results on the conjugate spaces,

3. carry out non trivial exercises concerning members of the conjugate spaces,

4. show that the conjugate spaces are also Lebesgue spaces.

14.2. Pre-Test

1. Define the topological dual of Lebesgue space Lp, for 1 ≤ p ≤ ∞.

2. Suppose that 1 ≤ p ≤ ∞, 1
p

+ 1
q

= 1, and fn → f in Lp norm, gn → in Lq

norm. Deduce that ∫
fngndµ→

∫
fgdµ.

3. Let X = [−1, 1], µ Lebesgue measure. Show that the collection H of

continuous functions f : X → IR is a closed linear subspace of L∞ provided
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that any function f which is equal a.e. to a continuous function is identified

with it.

14.3. Definition

Let X be a normed space.

The spaceX∗ = {f : X → IK : f is continuous and bounded linear functional on X}
is called the topological dual of the space X.

Putting X = Lp, we have the following results.

14.4. Theorem

Suppose that (X,F , µ) is a σ-finite measure space and Lp(X,F , µ) , 1 ≤
p <∞ is the linear space of F -measurable functions f : X → IR∗ whose pth

power is integrable, with the usual norm

‖f‖p =

(∫
X

|f |pdµ
) 1

p

.

Let 1
p

+ 1
q

= 1, ( if p = 1, q =∞). Then (i)for each g ∈ Lq,

F (f) =

∫
X

fgdµ

defines a linear functional on Lp.

(ii) given any bounded linear functional F on Lp, there is a g ∈ Lq such

that

F (f) =

∫
X

fgdµ,

and in this case

‖F‖ =

(∫
X

|g|qdµ
) 1

q

if p > 1,

and

‖F‖ = ess sup |g|, if p = 1.
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Proof is beyond the scope of this lecture. We shall offer explanations on the

consequences of the theorem in what follows.

14.5. Remark

The Theorem 14.4 asserts that the topological dual of an Lp space for 1 <

p < ∞ is just the Lebesgue space Lq, where q is the conjugate index of p.

That is

(Lp(X,F , µ))∗ = Lq(X,F , µ).

For the case p = 1, the topological dual is just the space of essentially

bounded measurable functions on X. That is(
L1(X,F , µ)

)∗
= L∞(X,F , µ).

14.6. Summary

In the course of this lecture, we have identified the Lebesgue space that is

conjugate to Lp space for various values of p. We have also established some

relevant results on the conjugate spaces and we have shown that the conju-

gate spaces are also Lebesgue spaces corresponding to their conjugate indices.

14.7. Post-Test

1. Define the topological dual of Lebesgue space Lp, for 1 ≤ p ≤ ∞.

2. Suppose that 1 ≤ p ≤ ∞, 1
p

+ 1
q

= 1, and fn → f in Lp norm, gn → in Lq

norm. Deduce that ∫
fngndµ→

∫
fgdµ.

3. Let X = [−1, 1], µ Lebesgue measure. Show that the collection H of

continuous functions f : X → IR is a closed linear subspace of L∞ provided

that any function f which is equal a.e. to a continuous function is identified

with it.

4. explain the consequences of Theorem 14.4. on Lebesgue conjugate spaces.
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LECTURE FIFTEEN

Sample Questions on Lebesgue Integration

and Their Solutions

15.0. Introduction

This lecture deals with the solutions of some sample questions on Lebesgue

integration and their solutions. The solutions are expected to teach students

about the methods and details expected when dealing with such questions.

We have ten sample questions and their solutions.

15.1. Objectives

At the end of the lecture, you should be able to

1. handle questions dealing with finitely additive set functions,

2. handle questions concerning outer measures,

3. handle questions on countably additive set functions,

4. handle questions involving Lebesgue integrable but not Remann Stieljes

integrable functions,

5. handle questions concerning metric defined on Lebesgue spaces,

6. handle questions requiring knowledge of Holder’s and Minskowski inequal-

ities.
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Sample Questions and Solutions

Question 1.

If µ is a finitely additive set function on a Ring R and A,B ∈ R, prove that

µ(A) + µ(B) = µ(A ∪B) + µ(A ∩B).

Solution

We have that

A ∪B = (A− A ∩B) ∪ (A ∩B) ∪ (B − A ∩B).

Thus,

µ(A ∪B) = µ(A− A ∩B) + µ(A ∩B) + µ(B − A ∩B)

= µ(A)− µ(A ∩B) + µ(A ∩B) + µ(B)− µ(A ∩B)

= µ(A) + µ(B)− µ(A ∩B)

Question 2.

Let X = [0, 1] and E(X) be given by

E(X) = {ø, X, [0,
1

2
), [0,

1

4
), [0,

3

4
), [

1

4
,
3

4
)}

and µ : E(X)→ IR+ takes the values:

µ(ø) = 0, µ([0,
1

4
)) = 2, µ([0,

1

2
)) = 2, µ([0,

3

4
)) = 4

µ([
1

4
,
3

4
)) = 2, µ(X) = 4.

Is µ finitely additive on E(X) ?. Justify your claim.
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Solution

The set function µ is finitely additive on E(X) if

(i) µ(ø) = 0

(ii) For any collection A1, A2 · · ·An of disjoint sets contained in E(X) and

such that ∪nj=1 ∈ E(X), then

µ(∪nj=1Aj) =
n∑
j=1

µ(Aj).

We claim that µ is finitely additive. To see this, we have:

(i) µ(ø) = 0, given.

(ii) The only disjoint sets in E(X) are

(a) ø and every set in E(X); and

(b) [0, 1
4
) and [1

4
, 3

4
).

Now, we see that for any A ∈ E(X),

µ(ø ∪ A) = µ(A) = µ(ø) + µ(A)

and also,

µ

(
[0,

1

4
) ∪ [

1

4
,
3

4
)

)
= µ

(
[0,

3

4
)

)
= 4.

But

µ

(
[0,

1

4
)

)
+ µ

(
[
1

4
,
3

4
)

)
= 2 + 2 = 4 = µ

(
[0,

3

4
)

)
= µ

(
[0,

1

4
) ∪ [

1

4
,
3

4
)

)
.

Showing that µ is finitely additive.

Question 3. Let λ be an outer measure on a class E(X) of subsets of a

set X. Prove that a set A ∈ E(X) is λ-measurable if

λ(B) ≥ λ(B ∩ A) + λ(B ∩ A′), ∀B ⊂ X. (1)
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Solution

(i) λ(ø) = 0. (ii) λ(B) ≥ λ(A) whenever A ⊂ B.

(iii) λ
(
∪∞j=1Aj

)
≤
∑∞

j=1 λ(Aj)

A set A ∈ E(X) is λ-measurable if

λ(B) = λ(B ∩ A) + λ(B ∩ A′).

Now,

= (B ∩ A) ∪ (B ∩ A′).

Hence since λ is an outer measure, we have

λ(B) = λ((B ∩ A) ∪ (B ∩ A′))

≤ λ(B ∩ A) + λ(B ∩ A′)

i. e λ(B) ≤ λ(B ∩ A) + λ(B ∩ A′), ∀B ⊂ X

Therefore, for the equation

λ(B) = λ(B ∩ A) + λ(B ∩ A′), ∀B ⊂ X

to hold, we only need

λ(B) ≥ λ(B ∩ A) + λ(B ∩ A′), ∀B ⊂ X.

Question 4.

Prove that every subset A of X such that λ(A) = 0 is λ-measurable and

λ(B) = λ(B ∩ A′), ∀B ⊂ X.

Solution

Let B ⊂ X be any subset of X¿ Then λ(B ∩ A) = 0. This follows from the

fact that

ø ⊂ B ∩ A ⊂ A where λ(A) = 0.
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Then,

λ(ø) ≤ λ(B ∩ A) ≤ λ(A), i.e 0 ≤ λ(B ∩ A) ≤ 0.

Whence, λ(B ∩ A) = 0.

Next,

λ(B) ≤ λ(B ∩ A) + λ(B ∩ A′) = λ(B ∩ A′) ≤ λ(B).

That is,

λ(B) ≤ λ(B ∩ A′) ≤ λ(B).

Whence,

λ(B) = λ(B ∩ A′)

proving one of the claims.

Finally, to prove that A is λ-measurable, we have

λ(B) = λ(B ∩ A′) = λ(B ∩ A) + λ(B ∩ A′), ∀B ⊂ X

showing that A is λ-measurable.

Question 5.

Let Z+ be the set of all positive integers and R the class of all finite subsets

of Z+ and their complements.

For A ∈ R, write:

µ(A) = 0, if A is finite

= ∞, if A is infinite.

Is µ countably additive?. Justify your answer.

Solution

The set function µ is not countably additive. To see this, let {Aj}∞j=1 be a

collection of disjoint finite subsets of Z+ such that

Z+ = ∪∞j=1Aj.
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Then, µ(Aj) = 0, ∀j = 1, 2 · · · and µ(Z+) =∞ showing that µ is not count-

ably additive.

Question 6.

We say that the function f given by

f(x) = −1, if x is rational

= 0, if x is irrational

is not Riemann Stieltjes integrable with respect to any non-constant, non-

decreasing function. Show that f is, however Lebesgue integrable.

Solution

Since IR is the disjoint union of the set Π of irrational numbers and the set

Q of rational numbers, i. e,

IR = Π ∪Q

the Lebesgue integral of f is given by∫
IR

f(x)dx =

∫
Π∪Q

f(x)dx =

∫
Π

f(x)dx+

∫
Q

f(x)dx

= 0 +

∫
Q

dx = 0 + λ(Q) = 0 + 0 = 0.

Question 7.

Let (X,F , µ) be a finite measure space, that is µ(X) < ∞. Show that for

0 < p < q <∞, we have

Lq(X, dµ) ⊂ Lp(X, dµ),

and the inequality

‖f‖p ≤ ‖f‖q

holds for all f ∈ Lq(X, dµ).
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Solution

Let r = q
p
> 1. For any f ∈ Lq(X, dµ), we have using Holder’s inequality∫

X

|f(x)|pdµ ≤
(∫

X

|f(x)|prdµ
) 1

r
(∫

X

I
r

r−1dµ

) r−1
r

=

(∫
X

|f(x)|q
) p

q

µ(X)
q−p
q .

It follows that f ∈ Lp(X, dµ) and that

‖f‖p ≤ ‖f‖qµ(X)
1
p
− 1

q .

Question 8.

Let (X,F , µ) be a measure space. Give an example of two functions f : X →
IR and g : X → IR which are equal everywhere with respect to µ.

Solution

Let A be any µ-null member of F , f : X → IR and h : X → IR be mea-

surable functions. Then, take the two functions f and g to be (i) f and (ii)

g = f + χA: g(x) = f(x) + h(x)χA(x), we see that the functions f and g

differe only on the µ-null set A. Hence, f = g, µ a.e.

Remark:

If X = IR, µ=Lebesgue measure and F for the Borel subsets of IR, then, we

can take A to be

(i) The cantor set

(ii) Any countable set

(iii) A disjoint union of countable set and the Cantor set.

Question 9.

Let (X,F , µ) be a measure space and 1 ≤ p ≤ ∞. Consider the map

ρ : Lp(X, dµ)× Lp(X, dµ)→ IR+ = [0,∞)
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defined by

ρ(f, g) = ‖f − g‖p.

Show that the pair Lp(X, dµ), ρ) is a complete metric space.

Solution

Let 1 ≤ p ≤ ∞ and Lp(X, dµ) be the Lebesgue spaces. Let M be a set and

d : M ×M → IR.

Then, (M,d) is called a metric space if

(i) d(x, y) ≥ 0 and d(x, y) = 0 if and only if x = y.

(ii) d(x, y) = d(y, x) (symmetry).

(iii) d(x, y) ≤ d(x, z) + d(z, y),∀x, y, z ∈M (triangular inequality).

The function d : M ×M → [0,∞) is called a metric (a distance function)

on M . The metric d determines a topology τd on M called the METRIC

TOPOLOGY. If M is complete with respect to τd then (M, τd) is called a

complete metric space.

Now with ρ : Lp(X, dµ)× Lp(X, dµ)→ [0,∞) given by

ρ (f, g) = ‖f − g‖p with f, g ∈ Lp(X, dµ), 1 ≤ p ≤ ∞,

we see that

(i) ρ(f, g) ≥ 0 and ρ(f, g) = 0 if and only if f = g, µ a.e

(ii) ρ(f, g) = ‖f − g‖p = ‖g − f‖p = ρ(g, f) (symmetry)

(iii) ρ(f, g) = ‖f − g‖p = ‖f − h + h − g‖p ≤ ‖f − h‖p + ‖h − g‖p =

ρ(f, h) + ρ(h, g).

Showing that the triangular inequality holds. Hence, the pair (Lp(X, dµ), ρ)

is a metric space. This metric space is complete since Lp(X, dµ), 1 ≤ p ≤ ∞,

are Banach spaces.

104



Question 10.

By considering two functions f ∈ Lp(X, dµ) and g ∈ Lq(X, dµ) for some

0 < p < 1 and measure space(X,F , µ), demonstrate that

‖f‖p · ‖g‖q < ‖fg‖1, with
1

p
+

1

q
= 1.

Solution

Let X = (0, 1), F= the Borel subsets of X and µ = Lebesgue measure. Take

p = 1
2
, f(x) = x and g(x) = 1

x
.

then q = 1− 2 = −1.

‖f‖ 1
2

=

(∫ 1

0

|f |
1
2dx

) 1
1
2

=

(∫ 1

0

x
1
2dx

)2

=

(
2

3
x

3
2 |10
)2

=
4

9
.

‖g‖−1 =

(∫ 1

0

|g(x)|−1dx

) 1
−1

=

(∫ 1

0

(
1

x
)−1dx

)−1

=

(∫ 1

0

xdx

)−1

= 2

‖fg‖1 =

∫ 1

0

|f(x)g(x)|dx =

∫ 1

0

x · 1

x
dx =

∫ 1

0

dx = x|10 = 1.

Thus,

‖f‖ 1
2
· ‖g‖−1 =

4

9
× 2 =

8

9
< 1 = ‖fg‖1.

15.2. Summary

We have provided solutions concerning the following types of questions:

1. questions dealing with finitely additive set functions,

2. questions concerning outer measures,

3. questions on countably additive set functions,

4. questions involving Lebesgue integrable but not Remann Stieljes

integrable functions,

5. questions concerning metric defined on Lebesgue spaces,

6. questions requiring knowledge of Holder’s and Minskowski inequalities.
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ADVANCED ANALYSIS II
FUNCTIONAL ANALYSIS

MAT 406

General Introduction and Course Objectives

MAT 406, Advanced Analysis II, introduces to you the funda-
mental principles of functional analysis. It focuses on such topics
as linear operators on vector spaces and properties of continuous
and bounded linear operators. MAT 406 discusses the character-
istics of the spaces of bounded linear operators and properties of
the algebraic and topological duals of vector spaces. The char-
acteristics of metric spaces and normed spaces will be studied
and their associated topologies. Most results in this course are
generalizations to arbitrary spaces some results that are well
known on finite dimensional Euclidean spaces and the spaces of
real and complex numbers. Some well known chracterizations of
Banach and Hilbert spaces which are complete normed spaces
will be established. Students are expected to be familiar with
basic results, their proofs and some applications at the end of
the course.
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LECTURE ONE

Linear Spaces Over a Field

1.0. Introduction

In this lecture, I intend to review the notion of a linear space (also called

vector space) over a scalar field.

This notion is central to the study of functional analysis. I shall take you

through the basic definitions of linear spaces, their properties and basic re-

sults that will be needed in the subsequent lectures.

1.1. Objectives

At the end of the lecture, you should be able to

1. explain the basic definitions of linear spaces and subspaces,

2. explain the differences between finite and infinite dimensional linear

spaces,

3. indicate some basic non trivial examples of linear spaces,

4. explain basic steps in the process of establishing a subspace

5. distinguish between finite and infinite dimensional linear spaces.

1.2. Pre-Test

1. Give a full definition of a linear space.

2. Discuss the steps involved in establishing that a subset of a linear space

is a subspace.

3. What do you understand by a finite dimensional linear space?

4. Give two non trivial examples of linear spaces and some of their subspaces.

Justify your answers.
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1.3. Definition

Let V be a non empty set. Then V is called a vector space over the scalar

field F if the following conditions hold:

(i) V = V (+, ·) is a tripple with two binary operations called addition +

and scalar multiplication ·, such that (V,+) is a commutative group under

addition +, and (V, ·) is a groupoid under scalar multiplication by elements

of F . That is, for every elements x, y ∈ V , a ∈ F , ax ∈ V , x+ y ∈ V .

(ii) The following distributive properties hold.

For all x, y ∈ V, a, b ∈ F ; a(x+ y) = ax+ ay, and (a+ b)x = ax+ bx.

1.4. Definition

Let S = {x1, x2, · · · , xN} be a set of finite number of elements of a vector

space V over a field F . Then the set is called linearly independent if whenever

the linear combination
N∑
i=1

αixi = 0 (1)

then αi = 0 ∀ i = 1, 2, · · ·N , for scalars αi ∈ F .

Note: (i) Linear independence means that none of the elements xi ∈ S can

be written as a linear combination of other elements in S, otherwise, the

elements of S are called linearly dependent.

(ii)If S consists of linearly dependent elements, then

N∑
i=1

αixi = 0 (2)

implies that there exists some αr ∈ F such that αr 6= 0, r ∈ {1, 2, · · · , N}.
Hence we can write, from (2)

αrxr = −
N∑

i 6= r
i = 1

αixi
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and

xr = − 1

αr

N∑
i 6= r
i = 1

αixi

1.5. Definition

Let S ⊂ V be a set of finite number of linearly independent set in V . Then

we say the set S spans the whole space V if given any element v ∈ V , there

exists scalar αi, i = 1, · · · , N ∈ F such that

v =
N∑
i=1

αixi

We then write V = span{S}

1.6. Definition

A vector space V is said to be finite dimensional and of dimension N if there

exists N number of linearly independent set of elements in V that spans the

whole space V .

Note: An N -dimensional vector space V has a constant number N of lin-

early independent set of elements.

1.7. Examples

(a) Let F ∈ {IR, IC}.
Define F n = {x = (x1, x2, · · · , xn) : xi ∈ F} is a vector space over

F, n ∈ N.

(b) F n is finite dimensional of dimension n.

(c) F ∈ {IR, IC} is also a vector space.
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(d) Examples of the basic elements in IRn are {ei}i=1 where

ei = (0, 0, · · · , 1, · · · , 0)

e1 = (1, 0, 0, · · · , 0)

en = (0, 0, 0, · · · , 1)

for any x ∈ IRn, ∃ xi, i = 1, · · · , n, x =
n∑
i=1

xiei where the vector ei

has 1 in the ith component.

(e) the `p spaces.

These are spaces of sequence

`p = {aj}∞j=1 where aj = a(j) such that

∞∑
j=1

|aj|p <∞.

for p = 2, `2 is a Hilbert space with inner product

〈a, b〉 =
n∑
j=1

|ajbj|,
a = {aj}
b = {bj}

.

(f) Denote by C([0, 1]), the space of continuous functions on the interval

[0, 1] with complex values. Then C([0, 1]) is a vector space.

1.8. Definition

Let D ⊆ V be a nontrivial subset of V . Then D is called a subspace of V

if D is a linear space contained in V with respect to the addition and scalar

multiplication in V .

Note: To show that D is a subspace, it is sufficient to show that D is closed

under addition and scalar multiplication by the element of F i.e. given any

x, y ∈ D, then x+ y ∈ D and αx ∈ D ∀ α ∈ F, x ∈ D.
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1.9. Examples of Subspaces

(a) Let V = Mn(IR), the set of n × n square matrices over IR. Then

V is a linear space under addition of matrices and scalar multiplica-

tion by elements of IR. Setting D = {v ∈ V such that v is an n ×
n diagonal matrix over IR}.
Then D is a subspace of Mn(IR) because it is closed under + and scalar

multiplication.

(b) The set Dn ⊆ C([0, 1], IR) consisting of polynomials of degree less than

or equal to n ∈ N is a subspace of C([0, 1], IR), the linear space of con-

tinuous real valued functions on the interval [0, 1].

Reason: If v and y ∈ Dn are polynomials, then v + y ∈ Dn and

αv ∈ Dn ∀ α ∈ IR.

Note: Dn is a finite dimensional subspace of C([0, 1], IR).

S = {1, x, x2, x3, · · · , xn} ⊆ D

Any a ∈ Dn can be uniquely written

a =
n∑
i=0

aix
i, ai ∈ IR, x ∈ [0, 1]

1.10. Summary

The lecture has dealt with the review of basic and essential properties of

linear spaces over fields of scalars. These are very important for thorough

understanding of the materials in the subsequent lectures. Topics covered

here include definition of linear spaces, linearly independent or dependent

set of vectors, finite and infinite dimensional linear spaces and subspaces and

some examples.
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1.11. Post-Test

(1) Define a vector space V over a field F .

(2) What do you understand by saying that a subset S ⊂ V consists of

linearly independent set of elements?

(3) If S ⊆ V , a non-empty subset of V , when does S become a subspace?

(4) Give three non-trivial examples of linear spaces and some of their sub-

spaces.
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LECTURE TWO

Linear Maps

2.0. Introduction

In this lecture, I intend to introduce to you the notion and principles of linear

maps acting from a linear space into another linear space. I shall take you

through some basic terms such as domain, range and null space of a linear

map. You will learn about conditions under which the inverse of a linear

map exists, composition of linear maps and some examples.

2.1. Objectives

At the end of this lecture, you should be able to:

1. discuss the properties of linear maps.

2. show whether or not a map is linear.

3. identify the members of algebraic dual of a linear space.

4. understand the principles of canonical embedding of a linear space into

its second dual.

2.2. Pre-Test

1. Define the followings:

(a) a linear map,
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(b) an injective linear map,

(c) a bijective linear map,

(d) the inverse of a linear map.

2. Define the first and second algebraic duals of a linear space.

3. Investigate the linearity or otherwise of the map T : X×X → X, given

by

T (x, y) =
1

2
(x+ y).

4. Find the null space and the range of T as given in question 3 above.

2.3. Definition

Let X, Y be two linear spaces over the field IK = IC or IR, and D a linear

subspace of X.

A transformation T : D→ Y is called a linear map if

T (αx1 + βx2) = αT (x1) + βT (x2), whenever x1, x2 ∈ D and α, β ∈ IK.

2.4. Remark

(a) The set D is called the domain of T and is often denoted by D(T ).

(b) The set R(T ) = {T (x) : x ∈ D(T )} is called the range or co-domain of

T .

(c) The Null space or Kernel of T is the set N(T ) = {x ∈ D(T ) : T (x) =

0}.
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2.5. Remark

The sets R(T ) and N(T ) are linear spaces.

Reason:

(i) For R(T ), let y1, y2 ∈ R(T ) then there exist x1, x2 ∈ D such that

y1 = T (x1) and y2 = T (x2)

Hence,
y1 + y2 = T (x1) + T (x2)

= T (x1 + x2)

Since D is a subspace, x1 + x2 ∈ D. Then y1 + y2 ∈ R(T ).

(ii) For any λ ∈ K, y ∈ R(T ) then there exists x ∈ D such that y = T (x).

Since D is a subspace, λx ∈ D. Therefore,

T (λx) = λT (x) = λy ∈ R(T ).

Hence, (i) and (ii) imply that R(T ) is a subspace.

(iii) For the case N(T ), let x1, x2 ∈ N(T ). Then T (x1) = T (x2) = 0.

T (x1) + T (x2) = 0

or
T (x1 + x2) = 0

⇒ x1 + x2 ∈ N(T )

Also for x ∈ N(T ),
T (x) = 0

T (λx) = λT (x)

= 0

⇒ λx ∈ N(T ).

Therefore, N(T ) is a linear subspace of D.
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2.6. Definition

(i) The map T is called injective or one-to-one if N(T ) = {0}.
This is the case if x1, x2 ∈ D(T ) and T (x1) = T (x2) imply x1 = x2.

(ii) The map T is surjective if R(T ) = Y .

(iii) The map T is bijective if it is both injective and surjective.

2.7. Remark

(a) The injectivity of a linear map T : D(T ) ⊆ X → Y gives rise to a

single-valued map T−1: R(T ) ⊆ D(T ) which transforms y ∈ IR(T ) to

that of x ∈ D(T ) satisfying Tx = y. The map T−1 is called the inverse

of T .

(b) Check that: T−1 is linear.

T−1Tx = x and

TT−1Ty = y ∀ x ∈ D(T ), y ∈ R(T ).

When the linear map T : D(T ) ⊆ X → Y is not injective (implying

N(T ) 6= {0}), then T−1 : IR(T ) ⊆ Y → D(T ) ⊆ X is the multifunction

defined by T−1y = {x ∈ D(T ) : Tx = y}.

2.8. Definition

Suppose that Z is also a linear space over the field IK, T : D(T ) ⊆ X →
R(T ) ⊆ Y and S : R(T ) ⊆ Y → Z. Then, the composition of S and T is the

map, S ◦T defined by (S ◦T )(x) = S(Tx), x ∈ D(T ). This binary operation

on linear spaces, is in general, non-commutative.

2.9. Example

Define L2(IR, dx) = {f : IR→ IR such that

∫
IR

|f(x)|2dx <∞}.

If for any f ∈ L2(IR, dx), define
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M(f)(x) = xf(x). Then M is linear on L2(IR, dx).

Proof: Let f, h ∈ L2(IR, dx), α, β ∈ IR, then

M(αf + βh) = x(αf + βh)(x)

= x(αf(x) + βh(x)) pointwise addition

= α(xf(x)) + β(xh(x))

= α(Mf)(x) + β(Mh)(x).

Therefore, M is a linear map.

2.10. Definition: The Space L(X, Y )

Let X, Y be linear spaces over K. Then L(X, Y ) is defined as the set of all

linear maps that have X as domain and their ranges contained in Y .

2.11. Remark

L(X, Y ) is a linear space when equipped with the following notions of point-

wise addition and pointwise scalar multiplication, that is;

(T1 + T2)(x) = T1(x) + T2(x)

(λT )(x) = λ(Tx), T1, T2, T ∈ L(X, Y ).

It follows that the members of L(X, Y ) are homomorphisms of X into Y .

If X = Y , then L(X,X) is denoted simply by L(X). This is the set of

endomorphisms of X.

2.12. Definition

A bijective (and hence invertible) member of L(X, Y ) is called an isomorphism.

Two linear spacesX, Y are called isomorphic if L(X, Y ) contains an isomorphism.

The relation: ”X is isomorphic to Y ” is an equivalence relation; it partition

the set of linear spaces over IK into disjoint equivalence classes, with two
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spaces lying in the same equivalence class if and only if they are isomorphic.

2.13. Algebraic Duals

Let X be a linear space over IK. Then, the linear space L(X, IK) denoted

by X∗ is called the algebraic dual of X.

A member of X∗ is called a linear functional. It follows from Remark 2.11

by putting Y = IK that X∗ is a linear space.

The bilinear map(f, x) 7→ f(x) of X∗×X into IK sets up a separated duality

between X and X∗. This means that x0 = 0 whenever f(x0) = 0 ∀ f ∈ X∗

and f0 = 0 whenever f0(x) = 0 ∀x ∈ X.

Note that duality is a versatile tool in functional analysis.

2.14. Definition

As X∗ is a linear space over IK, we can form (X∗)∗ = L(X∗, IK). This is

called the second algebraic dual or algebraic bidual of X and is simply de-

noted by X∗∗.

2.15. Remark

(a) The spaces X and X∗∗ are related. Indeed, X may be identified with

a subspace of X∗∗ as follows:

(b) For x ∈ X, define δx in X∗∗ by δx(f) = f(x), for f ∈ X∗.
Since X and X∗∗ are in separated duality, the linear map x 7→ δx of X

into X∗∗ is injective and hence establishes an isomorphism of X with

a subspace of X∗∗. This is the canonical embedding of X in X∗∗. If

the range of the map x 7→ δx is the whole of X∗∗, then X is called

algebraically reflexive. Every finite dimensional linear space over IK is

automatically algebraically reflexive.
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2.16. Example

Let X be a linear space. Define a map A : X ×X → X ×X by

A(x, y) = (x+ 2y, x− 2y), (x, y) ∈ X ×X.

(i) Is A linear?

(ii) Find the inverse of A, if it exists.

Solution:

(i) Let α be a scalar and (x, y) ∈ X ×X be arbitrary. Then

A(α(x, y)) = A(αx, αy) = (αx+ 2αy, αx− 2αy)

= α(x+ 2y, x− 2y)

= αA(x, y)

Let (u, v) be another element of X ×X. Then

A((x, y) + (u, v)) = A(x+ u, y + v)

= (x+ u+ 2y + 2v, x+ u− 2y − 2v)

= (x+ 2y, x− 2y) + (u+ 2v, u− 2v)

= A(x, y) + A(u, v).

We conclude that A is linear.

(ii) Suppose that A(x, y) = (0, 0).

Then, we have:

x+ 2y = 0, x− 2y = 0,

whence x = 0, y = 0 showing that A(x, y) = (0, 0)

if and only if (x, y) = (0, 0).
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Thus, A is injective and therefore possesses an inverse A−1.

Since A−1 exists, then

A−1A(x, y) = (x, y)

whence

A−1(x+ 2y, x− 2y) = (x, y) (1)

Setting x + 2y = u and x − 2y = v, then we have x = 1
2
(u + v) and

y = 1
4
(u− v).

Substituting in (1) above, we have

A−1(u, v) = (
1

2
(u+ v),

1

4
(u− v))

or

A−1(x, y) = (
1

2
(x+ y),

1

4
(x− y))

Check that:

AA−1(u, v) = A(
1

2
(u+ v),

1

4
(u− v))

(
u+ v

2
+
u− v

2
,
u+ v

2
+
v − u

2
) = (u, v)

2.17. Summary

This lecture has dealt with the principles and properties of linear maps. You

have learned about the conditions that determine the linearity or otherwise

of a map. We have also discussed algebraic duals and identification of mem-

bers of the algebraic dual of a linear space. The lecture also dealt with the

principles of canonical embedding of a linear space into its second dual.

2.18. Post-Test

1. Define the following (a) A linear map, (b) the null space N(T ), (c) the

range R(T ).
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2. Define the composition T ◦S of two linear maps. What are the conditions

for the validity of the composition?

3. Define the first and second duals of a linear space X.

4. Explain the notion of canonical embedding of X into its second dual X∗∗.

5. Define a map T : X ×X → X ×X by

T (x, y) = (
1

2
x+ y, x− y).

(a) Is T linear and (or) invertible?

(b)Find the inverse if it exists.
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LECTURE THREE

Metric Spaces

3.0. Introduction

This lecture is concerned with the principles, properties and uses of metric

spaces. I intend to revise with you the subject of metric spaces which you

have probably come across at the lower level. Some important results on

metric spaces shall be highlighted. We shall end this lecture by discussing

metric space topology generalizing the usual topology of the real or complex

number system.

3.1. Objectives

At the end of the lecture, you should be able to:

1. remember and get acquainted with the definition and the basic prop-

erties of a metric space, which we shall need in what follows,

2. establish when a function is a metric function,

3. understand the principles of a metric space topology and some standard

results,

4. furnish some examples of a metric space,

5. explain the notion of open balls, closed balls, spheres, open and closed

sets in a metric space.
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3.2. Pre-Test

(1) Give a full definition of a metric space.

(2) Show that every open ball is an open set in a metric space.

(3) Show that the intersection of a finite collection of open sets in a metric

space is an open set.

(4) Show that the union of an arbitrary collection of open sets in a metric

space is an open set.

(5) Show that the union of a finite collection of closed sets in a metric space

is closed.

3.3. Definition

Let X be a set and ρ : X ×X → IR+. Then, ρ is called a metric on X if the

following properties hold:

(i) ρ(x, y) = 0, whenever (x, y) ∈ X ×X with x = y

(ii) ρ(x, y) = ρ(y, x), (i.e ρ is symmetric).

(iii) ρ(x, y) ≤ ρ(x, z) + ρ(z, y) for (x, y) ∈ X × X, and arbitrary z ∈ X

(triangular inequality)

3.4. Remark

If ρ is a metric on a set X, then the pair (X, ρ) is called a metric space.

3.5. Definition:

Let (X, ρ) be a metric space. Then, we may introduce the following sets: For

a fixed point x0 ∈ X,
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(i) B(x0, r) = {x ∈ X : ρ(x, x0) < r}, for any positive real number r > 0.

The set is called an open ball, radius r centre x0 in X.

(ii) B(x0, r) = {x ∈ X : ρ(x, x0) ≤ r}. This set is called a closed ball,

radius r, centre x0 in X.

(iii) S(x0, r) = {x ∈ X : ρ(x, x0) = r}. This set is called a sphere, radius r

centre x0 ∈ X.

3.6. Definition

A subset Y of X is called open if each points in Y is the centre of an open

ball that is completely contained in Y . On the other hand, a subset Z of X

is called closed if its complement X \ Z is open.

3.7. Theorem. Every open ball B(x0, r) in a metric space is an open

set.

Proof: Pick any point a ∈ B(x0, r),then ρ(x0, a) < r.

We now write

δ = r − ρ(x0, a).

Then δ > 0. Now B(a, δ) ⊂ B(x0, r).

This is because if z ∈ B(a, δ), then

ρ(z, a) < δ = r − ρ(a, x0).

By triangular inequality, then

ρ(z, x0) ≤ ρ(z, a) + ρ(a, x0)

< r − ρ(a, x0) + ρ(a, x0) = r

Therefore, ρ(z, x0) < r. This implies that z ∈ B(x0, r), concluding that

B(a, δ) ⊂ B(x0, r), showing that B(x0, r) is an open set.
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3.8. Definition

Let ε > 0, x0 ∈ X. Then, an ε-neighbourhood of x0 is a set of the form

B(x0, ε).

3.9. Definition:

Let x0 ∈ X. Then, a neighbourhood of x0 is any subset of X which contains

some ε-neighbourhood of x0 for ε > 0.

3.10. Remark

(i) Let x0 ∈ X. Then, x0 is a member of each of its neighbourhood.

(ii) If Y is a neighbourhood of x0 ∈ X, then so too is Z whenever Z ⊇ Y .

3.11. Definition

Let x0 ∈ X and Y ⊂ X. Then, x0 is an interior point of Y if Y is a neigh-

bourhood of x0. The set of all interior points of Y is called the interior of Y .

If we denote the interior of Y by Y 0, then Y 0 is evidently the largest open

set contained in Y .

3.12. Theorem

Let (X, ρ) be a metric space and τ be the collection of all open subsets of X.

Then, the following statements are true:

(i) both X and the empty set, φ, lie in τ .

(ii) finite intersection of members of τ are again in τ .

(iii) arbitrary unions of members of τ are again in τ .

This means that τ is a topology on X. The pair (X, τ) is called a topological

space whose topology is generated by the metric ρ.
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Proof:

(i) holds trivially.

(ii) Let {Aj}nj=1 be a finite collection of open sets in τ . Then we show that

the set A = ∩nj=1Aj ∈ τ .

Let a ∈ A. Then a ∈ Aj, ∀ j = 1, 2, · · · , n
Since each Aj is open, ∃ rj > 0, j = 1, 2, · · · , n such that B(a, rj) ⊂
Aj, j = 1, 2, · · · , n.

Set r = min{rj}nj=1, then B(a, r) ⊂ Aj ∀ j = 1, 2, · · · , n
Hence B(a, r) ⊂ ∩nj=1Aj. This shows that ∩nj=1Aj is open and hence

belongs to τ .

(iii) Let {Aα}α∈Ω be an arbitrary collection of members of τ for some index

set Ω.

Then setting A = ∪α∈ΩAα. We show that A is an open set.

Let a ∈ A. Then a ∈ Aα0 for some α0 ∈ Ω. Since for each α ∈ Ω, Aα

is an open set, then Aα0 is open. Hence, there exists some r0 > 0 such

that B(a, r0) ⊂ Aα0 . Hence B(a, r0) ⊂ Aα0 ⊂ A, for any a ∈ A.

Hence
⋃
X∈Ω

Aα is an open set, and therefore belongs to τ .

3.13. Examples

(i) Let X = IR with ρ(x, y) = |x− y| for x, y ∈ IR. Then (X, ρ) is a metric

space.

(ii) Let X = IRn with ρ(x, y) =

[
n∑
i=1

(xi − yi)2

]1/2

for x, y ∈ IRn where

x = (x1, x2, · · · , xn), y = (y1, y2, · · · , yn), n ∈ N.

We refer to (ii) as standard metric of IRn and (i) as standard metric of

IR. Some other metrics are defined on IRn as follows:
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(iii)

X = IRn, ρ(x, y) =
n∑
i=1

|xi − yi|

x = (x1, x2, · · · , xn)

y = (y1, y2, · · · , yn).

(iv) X = IRn, ρ(x, y) = max
1≤i≤n

|xi − yi| for x = (x1, x2, · · · , xn),

y = (y1, y2, · · · , yn)

(v) Any set X with

ρ(x, y) =


0, if x = y

1, if x 6= y

x, y ∈ X is a metric space (a discrete metric space).

3.14. Summary

The lecture has covered the definitions and the basic properties of a metric

space. You have learned about the properties of a metric function, the prin-

ciples of metric space topology and some standard results. You have also

learned about some examples of a metric space, and the notion of open balls,

closed balls, spheres, open and closed sets in a metric space.

3.15. Post-Test

(1) Show that all the axioms of a metric space are satisfied by examples

(i) - (v) in the last section.

(2) Show that every open ball in a metric space is an open set.

(3) Describe the metric topology as defined by open sets.

(4) When do we say that a subset is a closed set in a metric space?
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(5) Show that the intersection of an arbitrary collection of closed sets is

closed in a metric space.

Hint: Use the Morgan’s law:(⋂
α∈Ω

Aα

)c

=
⋃
α∈Ω

Acα,

and (⋃
α∈Ω

Aα

)c

=
⋂
α∈Ω

Acα.
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LECTURE FOUR

Normed Spaces

4.0. Introduction

This lecture is concerned with the notion, principles and some basic proper-

ties of normed spaces. I shall take you through some basic terms and some

non-trivial examples of normed spaces.

4.1. Objectives

At the end of this lecture, you should be able to:

1. discuss the properties of normed space.

2. show whether or not a space is a normed space.

3. identify and (or) generate non-trivial examples of normed spaces.

4.2. Pre-Test

(1) Define the following:

(a) a norm on a linear space X.

(b) a normed space.

(c) an open ball.

(d) a closed ball.

(e) a sphere in a normed space.

(f) furnish a non-trivial example of a normed space.
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4.3. Definition

Let IK be a scalar field.

A normed space over IK is a pair (X, ||.||) consisting of a linear space X over

IK and a map ||.|| : X → IR with the following properties:

(i) ||x|| ≥ 0 ∀ x ∈ X (i.e. ||.|| is non-negative).

(ii) ||x|| = 0 implies x = 0 (i.e. ker(||.||) = {0}).

(iii) ||λx|| = |λ|||x|| ∀ x ∈ X, λ ∈ IK (i.e. ||.|| is positive homogeneous).

(iv) ||x + y|| ≤ ||x|| + ||y|| ∀ x, y ∈ X (That is ||.|| satisfies the trian-

gle inequality ).

4.4. Remark

The number ||x|| is called the norm of x. The map || · || itself is called a norm

on X.

4.5. Remark

If axiom (ii) in Definition 4.3 fails (i.e. ||x|| = 0 ⇒ x = 0) but (i), (iii), (iv)

hold, then the map ||.|| is called a semi-norm on X and the pair (X, ||.||)
is called a semi-normed space. It is evident that every normed space is a

semi-normed space but the converse of the assertion is, in general, false.

4.6. Examples: The following are some well-known non-trivial examples of

normed spaces.

(1) Let ||.|| : IKn → IR be defined by

||z|| =

(
n∑
j=1

|zj|2
) 1

2

, z = (z1, z2, · · · , zn) ∈ IKn.
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Then (IKn, ||.||) is a normed space.

(2) Let [a, b] be a subinterval of IR and f : [a, b] → IK, a continuous

function. Define ||f || by

||f || = sup
t∈[a,b]

|f(t)|,

and let C([a, b]) be the set of all continuous functions, f : [a, b] → IK

such that ||f || <∞.

Then C([a, b]) is a linear space when equipped with the operations of

pointwise addition and pointwise scalar multiplication.

The pair (C([a, b]), ||.||) is a normed space.

(3) Let lp, 1 ≤ p ≤ a, be the set of all infinite IK-sequence x = (xj) such

that
∞∑
j=1

|xj|p <∞.

Define ||.||p : lp → IR, 1 ≤ p < ∞, by ||x||p =

(
∞∑
j=1

|xj|p
) 1

2

where

x = (xj) ∈ lp, 1 ≤ p <∞.

Then lp is a linear space and the pair (lp, ||.||p) is a normed space.

Also, if l∞ is the set of all infinite IK-sequences x = (xj) such that

sup
1≤j<∞

|xj| <∞,

then l∞ is a linear space and the pair (l∞, ||.||∞) is a normed space, where

||x||∞ = sup
1≤j<∞

|xj|, x = (xj) ∈ l∞.

4.7. Remark:

(i) Every normed space (X, ||.||) is automatically a metric space (X, ρ)

with the mwtric function given by ρ(x, y) = ||x− y||, (x, y) ∈ X ×X.
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(ii) A topology is automatically induced on a normed space by its asso-

ciated metric. That topology is called the normed topology or the

uniform topology.

(iii) The open balls, closed balls and spheres in a normed space are defined

in a similar way as in a metric space. Hence,

Bε(x0) = {x ∈ X : ||x− x0|| < ε} - open ball

B̂ε(x0) = {x ∈ X : ||x− x0|| < ε} - closed ball

S2(x0) = {x ∈ X : ||x− x0|| = ε} - sphere

in a normed space centre x0 and radius ε > 0. These definitions fol-

lows from the corresponding definitions in a metric space by setting

ρ(x, x0) = ||x− x0|| for x0, x ∈ X.

4.8. Summary

In the course of this lecture, we have covered the basic definitions and prop-

erties of normed spaces and the conditions under which a space becomes a

normed space. We have also dealt with some non-trivial examples of normed

spaces. Uniform topology on a normed space and the associated open balls,

open sets and spheres were covered.

4.9. Post-Test

Show that the three examples in 4.6 are indeed normed spaces.

Hint: Show that all the axioms of a norm hold.

4.10. References

M.Abramovitz; I.A. Stegun, Handbook of Mathematical Functions, Dover,

New York, 1972.

H. Bauer, Measure and Integration Theory, de Gruyter, Berlin, 2001.

32



Gerald Teschl, Functional Analysis, Lecture Notes, Fakultat fur Mathematik,

Universitat Wien, Austria.

www.mat.univie.ac.at/ gerald/ftp/book-fa/, 2010.

G. Helinberg, Introduction to Spectral Theory in Hilbert Space, North-

Holland, 1969, Amsterdam.

H.G. Heuser, Functional Analysis, John Wiley, 1982.

J. L. Kelly; General Topology, Springer, New York, 1955.

E. Kreyszig, Introductory Functional Analysis with Application, John Wiley,

New York, 1978.

M. Reed and F.B. Simon, Functional Analysis, Volume 1, Academic Press,

New York, 1972.

W. Rudin, Real and Complex Analysis, 3rd Edition, McGraw-Hill, New York,

1987.

A.E. Taylor and D.C. Long, Introductory to Functional Analysis, John Wi-

ley, New York, 1980.

33



LECTURE FIVE

The Lp Spaces

5.0. Introduction

In this lecture, we shall study an important class of normed spaces; and

establish some of its properties. This concerns the natural norm of every

member of an Lp-space. We shall define the function and show that it satis-

fies all the axioms expected of a norm.

5.1. Objectives

At the end of the lecture, you should be able to

1. explain the properties of the natural norms in an Lp-space,

2. know that the norms are well defined,

3. show that Lp spaces are linear spaces,

4. show that the Lp spaces are normed spaces.

5.2. Pre-Test

(1) Define an Lp-space, 1 ≤ p ≤ ∞.

(2) Define the norm ||.||p.

(3) Show that (Lp(Ω, β, µ), ||.||p) is a linear space.
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(4) Show that the space in (3) above is a normed space.

5.3. Definition

(i) Let Ω 6= φ be a set. Then (Ω, β) is called a measurable space if β is a

collection of subsets of Ω that forms a σ-algebra in Ω.

(ii) The set function µ : β → IK, IK ∈ {IR, IC} is called a measure if it is

σ-additive.

(iii) The triple (Ω, β, µ) is called a measure space.

(iv) A map f : Ω → IK is called measurable if, for any open set θ ⊆
IK, f−1(θ) = {w ∈ Ω : f(w) ∈ θ} is a measurable set in Ω that is

f−1(θ) ∈ β.

5.4. Remark

Lebesgue integral of a measurable function f on a measure space (Ω, β, µ)

has been defined and studied in MAT 405 (Lebesgue Theory and integration).

5.5. Definition

(i) Let (Ω, β, µ) be a measure space. A measurable function f : Ω → IK

is said to be essentially bounded if there exists a constant C > 0 such

that µ({w ∈ Ω : |f(w)| > C}) = 0.

(ii) If f is essentially bounded, we define the number

||f ||∞ := inf{C : µ({w : |f(w)| > C}) = 0}

as the essential supremum of f .

5.6. Definition: Lp Spaces
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(i) Let (Ω, β, µ) be a measure space. We define for 1 ≤ p < ∞, the

Lp(Ω, β, µ) space by

Lp(Ω, β, µ) = {f : Ω→ IK/f is β−measurable with Lebesgue integral satisfying∫
Ω

|f(w)|pµ(dw) <∞

(ii) If p =∞, then

L∞(Ω, β, µ) = {f : Ω→ IK : f is measurable and essentially bounded on Ω}

5.7. Definition

(i) For 1 ≤ p <∞, f ∈ Lp(Ω, β, µ), we define

||f ||p =

(∫
Ω

|f(w)|pµ(dw)

) 1
p

.

(ii) For p =∞, f ∈ L∞(Ω, β, µ) if ||f ||∞ <∞.

We remark that two β-measurable functions are equivalent, if they differ only

on a µ-null set in β. Define ||.||p, 1 ≤ p <∞ by

|f ||p =

(∫
Ω

µ(dw)|f(w)|p
)1/p

, f ∈ Lp(Ω, β, µ), 1 ≤ p <∞.

5.8. Theorem: Holders Inequality

For p satisfying 1 ≤ p <∞, and for f ∈ Lp(Ω, β, µ), g ∈ Lq(Ω, β, µ),
1
p

+ 1
q

= 1 then fg ∈ L1(Ω, β, µ) and ||fg||1 ≤ ||f ||p.||g||q.

Proof

This is based on the following inequality:

for a, b ∈ IR+ and p, q ∈ (1,∞) satisfying 1
p

+ 1
q

= 1, we have

ab ≤ ap

p
+
bq

q
(1)

36



First assume f ∈ Lp(Ω, β, µ) and g ∈ Lq(Ω, β, µ) are non-negative and are

normalized, i.e. ||f ||p = 1 = ||g||q. Then (1) gives

f(w)g(w) ≤ f(w)p

p
+
g(w)q

q
, for almost all w ∈ Ω

whence, integrating we have∫
Ω

µ(dw)f(w)g(w) ≤ 1

p

∫
Ω

µ(dw)f(w)p

+
1

q

∫
Ω

µ(dw)g(w)q

i.e.

||fg||1 ≤
1

p
||f ||pp +

1

q
||g||qq, with

1

p
+

1

q
= 1

=
1

p
+

1

q
= 1 = ||f ||p||g||q

showing that the Holder’s inequality holds in this case.

When ||f ||p and ||g||q are unrestricted, if either of these norms is zero, then

the Holder’s inequality holds trivially. Let ||f ||p 6= 0 and ||g||q 6= 0. Then,
|f |
||f ||p

and
|g|
||g||q

are unit vectors in Lp(Ω, β, µ) and Lq(Ω, β, µ) respectively,

whence,

|| |f |
||f ||p

.
|g|
||g||q

||1 ≤ 1

||fg||1 ≤ ||f ||p ||g||q.

This proves Holder’s inequality.

5.9. Theorem

The pair (Lp(Ω, β, µ), ||.||p), 1 ≤ p <∞, is a normed space.

Proof:
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For p = 1, or p = ∞, then the claim is obvious. For p ∈ (1,∞), the non-

trivial aspect of the theorem is to show that

||f + g||p ≤ ||f ||p + ||g||p, ∀ f, g ∈ Lp(Ω, β, µ).

This inequality, which is the triangle inequality, is called the Minkowski’s in-

equality. This inequality is proved by means of the Holder’s inequality given

by Theorem 5.8

Proof of Minkowski’s Inequality (Triangle Inequality)

Let 1 < p <∞. Since∣∣[f(w) + g(w)][(f(w) + g(w))]p−1
∣∣ ≤ (|f(w)|+ |g(w)|)(|f(w) + g(w)|)p−1

then

|f(w) + g(w)|p ≤ |f(w)| |f(w) + g(w)|p−1 + |g(w)| |f(w) + g(w)|p−1 (1)

for almost all w ∈ Ω,

Integrating the first term and using Holder’s inequality, we have:∫
Ω

µ(dw)|f(w)| |f(w) + g(w)|p−1 ≤ ||f ||p
(∫

Ω

µ(dw)|f(w) + g(w)|(p−1) p
p−1

) p−1
p

= ||f ||p
(∫

Ω

µ(dw)|f(w) + g(w)|p
) p−1

p

= ||f ||p ||f + g||p−1
p

(2)

A similar estimate holds for

∫
Ω

µ(dw)|g(w)||f(w) + g(w)|p−1. Hence, from

(1), we have∫
Ω

µ(dw)|f(w) + g(w)|p ≤
∫

Ω

µ(dw)|f(w)||f(w) + g(w)|p−1 +

∫
Ω

µ(dw)|g(w)|f(w) + g(w)|p−1

i.e.||f + g||pp ≤ ||f ||p||f + g||p−1
p + ||g||p||f + g||p−1

p using (2)
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Dividing through by ||f + g||p−1
p , we have

||f + g||p ≤ ||f ||p + ||g||p,

which is the triangle or Minkowski’s inequality. Hence, (Lp(Ω, β, µ), ||.||p) is

a normed space for all 1 ≤ p ≤ ∞.

5.10. Remark:

(1) Two numbers p, q ∈ IR which satisfies
1

p
+

1

q
= 1 are called conjugate.

(2) When p = 2, then q = 2. In this case, Holder’s inequality is called

Schwarzt Inequality.

5.11. Summary

This lecture deals with the establishment and the properties of natural norms

in Lebesgue spaces which are called Lp-spaces. We have shown that the Lp

spaces are linear spaces, and established the Minkowski’s inequality by us-

ing Holders inequality as a tool, thereby showing finally that Lp spaces are

normed spaces.

5.12. Post-Test

(i) Show that for p =∞, L∞(Ω, β, µ) is a linear space.

(ii) Show that Lp(Ω, β, µ) is a normed space for p satisfying 1 ≤ p ≤ ∞.

(iii) Define the followings:

(a) Holder’s inequality

(b) Minskowski inequality

(c) Schwartz inequality
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(iv) Show that if f ∈ Lp(Ω, β, µ) and g ∈ Lq(Ω, β, µ) such that 1
p

+ 1
q

= 1

then fg ∈ L1(Ω, β, µ).

Hint: Use Holder’s inequality.
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LECTURE SIX

Bounded Linear Operators

6.0. Introduction

In this lecture, I intend to introduce to you, the notion of a bounded linear

operators on linear spaces. You will learn about some features of bounded

linear operators and basic topology defined on the space of bounded linear

operators.

6.1. Objectives

At the end of the lecture, you should be able to

1. explain what bounded linear operators are,

2. carry out some operations involving bounded linear maps,

3. exhibit some examples of bounded linear operators,

4. explain the process for calculating the norm of a bounded linear operator.

6.2. Pre-Test

1. (a) Define a bounded linear map on a normed space.

(b) Given the operator T : IR→ IR by

(Tx)(t) =

∫ t

0

expx(s)ds, t ∈ [0, 1].

Examine the linearity and boundedness of the operator.

2. If B(X, Y ) is the set of bounded operators from the linear space X to

Y , show that B(X, Y ) is a linear space over IR.

42



3. Show that B(X, Y ) equipped with an appropriate norm is indeed a normed

space.

4. Show that if T is bounded then

‖Tx‖y ≤ ‖T‖‖x‖X ,∀x ∈ D(T ).

6.3. Definition

Through-out this lecture, X and Y are linear spaces over a scalar field

IK ∈ {IR, IC}.

6.4. Definition

(i) A linear map T : D(T ) ⊆ X → Y is called bounded if there is a positive

constant C, depending on T such that

‖Tx‖Y ≤ C‖x‖X ,∀x ∈ D(T ).

(ii) If T is not bounded, it is said to be unbounded.

6.5. Definition

Let T be a bounded linear map. Then there is associated to T , a number

‖T‖ defined by:

‖T‖ = sup
x∈D(T ),‖x‖≤1

(‖Tx‖Y ).

6.6 Remark

The map T → ‖T‖, with T a bounded linear map, enjoys all the properties

of a norm. Hence, ‖T‖ is called the norm of T .

6.7. Remark: (1) From the definition of ‖T‖, we have

‖Tx‖Y ≤ ‖T‖‖x‖X ,∀x ∈ D(T ).
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6.8. Definition

Denote the set of all bounded linear operators from X to Y by B(X, Y ). If

X = Y , denote B(X,X) = B(X).

6.9. Remark

The set B(X, Y ) is a linear space over the field IK under pointwise addition

and pointwise scalar multiplications. Since the space admits operator norm,

it is also a normed space.

6.10. Example

Let X = C[0, 1] = Y . Let T : X → Y be defined by

(Tx)(t) =

∫ 1

0

K(t, s)x(s)ds, x ∈ C[0, 1]

where

K : [0, 1]× [0, 1]→ IK

is a continuous map. This kind of operator is called an integral operator and

K is called the kernel of T .

Note that T is linear and bounded. This can be shown as follows:

(a) Linearity

Let x, y ∈ C[0, 1], then,

T (x+ y)(t) =

∫ 1

0

K(t, s) (x(s) + y(s)) ds

=

∫ 1

0

K(t, s)x(s)ds+

∫ 1

0

K(t, s)y(s)ds

= (Tx)(t) + (Ty)(t),
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and

T (αx)(t) =

∫ 1

0

K(t, s)αx(s)ds

= α

∫ 1

0

K(t, s)x(s)ds = α(Tx)(t).

(b) Boundedness

By the continuity of K, there exists a constant c > 0 such that

|K(t, s)| ≤ c,∀(t, s) ∈ [0, 1]× [0, 1].

Moreover,

|x(s)| ≤ sup
σ∈[0,1]

|x(σ)|.

Hence,

‖Tx‖Y = sup
t∈[0,1]

|Tx(t)|

= sup
t∈[0,1]

|
∫ 1

0

K(t, s)x(s)ds|

≤ sup
s∈[0,1]

|x(s)| sup
s,t∈[0,1]

|K(t, s)|
∫ 1

0

ds

≤ c‖x‖X .

This shows that T is bounded.

2. Let X be the normed space of all polynomials in [0, 1] with norm given by

‖x‖X = sup
t∈[0,1]

|x(t)|, x ∈ X.

Take X = Y with same norm and define the map T : X → X by

(Tx)(t) = x
′
(t), t ∈ [0, 1].
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Here, x
′
(t) is the derivative of x with respect to the variable t.

Then T is linear but unbounded. Linearity follows from the linearity of de-

rived functions.

Unboundedness: To see this, let xn ∈ X be the monomial; xn(t) = tn, t ∈
[0, 1]. Then we have the following

‖xn‖X = sup
t∈[0,1]

|xn(t)| = sup
t∈[0,1]

|tn| = 1.

and

(Txn)(t) = x
′

n(t) = ntn−1

, whence

‖Txn‖X = n.

Hence
‖Txn‖X
‖xn‖X

= n.

i.e ‖T‖ = n. As n is arbitrary, it follows that T is unbounded.

6.11. Summary

The lecture concerns bounded linear operators defined on normed spaces. We

have covered some operations involving bounded linear maps. Some exam-

ples of bounded linear operators have been discussed as well as the processes

for calculating their norms.

6.12. Post-Test

1. As in Example 2 above, define the operator T : X → X by

(Tx)(t) =

∫ 1

0

x(s)ds, t ∈ [0, 1].

Examine the linearity and boundedness of the operator.
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2. Show that B(X, Y ) is a linear space over IR.

3. Show that B(X, Y ) equipped with the norm given by Definition 6.4 is

indeed a normed space.

4. Show that if T is bounded then

‖Tx‖y ≤ ‖T‖‖x‖X ,∀x ∈ D(T ).
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LECTURE SEVEN

Continuous Linear Maps

7.0. Introduction

In this lecture, I shall introduce you to the notion of continuous linear maps.

This is a very important notion. The lecture will be concerned with such

topics as continuity of linear maps defined on finite and infinite dimensional

linear spaces. You will learn about important properties of this class of maps

and the relationship between continuity and linearity of maps defined on fi-

nite dimensional spaces.

7.1. Objectives

At the end of the lecture, you should be able to :

1. explain the differences and similarities between continuous and bounded

linear maps on linear spaces,

2. discuss some important properties of continuous linear maps,

3. explain the conditions that make boundedness and continuity to coincide,

4. exhibit some nontrivial examples of continuous linear maps and some ap-

plications.

7.2. Pre Test

1. What do you understand by saying that the linear map

T : D(T ) ⊆ X → Y is

(a) continuous at a point x0 ∈ D(T ); (b) continuous on its domain D(T ) ?

2. Show that a linear map T : D(T ) ⊆ X → Y is continuous if and only if it
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is bounded .

3. Show that all linear maps from finite dimensional linear spaces are auto-

matically continuous.

7.3. Definition

Through out this lecture, X and Y are normed spaces.

7.4. Definition

(a) Let T : D(T ) ⊆ X → Y be a map, not necessarily linear. Then T is

called continuous at a point x0 ∈ D(T ) if for every ε > 0, there is a δ(ε) > 0

such that

‖Tx− Tx0‖Y < ε,∀ x ∈ D(T ) satisfying ‖x− x0‖ < δ.

(b) We say that T is continuous if T is continuous at every point of D(T ).

The following are some characterizations of continuous maps.

7.5 Theorem: Let X and Y be normed spaces over IK. Then a map

T : X → Y is continuous if and only if the inverse image of every open

subset of Y is an open subset of X.

7.6. Remark

Theorem 7.5 amounts to saying that T is continuous if given any open set

Θ ⊂ Y , then the set T−1(Θ) = {x ∈ X : T (x) ∈ Θ} is an open set in X.

7.7. Theorem

A map T : X → Y is continuous at a point x0 ∈ X if and only if xn → x0

implies Txn → Tx0.

7.8. Remark

On B(X, Y ), the notions of boundedness and continuity coincide as shown
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in the following results:

7.9. Theorem: Let X and Y be normed spaces and T : D(T ) ⊆ X → Y a

linear operator. Then T is continuous if and only if T is bounded.

Proof: Since the zero map is linear, bounded and continuous, then there

is nothing to prove if T = 0. So let T 6= 0 implying that ‖T‖ 6= 0. We first

suppose that T is bounded. It will be shown that T is continuous.

Assume that T is bounded and let x0 ∈ D(T ) and ε > 0 be arbitrary.

Since T is linear, for every x ∈ D(T ), satisfying ‖x−x0‖ < δ = ε
‖T‖ , we have

‖Tx− Tx0‖Y = ‖T (x− x0)‖Y
≤ ‖T‖ · ‖x− x0‖ < ‖T‖δ = ‖T‖ ε

‖T‖
= ε.

It follows that T is continuous as x0 ∈ D(T ) was arbitrary.

Conversely, let T be continuous at a point x0 ∈ D(T ). Then given ε > 0,

there is a δ > 0 such that

‖Tx− Tx0‖Y < ε,∀x ∈ D(T ), satisfying ‖x− x0‖ ≤ δ. (1)

Let y be a non zero element of D(T ) and by putting

x = x0 + (
δ

‖y‖
)y,

then

‖x− x0‖ = ‖ δ

‖y‖
y‖ = δ

‖y‖
‖y‖

= δ.

Hence, ‖x − x0‖ = δ and we may apply Equation (1). Since T is linear,

we have:

‖Tx− Tx0‖ = ‖T (x− x0)‖ = ‖T (
δ

‖y‖
y)‖Y
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=
δ

‖y‖
‖Ty‖ < ε.

Thus,

‖Ty‖Y < (
ε

δ
‖y‖X)

which may be written as

‖Ty‖ < C‖y‖X ,

with

C =
ε

δ
.

Showing that T is bounded.

We will use Theorem 7.9 to establish the following result.

7.10. Theorem: All linear maps from a finite dimensional normed space

are automatically continuous and therefore bounded.

Proof: We shall show continuity and claim boundedness by Theorem 7.9. Let

(X, ‖ · ‖X) be a finite dimensional normed space with dimX = n, (Y, ‖ · ‖Y )

an arbitrary normed space and T : X → Y a linear map. Let (xm) be a

sequence of members of X which converges to a point x ∈ X. It will be

shown that the sequence of images (Txm) of (xm) converges to the point Tx

in Y . Let {e1, e2, · · · en} be a basis in X. Then we can write

xm =
n∑
j=1

λ(m)ej

and

x =
n∑
j=1

λjej,

for some uniquely determined scalars λ(m) and λj, j = 1, 2 · · ·n.
As convergence in X is componentwise, it follows that

λ
(m)
j → λj.
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Hence,

Txm =
n∑
j=1

λ
(m)
j Tej →

n∑
j=1

λjTej

= T (
n∑
j=1

λjej) = Tx.

Showing that T is continuous and therefore bounded by Theorem 7.8.

7.11. Summary

You have learnt about the basic properties of continuous linear maps. In par-

ticular, we have discussed and established the equivalence of continuity and

boundedness of linear maps defined on normed spaces. Some nontrivial ex-

amples of continuous linear maps and some applications have been discussed.

7.12. Post Test

1. Establish the following:

If T : X → Y is a linear operator, and X is finite dimensional, then

T ∈ B(X, Y ).

2. A map T ∈ L(X, Y ) is continuous if and only if it is bounded.
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LECTURE EIGHT

Banach Spaces

8.1. Introduction

In this lecture, I shall introduce an important class of normed spaces called

Banach spaces, to you.

You will learn about the notion of completeness in a normed space.This no-

tion has to do with limits of convergent sequences in normed spaces. You

will learn about Cauchy sequences and convergent sequences and their prop-

erties. We will deal with conditions under which a normed space becomes a

Banach space. Some non trivial examples of Banach spaces will be furnished.

8.2. Objectives

At the end of this lecture, you should be able to

1. explain what we mean by a Banach space,

2. establish the completeness of a normed space,

3. know what we mean by convergent and Cauchy sequences,

4. exhibit some examples of Banach spaces.

8.3. Pre-Test

1. Define (a) convergent sequence in a normed space, (b) A Cauchy sequence

in a normed space .
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2. Show that every convergent sequence is a Cauchy sequence.

3. Give two non trivial examples of incomplete normed spaces. Justify your

answers.

4. State and proof the Baire category theorem.

5. Explain the uniform boundedness theorem of Banach-Steinhaus.

8.4. Definition

Let (X, ‖ · ‖) be a normed space and {Xn} a sequence of members of X.

Then {Xn} is called a Cauchy sequence if given any ε > 0, there is a natural

number N = N(ε) such that ‖Xn −Xm‖ < ε, whenever n,m > N(ε).

8.5. Definition

A sequence {Xn} of members ofX is said to be convergent to a limit L if given

an ε > 0, there exists a natural number N = N(ε) such that ‖Xn − L‖ ≤ ε

for all n ≥ N(ε). We then write

lim
n→

Xn = L.

8.6. Remark

(1) Note that every convergent sequence in a normed space is automatically

a Cauchy sequence .

(2) It is interesting to note that a Cauchy sequence may not converge to a

point in an infinite dimensional normed space. This forces the introduction

of the following notion.

8.7. Definition

(i) A normed space in which every Cauchy sequence converges is said to be

complete.

(ii) A normed space that is not complete is called incomplete.
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(iii) A complete normed space is called a Banach space.

8.8. Example

1. Two examples of incomplete normed spaces are the following.

Let X be the linear space of all polynomials on (0, 1) with values in IK.

Define ‖ · ‖ on X by

‖x‖ = sup
t∈(0,1)

|x(t)|, x ∈ X.

Then (X, ‖ · ‖) is an INCOMPLETE normed space.

This is because there are Cauchy sequences in X which converge to nonpoly-

nomials continuous functions on (0, 1) by Weierstrass theorem.

For example, the sequence {xn} given by

xn(t) =
n∑
j=0

C
1
2
j t

j, t ∈ (0, 1),

with

C
1
2
j =

(−1)j−1

2j
· 1 · 3 · · · (2j − 3)

2 · 4 · · · (2j − 2)

is Cauchy in X and converges to the function x(t) =
√

(1 + t), t ∈ (0, 1),

which is not a polynomial. That is, the limit does not belong to X.

2. Let X be linear space of all IK-valued infinite sequences {Xn} with only

a finite number of non-zero term. Define ‖ · ‖ on X by

‖x‖ =

(
∞∑
j=1

|xj|2
) 1

2

, x = {xn} ∈ X.

Then (X, ‖ · ‖) is INCOMPLETE.

To see this, consider the sequence {xn} of members of X defined by

xn = (1,
1

2
,
1

3
, · · · 1

n
, 0, 0, · · · 0, 0, 0 · · · )
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Then,

‖xn − xm‖ =
n∨m∑

j=1+n∧m

1

j2
,

whence,

lim
n,m→∞

‖xn − xm‖ = 0

since
∞∑
j=1

1

j2
<∞,

showing that {xn} is Cauchy.

But this sequence has no limit in X, that is, there is no element x =

(x1, x2, · · · xj, 0, · · · 0, · · · ) ∈ X such that

lim
n→∞

xn = x.

this is because for n > j

‖x− xn‖2 =

j∑
k=1

(xk −
1

k
)2 +

n∑
k=1+j

1

k2
>

n∑
k=j+1

1

k2
>

1

(j + 1)2
.

Next we shall discuss the Baire Theorem concerning arbitrary Banach spaces.

We have the following definitions.

8.9.Definition

The Baire Theorem and its Consequences

(i) The interior of a set is the largest open subset (that is, the union of all

open subsets).

(ii) A set is called nowhere dense if its closure has empty interior.

(iii) The key to several important theorems about Banach spaces is the

observation that a Banach space cannot be the countable union of

nowhere dense sets.
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8.10. Theorem (Baire Category Theorem) Let X be a complete metric

space. Then X cannot be the countable union of nowhere dense sets.

Proof: Suppose X =
∞⋃
n=1

Xn. We can assume that the sets Xn are closed

and none of them contains a ball; that is, X\Xn is open and nonempty for

every n. We will construct a Cauchy sequence xn outside of each Xn.

Since X\X1 is open and nonempty, there is a closed ball Br1(x1) ⊆ X\X1.

Reducing r1 a little, we can even assume Br1(x1) ⊆ X\X1. Moreover, since

X2 cannot contain Br1(x1), there is some x2 ∈ Br1(x1) that is not inX2. Since

Br1(x1)∩ (X\X2) is open, there is a closed ball Br2(x2) ⊆ Br1(x1)∩ (X\X2).

Proceeding by induction, we obtain a sequence of balls such that

Brn(xn) ⊆ Brn−1(xn−1) ∩ (X\Xn).

Now observe that in every step we can choose rn as small as we please; hence

without loss of generality rn → 0. Since by construction xn ∈ Brn(xN) for

n ≥ N , we conclude that xn is Cauchy and converges to some point x ∈ X.

But x ∈ Brn(xn) ⊆ X\Xn for every n, contradicting our assumption that the

Xn cover X. �

8.11. Remark

(i) The set of rational numbers Q can be written as a countable union of

its elements. This shows that completeness assumption is crucial.

(ii) Sets which can be written as the countable union of nowhere dense

sets are said to be of first category. All other sets are second category.

Hence we have the name category theorem.

(iii) In other words, if Xn ⊆ X is a sequence of closed subsets which cover

X, at least one Xn contains a ball of radius ε > 0.
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Since a closed set is nowhere dense if and only if its complement is open and

dense, there is a reformulation which is also worthwhile noting:

8.12. Corollary Let X be a complete metric space. Then any countable

intersection of open dense sets is again dense.

Proof: Let On be open dense sets whose intersection is not dense. Then

this intersection must be missing some closed ball Bε. This ball will lie in⋃
nXn, where Xn = X\On are closed and nowhere dense. Now note that

Xn = Xn∪B are closed nowhere dense sets in Bε. But Bε is a complete metric

space, a contradiction. �

Now we come to the first important consequence, the uniform bound-

edness principle.

8.13. Theorem (Banach-Steinhaus) Let X be a Banach space and Y

some normed linear space. Let {Aα} ⊆ B(X, Y ) be a family of bounded op-

erators. Suppose ||Aαx|| ≤ C(x) is bounded for fixed x ∈ X. Then {Aα} is

uniformly bounded, ||Aαx|| ≤ C.

Proof: Let

Xn = {x ∈ X : ||Aαx|| ≤ n for all α} =
⋂
α

{x| ||Aαx|| ≤ n}.

Then
⋃
nXn = X by assumption. Moreover, by continuity of Aα and the

norm, each Xn is an intersection of closed sets and hence closed. By Baire’s

theorem, at least one contains a ball of positive radius: Bε(X0) ⊂ Xn. Now

observe

||Aαy|| ≤ ||Aα(y + x0)||+ ||Aαx0|| ≤ n+ C(x0)

for all ||y|| ≤ ε. Setting y = ε
x

||x||
, we obtain

||Aαx|| ≤
n+ C(x0)

ε
||x||

for every x. �
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8.14. Summary

This lecture has been devoted to the study of basic properties of Banach

spaces, which are complete normed spaces. Characteristics of important se-

quences such as Cauchy sequences have been covered. Incomplete normed

spaces, the Baire category theorem and the famous Banach-Steinhaus bound-

edness theorem were discussed.

8.15. Post-Test

1. Define (a) convergent sequence in a normed space, (b) A Cauchy sequence

in a normed space .

2. Show that every convergent sequence is a Cauchy sequence.

3. Give two non trivial examples of incomplete normed spaces. Justify your

answers.

4. State and proof the Baire category theorem.

5. Explain the uniform boundedness theorem of Banach-Steinhaus.

8.16. References

M.Abramovitz; I.A. Stegun, Handbook of Mathematical Functions, Dover,

New York, 1972.

H. Bauer, Measure and Integration Theory, de Gruyter, Berlin, 2001.

Gerald Teschl, Functional Analysis, Lecture Notes, Fakultat fur Mathematik,

Universitat Wien, Austria.

www.mat.univie.ac.at/ gerald/ftp/book-fa/, 2010.

G. Helinberg, Introduction to Spectral Theory in Hilbert Space, North-

Holland, 1969, Amsterdam.

61



H.G. Heuser, Functional Analysis, John Wiley, 1982.

J. L. Kelly; General Topology, Springer, New York, 1955.

E. Kreyszig, Introductory Functional Analysis with Application, John Wiley,

New York, 1978.

M. Reed and F.B. Simon, Functional Analysis, Volume 1, Academic Press,

New York, 1972.

W. Rudin, Real and Complex Analysis, 3rd Edition, McGraw-Hill, New York,

1987.

A.E. Taylor and D.C. Long, Introductory to Functional Analysis, John Wi-

ley, New York, 1980.

62



LECTURE NINE

Completeness of Lebesgue Spaces Lp(Ω, β, µ)

9.0. Introduction

In this lecture, we shall establish a major result concerning the completeness

of Lp spaces. We shall show that the Lebesgue spaces are Banach spaces.

9.1. Objectives

At the end of the lecture, you should be able to

1. establish the completeness of the Lebesgue spaces Lp(Ω, β, µ),

for 1 ≤ p ≤ ∞.

2. establish the completeness of the space of continuous functions on closed

intervals equipped with the sup norms.

9.2. Pre-Test

1. Show that the normed space of continuous real valued functions

(C(a, b), ‖ · ‖) equipped with the sup norm is a Banach space.

2. Define the Lebsegue spaces and their associated norms for 1 ≤ p ≤ ∞.
3. Define convergent and Cauchy sequences in Lebesgue spaces ?. Do they

always converge to members of the Lebesgue spaces?. Justify your answers.

63



9.3. Theorem

1. The space ((LP (Ω, β, µ)), ‖ · ‖p)), 1 ≤ p ≤ ∞, is complete.

Hence, it is a Banach space.

9.4. Remark

(i) Let (Ω, β, µ) be a measure space. A proposition is said to hold almost

everywhere on Ω if it holds at every point ω ∈ Ω except possibly on the set

of measure zero.

(ii) To establish Theorem 9.3, we need the following lemma.

9.5. Lemma

A Cauchy sequence in Lp(Ω, β, µ) always contains an almost everywhere con-

vergent subsequence.

Proof: To show the completeness of Lp(Ω, β, µ), 1 ≤ p ≤ ∞.

Let {fn} be a Cauchy sequence in Lp(Ω, β, µ). Then for each ε > 0, there is

a natural number N(ε) such that ‖fm − fn‖p ≤ ε, whenever m,n > N(ε).

Suppose that {fnk
} is an almost everywhere convergent subsequence of {fn}

with limit f . Then for nk, nl > N(ε),

‖fnk
− fnl

‖pp =

∫
Ω

|fnk
(ω)− fnl

(ω)|pµ(dω) ≤ εp.

Letting l →∞, it follows that ‖fnk
− f‖pp ≤ εp, showing that fnk

− f lies in

Lp(Ω, β, µ).

It follows that f ∈ Lp(Ω, β, µ) because f = fnk
− (fnk

− f).

Proof of Theorem 9.3.

To prove Theorem 9.3, we shall show that the sequence {fn} converges in Lp

to f . This follows since since

‖fn − f‖p = ‖fn − fnk
+ fnk

− f‖p ≤ ‖fn − fnk
‖p + ‖fnk

− f‖p
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and if n > N(ε) one may choose nk > N(ε) leading to ‖fn − f‖p ≤ 2ε,

showing that fn → f in Lp(Ω, β, µ) whence (Lp(Ω, β, µ), ‖ · ‖p) is complete.

9.6. Example

Let (a, b) ⊆ IR and C(a, b) be linear space of all IK-valued continuous func-

tions on (a, b). Then each x ∈ C(a, b) attains its maximum on (a, b) and

sup
t∈(a,b)

|x(t)| <∞, , x ∈ C(a, b).

Define ‖ · ‖ on C(a, b) by

‖x‖ = sup
t∈(a,b)

|x(t)|, x ∈ C(a, b).

Then (C(a, b), ‖ · ‖) is a complete normed space.

9.7. Summary

This lecture has established the completeness of the Lebesgue spaces Lp(Ω, β, µ),

for 1 ≤ p ≤ ∞ showing that the spaces are Banach spaces. We also showed

the completeness of the space of continuous functions on closed intervals

equipped with the sup norms.

9.8. Post-Test

1. Establish the fact that the normed space (C(a, b), ‖ · ‖) is a Banach space

by showing that every Cauchy sequence in it converges to a limit in the space.

2. Show that the Euclidean space (IK, | · |),for IK ∈ {IR, IC} is a Banach

space.

3. Show that the normed space (IRn, ‖ · ‖2) where ‖x‖2 = (
∑n

i=1 |xi|2)
1
2 is a

Banach space.
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LECTURE TEN

Completion Of A Normed Space

10.0. Introduction

In this lecture, you will learn about the process by which the completion of

a normed space is established. Every normed space, whether complete or in-

complete, has a completion. This notion has a wide application. I shall take

you through the basic proceses. It is interesting to note that by the method

which you will learn in this lecture, every incomplete normed space can be

made complete. You will learn that every incomplete normed space is dense

inside its completion. Completion of normed spaces have found applications

in many areas of applied mathematics, physics, engineering and economics.

10.1. Objectives

At the end of the lecture, you should be able to:

1. explain the existence of a Banach space associated with every normed

space,

2. establish the completion for every normed space.

3. explain the process for the establishment,

4. show that a normed space is imbedded in its completion,

10.2. Pre-Test

1. Define the completion of a normed space.

2. Given an arbitrary normed space, show that it has a completion.
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10.3. Definition

Let X be a normed space over the scalar field IK ∈ {IR, IC}, with norm ‖·‖X .

The completion of X is a Banach space B with the following properties:

1. There is an injective linear map

I : X → B.

2. The norm satisfies

‖I(x)‖B = ‖x‖X , ∀x ∈ X.

3. The range I(X) ⊂ B is dense in B.

10.4. Remark

Recall that property 3 implies that given any point b ∈ B, there exists a

sequence of elements {x̃k} ⊂ I(X) such that

lim
k→∞

x̃k = b,

where

x̃k = I(xk), xk ∈ X.

10.5. Theorem

Every normed space X has a completion B.

Proof: Introduce the space:

X̃ = {{uk} : uk ∈ X and
∞∑
k=1

‖uk‖ <∞} (1)

X̃ is the space of absolutely summable series in X.

(a) Note that each member of X̃ is a Cauchy sequence.
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(b) X̃ is a linear space under the following addition and scalar multipli-

cations of sequences.

λ1{uk}+ λ2{u
′

k} = {λ1uk + λ2u
′

k} (2)

(c) By the triangular inequality:∑
k

‖λ1uk + λ2u
′

k‖ ≤ |λ1|
∑
k

‖uk‖+ |λ2|
∑
k

‖u′k‖, (3)

X̃ is closed under the addition and scalar multiplication given by Equation

(2).

Now consider linear subspace of X̃ given by

S = {{uk} :
∑
k

‖uk‖ <∞,
∞∑
k=1

uk = 0},

of members of X̃ that converge to zero.

Forming the quotient

B = X̃/S

which consists of cosets of the form: {uk}+ S, where {uk} ∈ X̃.

We proceed to check the following properties of B.

1. A norm on B is defined by

‖b‖B = lim
n→∞

‖
n∑
k=1

uk‖, {uk} ∈ b (4)

2. The original space X is imbedded in B. For each x ∈ X,

x→ I(x) = {uk}+ S, u1 = x, uk = 0,∀k > 1
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and the norms satisfy:

‖x‖X = ‖I(x)‖B.

3. I(X) ⊂ B is dense.

4. B is a Banach space with the norm (4).

10.6. Summary

We established the existence of a Banach space associated with every normed

space which is called its completion. We have highlighted the process for the

establishment and we have shown that a normed space is imbedded in its

completion.

10.7. Post-Test

1. Discuss the process for constructing the completion for any normed space.

2. Show that each normed space has a completion.

3. Describe the properties of the completion of a normed space.

4. Show that if X is a complete normed space, then X = B and I is the

identity map.
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LECTURE ELEVEN

Open Mapping and Closed Graph Theorems
on Banach Spaces

11.0. Introduction

In this lecture, we shall deal with some fundamental results that are well

known about Banach spaces. In particular, you will learn about open map-

ping theorem, inverse mapping theorem and closed graph theorems. These

theorems are widely applicable in many areas of pure and applied mathe-

matics, physics and engineering.

11.1. Objective

At the end of the lecture, you should be able to

1. explain that every bounded linear operator on Banach spaces maps open

sets to open sets,

2. establish that every bijective and bounded linear operator between Ba-

nach spaces has continuous inverse.

3. explain the concept of closed graphs,

4. show that boundedness of linear maps from a Banach space to another is

equivalent its graph being closed.

11.2. Pre-Test

1. Explain the notion of continuity and boundedness of linear operators on

Banach spaces.

2. Show that a linear map is bounded if and only if it is continuous on
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normed spaces.

3. What are some consequences of continuous maps with respect to open

sets in the codomains? 4. Show that every linear map on finite dimensional

normed spaces are continuous and therefore bounded.

11.3. Theorem (Open Mapping Theorem)

Let A ∈ B(X, Y ) be a bounded linear operator from Banach space X onto

another Banach space Y . Then A is open (i.e., maps open sets to open sets).

As an immediate consequence we get the inverse mapping theorem:

11.4. Theorem (Inverse Mapping) Let A ∈ B(X, Y ) be a bounded linear

bijection between Banach spaces. Then A−1 continuous.

11.5. Example

Consider the operator (Aa)
n
j=1 = (1

j
aj)

n
j=1 in `2(=N). Then its inverse (A−1

a )nj=1 =

(jaj)
n
j=1 is unbounded (show this!).

This is in agreement with our theorem since its range is dense (why?) but it

is not the whole of `2(N).

For example (bj = 1
j
)∞j=1 /∈ R(A) since b = Aa gives the contradiction

∞ =
∞∑
j=1

1 =
∞∑
j=1

|jbj|2 =
∞∑
j=1

|aj|2 <∞.

In fact, for an injective operator the range is closed if and only if the inverse

is bounded.

11.6. Definition

We define the graph of an operator A by:

Γ(A) = {(x,Ax) : x ∈ D(A)}. (1)
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11.7. Remark

(i) If A is linear, the graph is a subspace of the Banach space X⊕Y (provided

X and Y are Banach spaces), which is just the cartesian product together

with the norm

||(x, y)||X⊕Y = ||x||X + ||y||Y (2)

(ii) Note that (xn, yn) → (x, y) if and only if xn → x and yn → y. We say

that A has a closed graph if Γ(A) is a closed set in X ⊕ Y .

11.8. Theorem (Closed Graph Theorem)

Let A : X → Y be a linear map from a Banach space X to another Banach

space Y . Then A is bounded if and only if its graph is closed.

Proof: If Γ(A) is closed, then it is again a Banach space. Now the pro-

jection π1 = (x,Ax) = x onto the first component is a continuous bijection

onto X. So by the inverse mapping theorem its inverse π−1
1 is again contin-

uous. Moreover, the projection π2(x,Ax) = Ax onto the second component

is also continuous and consequently so is A = π2 ◦ π−1
1 . The converse is easy.

�

Remark: The crucial fact here is that A is defined on all of X!

11.9. Definition

(i) Operators whose graphs are closed are called closed operators.

(ii) Note that being closed is the next option we have once an operator turns

out to be unbounded.

(iii) If A is closed, then xn → x does not guarantee that Axn converges (like

continuity would), but it guarantees that if Axn converges, then it converges

to Ax. That is, we have the followings:

• A bounded: xn → x implies Axn → Ax.
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• A closed: xn → x and Axn → y implies y = Ax.

(iv) If an operator is not closed, you can try to take the closure of its graph,

to obtain a closed operator. If A is bounded this always works. However,

in general, the closure of the graph might not be the graph of an operator

as we might pick up points (x − y1,2) ∈ Γ(A) with y1 6= y2. Since Γ(A) is

a subspace, we also have (x2, y2) − (x, y1) = (0, y2 − y1) ∈ Γ(A) in this case

and thus Γ(A) is the graph of some operator if and only if

Γ(A) ∩ {(0, y)|y ∈ Y } = {(0, 0)} (3)

If this is the case, A is called closable and the operator A associated with

Γ(A) is called the closure of A.

In particular, A is closable if and only if xn → 0 and Axn → y implies

y = 0. In this case

D = {x ∈ X : ∃xn ∈ D(A), y ∈ Y : xn → x and Axn → y},

Ax = y.
(4)

11.10. Example Consider the operator A in `p(N) defined by Aaj = jaj on

D(A) = {a ∈ `p(N)|aj 6= 0 for finitely many j}.

(i) A is closable. In fact, if an → 0 and Aan → b then we have anl → 0

and thus janj → 0 = bj for any j ∈ N.

(ii) The closure of A is given by

D(A) = {a ∈ `p(N)|(jaj)∞j=1 ∈ `p(N)}

and Aaj = jaj. In fact, if an → a and Aan → b then we have anj → aj

and janj → bj for any j ∈ N and thus bj = jaj for any j ∈ N. In

particular (jaj)
∞
j=1 = (bj)

∞
j=1 ∈ `p(N). Conversely, suppose (jaj)

∞
j=1 ∈

`p(N) and consider

anj =


aj, j ≤ n,

0, j > n.
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Then an → a and Aan → (jaj)
∞
j=1.

(iii) Note that the inverse of A is the bounded operator A
−1
aj = j−1aj

defined on all of `p(N). Thus A
−1

is closed. However, since its range

Ran(A
−1

) = D(A) is dense but not all of `p(N), A
−1

does not map

closed sets to closed sets in general.

Note that the concept of a closed operator should not be confused with

the concept of a closed map in topology! ♦

11.11. Remark

(i) The closed graph theorem tells us that closed linear operators can be de-

fined on all of X if and only if they are bounded.

(ii) If we have an unbounded operator we cannot have both, that is, it cannot

be closed and defined on all of X, we have to live with domains.

(iii) This is the reason why in quantum mechanics, most operators are de-

fined on domains.

(iv) In fact, there is another important property which does not allow un-

bounded operators to be defined on the entire space:

11.12. Theorem (Hellinger-Toeplitz)

Let A : H → H be a linear operator on some Hilbert space H. If A is

symmetric, that is

〈g, Af〉 = 〈Ag, f〉, f, g ∈ H,

then A is bounded.

Proof: It suffices to prove that A is closed. In fact, fn → f and Afn → g

implies

〈h, g〉 = lim
n→∞
〈Ah, fn〉 = 〈Ah, f〉 = 〈h,Af〉

for every h ∈ H. HenceAf = g. �
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11.13. Summary

We have established the famous open mapping theorem and the closed graph

theorem. Specifically, we have established the following results: every bounded

linear operator on Banach spaces maps open sets to open sets; every bijective

and bounded linear operator between Banach spaces has continuous inverse

and we have shown that boundedness of linear maps from a Banach space to

another is equivalent its graph being closed.

11.14. Post-Test

1. Is the sum of two closed operators also closed? (Here the domain of

A+B is defined by D(A+B) = D(A) ∩D(B)).

2. Suppose that A : D(A)→ R(A) is closed and injective. Show that A−1

defined on D(A−1) = R(A) is closed as well.

Conclude that in this case Ran(A) is closed if and only if A−1 is

bounded.

3. Show that the differential operatorA = d
dx

defined onD(A) = C1[0, 1] ⊂
C[0, 1] endowed with the sup norm is a closed operator.

4. Consider A = d
dx

defined on D(A) = C1[0, 1] ⊂ L2(0, 1). Show that its

closure is given by

D(A) = {f ∈ L2(0, 1) : ∃ g ∈ L2(0, 1), c ∈ IC : f(x) = c+

∫ x

0

g(y)dy}

and Af = g.

5. Consider a linear operator A : D(A) ⊆ X → Y , where X and Y are

Banach spaces. Define the graph norm associated with A by

||x||A = ||x||X + ||Ax||Y .

Show that A : D(A)→ Y is bounded if we equip D(A) with the graph

norm. Show that the completion XA of (D(A), ||.||A) can be regarded
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as a subset of X if and only if A is closable. Show that in this case the

completion can be identified with D(A).
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LECTURE TWELVE

Inner Product Spaces

12. 0. Introduction In this lecture, we shall deal with inner product

spaces (also called Pre-Hilbert spaces). We shall be concerned about the ge-

ometry associated with the space. We will show that inner product spaces are

normed spaces which are generalizations of Euclidean spaces whose norms

are defined by inner products. It is well known that in Euclidean spaces,

two vectors are orthogonal if their scalar product varnishes. We shall treat

orthogonality beyond Euclidean spaces in some general setting. For instance,

in the Banach spaces of continuous functions, the general setting will aid our

study of orthogonality with respect to certain inner products.

12.1. Objectives

At the end of the lecture, you should be able to:

1. explain what sesquilinear forms and inner products are,

2. explain and use parallelogram law,

3. recover a norm by employing the polarization identity,

4. exhibit some examples of inner product spaces.

12.2. Pre-Test

1. Define a sesquilinear form and its associated inner product.

2. Write down, without proof, the Cauchy-Schwarz inequality.

3. Write down, without proof, the parallelogram law.
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4. Give two examples of inner product spaces.

12.3. Definition

Suppose H is a vector space over the complex field. A map

〈·, ·〉 : H ×H → IC

is called a sesquilinear form if it is conjugate linear in the first argument and

linear in the second; that is, if α1, α2 ∈ IC, f1, f2, g1, g2, f, g ∈ H, then

〈α1f1 + α2f2, g〉 = α∗1〈f1, g〉+ α∗2〈f2, g〉,

〈f, α1g1 + α2g2〉 = α1〈f, g1〉+ α2〈f, g2〉 (1)

where ′∗′ denotes complex conjugation. A sesquilinear form satisfying the

requirements

(i) 〈f, f〉 > 0, for f 6= 0 (positive definite)

(ii) 〈f, g〉 = 〈g, f〉∗ (symmetry)

is called an inner product or scalar product.

Associated with every scalar product is a norm:

‖f‖ =
√
〈f, f〉. (2)

Note that only the triangle inequality is nontrivial. It follows from the

Cauchy -Schwarz inequality which we shall establish below.

12.4. Definition

(i) The pair (H, 〈·, ·〉) is called an inner product space or a pre Hilbert

space.
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(ii) If H is complete with respect to the norm (2) above, then the pair in (i)

is called a Hilbert space.

12.5. Example

It is clear that the finite dimensional vector space ICn with the usual scalar

product

〈a, b〉 =
n∑
j=1

a∗jbj (3)

with a = (a1, a2 · · · an), b = (b1, b2 · · · bn) ∈ IC is a complete inner product

space, hence a Hilbert space.

12.6. Example

Another interesting example is the Hilbert space `2(IC) consisting of the set

of all complex valued sequences

`2(IC) =

{
(aj)

∞
j=1 :

∞∑
j=1

|aj|2 <∞

}
(4)

with scalar product

〈a, b〉 =
∞∑
j=1

a∗jbj (5)

12.7. Definition

(i) A vector f ∈ H is called normalized or a unit vector if ‖f‖ = 1.

(ii) Two vectors f, g ∈ H are said to be orthogonal or perpendicular if

〈f, g〉 = 0.

(iii) Two vectors are said to be parallel if one is a multiple of the other.

Note

1. The following properties of orthogonal vectors are well known.
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If f and g are orthogonal, we have the Pythagorean theorem:

‖f + g‖2 = ‖f‖2 + ‖g‖2. (6)

Equation (6) can be proved by writing

‖f + g‖2 = 〈f + g, f + g〉

expand by using equation(1) in Definition 12.3. and the orthogonality of the

vectors.

2. Suppose u is a unit vector. Then the projection of any vector f along the

direction of u is given by

f† = 〈u, f〉u (7)

and defining the vector f⊥ by

f⊥ = f − 〈u, f〉u (8)

then

f = f† + f⊥

where f⊥ is perpendicular to u since

〈u, f⊥〉 = 〈u, f − 〈u, f〉u〉 = 〈u, f〉 − 〈u, f〉〈u, u〉 = 〈u, f〉 − 〈u, f〉 = 0.

Taking any other vector parallel to u, we obtain from Equation (6)

‖f − αu‖2 = ‖f⊥ + (f† − αu)‖2 = ‖f⊥‖2 + |〈u, f〉 − α|2 (9)

It follows that f† = 〈u, f〉u is the unique vector parallel to u which is closest

to the vector f .

As a consequence of the above, we obtain the Cauchy - Schwarz inequal-

ity in what follows.
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12.8. Theorem (Cauchy-Schwarz)

Let H0 be an inner product space. Then for every f, g ∈ H0, we have

|〈f, g, 〉| ≤ ‖f‖ · ‖g‖, (10)

with equality if and only if f and g are parallel.

Proof

It is sufficient to prove for the case ‖g‖ = 1.

But then the claim follows from

‖f‖2 = |〈g, f〉|2 + ‖f⊥‖2.

Remark

1.The Cauchy Schwarz inequality implies that the scalar product is contin-

uous in both variables, that is, fn → f and gn → g, we have 〈fn, gn〉 → 〈f, g〉.

2. Cauchy Schwarz inequality can be used to show that Equation (2) is

indeed a norm. The non trivial part is the triangle inequality that can be

shown as follows:

‖f + g‖2 = 〈f + g, f + g〉

= ‖f‖2 + 〈f, g〉+ 〈g, f〉+ ‖g‖2

≤ ‖f‖2 + ‖g‖2 + 2‖f‖ · ‖g‖ = (‖f‖+ ‖g‖)2 . (11)

3. On the Banach space of continuous functions on a closed interval, there

are no scalar product which has maximum norm as associated norm. The

reason is that the maximum norm does not satisfy the parallelogram law.

We have the following results.
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12.9. Theorem. (Jordan -von Neumann)

A norm is associated with a scalar product if and only if the parallelogram

law

‖f + g‖2 + ‖f − g‖2 = 2‖f‖2 + 2‖g‖2 (12)

holds. In this case, the scalar product can be recovered from the norm by

virtue of the polarization identity

〈f, g〉 =
1

4

(
‖f + g‖2 − ‖f − g‖2 + i‖f − g‖2 + i‖f − ig‖2 − i‖f + ig‖2

)
.

(13)

Proof

The verification of the parallelogram law (12) and the polarization identity

(13) is straight forward when an inner product 〈·, ·〉 is given.

To show the converse, we define

s(f, g) =
1

4

(
‖f + g‖2 − ‖f − g‖2 + i‖f − g‖2 + i‖f − ig‖2 − i‖f + ig‖2

)
.

Then, it is straightforward to check that

s(f, f) = ‖f‖2, and s(f, g) = s(g, f)∗

Using the parallelogram law, we have

s(f, g) + s(f, h) = 2s(f,
g + h

2
).

Now choosing h = 0 (and using s(f, 0) = 0 ) shows that s(f, g) = 2s(f, g
2
)

and therefore,

s(f, g) + s(f, h) = s(f, g + h).

By induction we infer that

m

2n
s(f, g) = s(f,

m

2n
g), i.e αs(f, g) = s(f, αg)

for every positive rational α. By continuity, which follows from the continuity

of ‖·‖, this holds for all α > 0 and s(f,−g) = −s(f, g) and s(f, ig) = is(f, g)
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showing that s(f, g) = 〈f, g〉.

Note that the parallelogram law and the polarization identity also hold for

sesquilinear forms.

12.10. Remark

On the space of continuous functions C(a, b), define an inner product:

〈f, g〉 =

∫ b

a

f ∗(x)g(x)dx. (14)

and the corresponding inner product space by L2
cont(a, b). Denoting the sup

norm of f ∈ C(a, b) by ‖f‖∞, then we have

‖f‖ ≤
√
|b− a|‖f‖∞ (15)

and hence the maximum (or sup )norm is stronger than the L2
cont norm.

12.11. Definition

Suppose that two norms ‖ · ‖1 and ‖ · ‖2 are defined on a vector space X.

Then the norm ‖·‖2 is said to be stronger the norm ‖·‖1 if there is a constant

m > 0 such that

‖f‖1 ≤ ‖f‖2. (16)

Consequently, the following result holds.

12.12. Lemma

If the norm ‖ · ‖2 is stronger than the norm ‖ · ‖1, then every ‖ · ‖2 Cauchy

sequence is also a ‖ · ‖1 Cauchy sequence.

Hence if a function F : X → Y is continuous in (X, ‖ · ‖1), it is also continu-

ous in (X, ‖·‖2), and if a set is dense in (X, ‖·‖2), it is also dense in (X, ‖·‖1).
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12.13. Example

Note in particular, L2
cont is not complete.

It is enough to identify a Cauchy sequence that has no limit in L2
cont.

Take [a, b] = [0, 2]. Define the sequence

fn(x) = 0, 0 ≤ x ≤ 1− 1

n
,

fn(x) = 1 + n(x− 1), 1− 1

n
≤ x ≤ 1,

fn(x) = 1, 1 ≤ x ≤ 2 (17)

The sequence is a Cauchy sequence in L2
cont, but there has no limit in L2

cont.

The limit should be the step function which is 0 for 0 ≤ x ≤ 1 and 1 for

1 ≤ x ≤ 2, but this step function is discontinuous.

This shows that in infinite dimensional spaces different norms will give rise

to different convergent sequences. Note that the key for solving problems in

infinite dimensional spaces is often finding the right norm. This is something

which cannot happen in the finite dimensional case.

12.14. Theorem

If X is a finite dimensional linear space, then all norms are equivalent. That

is, for any two given norms ‖ · ‖1 and ‖ · ‖2 there are positive constants m1

and m2 such that
1

m2

‖f‖1 ≤ ‖f‖2 ≤ m1‖f‖1. (18)

Proof. Since equivalence of norms is an equivalent relation, we can assume

that ‖·‖2 is the usual Euclidean norm. Moreover, we can choose an orthogonal

basis uj, 1 ≤ j ≤ n such that

‖
∑
j

αjuj‖2
2 =

∑
j

|αj|2.

Let f =
∑

j αjuj. Then by the triangle and Cauchy -Schwarz inequalities,
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we have

‖f‖1 ≤
∑
j

|αj|‖uj‖1 ≤
√∑

j

‖uj‖2
1‖f‖2.

We can choose m2 =
√∑

j ‖uj‖1.

In particular, if fn is convergent with respect to ‖ · ‖2, it is also conver-

gent with respect to ‖ · ‖1. Thus ‖ · ‖1 is continuous with respect to ‖ · ‖2

and attains its minimum m > 0 on the unit sphere which is compact by the

Heine-Borel theorem. Now choose m1 = 1
m
.

12.15. Summary

The notion of a sesquilinear form and the associated inner product have been

introduced and discussed. We also discussed the use of the parallelogram law

and the polarization identity for recovering inner product associated with a

norm. Some examples of inner product spaces were given.

12.16. Post-Test

1. Show that the norm in a Hilbert space satisfies

‖f + g‖ = ‖f‖+ ‖g‖

if and only if f = αg, α ≥ 0 or g = 0.

2. Show that the Generalized parallelogram law∑
1≤j<k≤n

‖xj − xk‖2 + ‖
∑

1≤j≤n

xj‖2 = n
∑

1≤j≤n

‖xj‖2.

holds in a Hilbert space. The case n = 2 is equivalent to Equation (2).

3. Show that the maximum norm on C[0, 1] does not satisfy the parallel-

ogram law.
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4. A Banach space X is called uniformly convex if for every ε > 0, there

is some δ > 0 such that

‖x‖ ≤ 1, ‖y‖ ≤ 1, and ‖x+ y

2
‖ ≥ 1− δ, implies ‖x− y‖ ≤ ε.

Geometrically this implies that if the average of two vectors inside the closed

unit ball is close to the boundary,then they must be close to each other.

Show that a Hilbert space is uniformly convex and that one can choose

δ = 1−
√

1− ε2

4
.

Draw the unit ball for IR2 for the norms ‖x‖1 = |x1|+|x2|, ‖x‖2 =
√
|x1|2 + |x2|2

and ‖x‖∞ = max(|x1|, |x2|). Which of these norms makes IR2 uniformly con-

vex?

Hint: for the first part, use the parallelogram law.

5. Let H be a vector space. Let s(f, g) be a sesquilinear form on H and

q(f) = s(f, f) the associated quadratic form.

Prove the parallelogram law:

q(f + g) + q(f − g) = 2q(f) + 2q(g) (19)

and the polarization identity

s(f, g) =
1

4
(q(f + g)− q(f − g) + iq(f − ig)− iq(f + ig) . (20)

Conversely, show that every quadratic form q(f) : H → IR satisfying q(αf) =

|α|2q(f) and the parallelogram law gives rise to a sesquilinear form via po-

larization identity.

Show that s(f, g) is symmetric if and only if q(f) is real valued.

6. A sesquilinear form is called bounded if

‖s‖ = sup
‖f‖=‖g‖=1

|s(f, g)| <∞.
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Similarly, the associated quadratic form q is bounded if

‖q‖ = sup
‖f‖=1

|q(f)|

is finite. Show that

‖q‖ ≤ ‖s‖ ≤ 2‖q‖.

Hint: Use the parallelogram law and the polarization identity from problem

(5).

7. Suppose that H is a linear space. Let s(f, g) be a sesquilinear form on H

and q(f) = s(f, f) the associated quadratic form. Show that the Cauchy -

Schwarz inequality

|s(f, g)| ≤ q(f)
1
2 q(g)

1
2 (21)

holds if q(f) ≥ 0.

Hint: Consider

0 ≤ q(f + αg) = q(f) + 2Re(αs(f, g)) + |α|2q(g)

and choose α = ts(f, g)∗/|s(f, g)| with t ∈ IR.

8. Prove the claims made about the sequence fn, defined in

Example 12.13, Equation (17).
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LECTURE THIRTEEN

Hilbert Spaces

13.0. Introduction

In this lecture, we will investigate orthonormal series. There are hardly any

difference between the finite and infinite dimensional cases. You will learn in

this lecture that every element of a Hilbert space can be expressed as the sum

of two orthogonal elements and some other fundamental results on Hilbert

spaces.

13.1. Objectives

At the end of this lecture, you shall be able to

1. explain the notion of an orthonormal set in a Hilbert space.

2. establish the decomposition of every element of Hilbert space in terms

of the sum of two orthogonal elements one of which is expressible in

terms of an orthonormal set.

3.) establish the fact that every separable Hilbert space has a countable

orthonormal basis.

4. establish the fact that in a Hilbert space, every orthonormal basis has

the same cardinality.

5. establish the fact that every Hilbert space has an orthonormal basis.
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13.2. Pre-Test

1. State without proof the Gram-Schmidt orthogonalisation procedure in

a Hilbert space.

2. Write out the elements of a set of functions that forms an orthonormal

basis for H = L2
cont.(0, 2π).

3. Show that every separable Hilbert space has a countable orthonormal

basis.

4. Show that in a Hilbert space, every orthonormal basis has the same

cardinality.

13.3. Definition

Throughout this lecture, H will be a Hilbert space.

13.4. Definition

(i) A set of vectors {uj} is called an orthonormal set if 〈uj, uk〉 = 0 for

j 6= k and 〈uj, uj〉 = 1.

(ii) The span of {uj} is the set of all linear combinations
∑

j αjuj with scalars

αj ∈ IK.

13.5. Remark

Every orthonormal set is linearly independent.

Reason: Suppose
∑

j αjuj = 0, then for any k ∈ {1, 2, 3 · · · }, we have

〈uk,
∑
j

αjuj〉 =
∑
j

αj〈uk, uj〉 = 0

αk〈uk, uk〉 = 0,

αk‖uk‖2 = 0.
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This implies that αk = 0 for all j since k is arbitrary.

13.6 Lemma Suppose {uj}nj=1 is an orthonormal set. Then every f ∈ H

can be written as

f = f|| + f⊥, f|| =
n∑
j=1

〈uj, f〉uj, (1)

where f|| and f⊥ are orthogonal. Moreover, 〈uj, f⊥〉 = 0 for all 1 ≤ j ≤ n.

In particular,

||f ||2 =
n∑
j=1

|〈uj, f〉|2 + ||f⊥||2. (2)

Moreover, every f̂ in the span of {uj}nj=1 satisfies

‖f − f̂‖ ≥ ||f⊥|| (3)

with equality holding if and only if f̂ = f||. In other words, f|| is uniquely

characterized as the vector in the span of {uj}nj=1 closest to f .

Proof: By expanding

〈uj, f − f‖〉 = 〈uj, f −
∑
〈uj, f〉〉

we have 〈uj, f − f||〉 = 0 and hence f|| and f⊥ = f − f|| are orthogonal.

The formula for the norm follows by applying Eq. (6), Lecture 12 iteratively.

Now, fix a vector

f̂ =
n∑
j=1

αjuj

in the span of {uj}nj=1. Then one computes

||f − f̂ ||2 = ||f|| + f⊥ − f̂ ||2 = ||f⊥||2 + ||f|| − f̂ ||2

= ||f⊥||2 +
n∑
j=1

|αj − 〈uj, f〉|2
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from which the last claim follows. �

From (2) we obtain Bessel’s inequality

n∑
j=1

|〈uj, f〉|2 ≤ ||f ||2 (4)

with equality holding if and only if f lies in the span of {uj}nj=1.

Since H is not assumed to be a finite dimensional vector space, we shall

generalize lemma to arbitrary orthonormal sets {uj}j∈J .

We start by assuming that J is countable. Then Bessel’s inequality (4)

shows that ∑
j∈J

|〈uj, f〉|2 (5)

converges absolutely. Moreover, for any finite subset K ⊂ J we have∥∥∥∥∥∑
j∈K

〈uj, f〉uj

∥∥∥∥∥
2

=
∑
j∈K

|〈uj, f〉|2 (6)

by the Pythagorean theorem. Hence
∑
j∈J

〈uj, f〉uj is a Cauchy sequence if and

only if
∑
j∈J

|〈uj, f〉|2 is.

Now let J be arbitrary. Again, Bessel’s inequality shows that for any given

ε > 0 there are at most finitely many j for which |〈uj, f〉| ≥ ε (namely at most

||f ||/ε). Hence there are at most countably many j for which |〈uj, f〉 > 0.

Hence there are at most countably many j for which |〈uj, f〉| > 0. Thus it

follows that ∑
j∈J

|〈uj, f〉|2 (7)

is well-defined and (by completeness) so is∑
j∈J

〈uj, f〉uj (8)
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Furthermore, it is also independent of the order of summation.

In particular, by continuity of the scalar product we see that Lemma 13.6

can be generalized to arbitrary orthonormal sets.

13.7. Theorem Suppose {uj}j∈J is an orthonormal set in a Hilbert space

H. Then every f ∈ H can be written as

f = f|| + f⊥, f|| =
∑
j∈J

〈uj, f〉uj, (9)

where f|| and f⊥ are orthogonal. Moreover, 〈uj, f⊥〉 = 0 for all j ∈ J . In

particular,

||f ||2 =
∑
j∈J

|〈uj, f〉|2 + ||f⊥||2. (10)

Furthermore,every f̂ ∈ span{uj}j∈J satisfies

||f − f̂ || ≥ ||f⊥|| (11)

with equality holding if and only if f̂ = f||. In other words, f|| is uniquely

characterized as the vector in span{uj}j∈J closest to f .

Proof: The first part follows as in Lemma 13.6 using continuity of the scalar

product. The same is true for the last part except for the fact that every

f ∈ span{uj}j∈J can be written as

f =
∑
j∈J

αjuj

(i.e. f = f||). To see this let fn ∈ span{uj}j∈J converge to f . Then

||f − fn||2 = ||f|| − fn||2 + ||f⊥||2 → 0.

This implies that fn → f|| and f⊥ = 0. �

Note that from Bessel’s inequality (which remains valid) it follows that the
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map f → f|| is continuous.

13.8. Definition

(i) If every f ∈ H can be written as
∑
j∈J

〈uj, f〉uj, then we will call the or-

thonormal set {uj}j∈J an orthonormal basis (ONB).

(ii H is said to be separable if there exists a countable total set {fj}Nj=1. Here

N ∈ N if H is finite dimensional and N =∞ otherwise.

Note that it is easy to construct an orthonormal basis in the case of sep-

arable H.

It can be constructed as follows: We begin by normalizing f1:

u1 =
f1

||f1||
. (12)

Next we take f2 and remove the component parallel to u1 and normalize

again:

u2 =
f2 − 〈u1, f2〉u1

||f2 − 〈u1, f2〉u1||
. (13)

Proceeding like this, we define recursively

un =
fn −

∑n−1
j=1 〈uj, fn〉uj

||fn −
∑n−1

j=1 〈uj, fn〉uj||
. (14)

13.9. Remark

(i) The above procedure is known as Gram-Schmidt orthogonalization.

(ii) Hence we obtain an orthonormal set {uj}Nj=1 such that span{uj}nj=1 =

span{fj}nj=1 for any finite n and also for n = N (if N =∞).

Since {fj}Nj=1 is total, so is {uj}Nj=1. Now suppose there is some f = f||+f⊥ ∈
H for which f⊥ 6= 0. Since {uj}Nj=1 is total, we can find a f̂ in its span such

that ||f − f̂ || < ||f⊥|| contradicting Equation (11).

Hence we infer that {uj}Nj=1 is an orthonormal basis.
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13.10. Theorem

Every separable Hilbert space has a countable orthonormal basis.

13.11. Example

(i) In L2
cont(−1, 1) we can orthogonalize the polynomial fn(x) = xn (which

are total by the Weierstrass β approximation theorem.

The resulting polynomials are up to a normalization equal to the Leg-

endre polynomials

P0(x) = 1, P1(x) = x, P2(x) =
3x2 − 1

2
, · · · (15)

(which are normalized such that Pn(1) = 1). ♦

(ii) The set of functions

un(x) =
1√
2π
einx, n ∈ ZZ (16)

forms an orthonormal basis for H = L2
cont(0, 2π).

The corresponding orthogonal expansion is just the ordinary Fourier

series.

(iii) The following equivalent properties also characterize a basis.

13.12. Theorem For an orthonormal set {uj}j∈J in a Hilbert space H

the following conditions are equivalent:

(i) {uj}j∈J is a maximal orthogonal set.

(ii) For every vector f ∈ H we have

f =
∑
j∈J

〈uj, f〉uj, (17)
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(iii) For every vector f ∈ H we have

||f ||2 =
∑
j∈J

|〈uj, f〉|2. (18)

(iv) 〈uj, f〉 = 0 for all j ∈ J implies f=0.

Proof: We will use the notation from Theorem 13.7.

(i) ⇒ (ii) f⊥ 6= 0, then we can normalize f⊥ to obtain a unit vector f̂⊥

which is orthogonal to all vectors uj. But then {uj}j∈J ∪ {f̂⊥} would

be a larger orthonormal set, contradicting the maximality of {uj}j∈J .

(ii) ⇒ (iii): This follows since (ii) implies f⊥ = 0.

(iii) ⇒ (iv): If 〈f, uj〉 = 0 for all j ∈ J , we conclude ||f ||2 = 0 and hence

f = 0.

(iv) ⇒ (i): If {uj}j∈J were not maximal, there would be a unit vector g

such that {uj}j∈J ∪{g} is a larger orthonormal set. But 〈uj, g〉 = 0 for

all j ∈ J implies g = 0 by (iv), a contradiction. �

13.13. Remark

By continuity of then norm, it suffices to check (iii), and hence also (ii), for

f in a dense set.

It is not surprising that if there is one countable basis, then it follows that

every other basis is countable as well.

13.14. Theorem

In a Hilbert space H every orthonormal basis has the same cardinality.

Proof: Without loss of generality we assume that H is infinite dimen-

sional. Let {uj}j∈J and {vk}k∈K be two orthonormal bases. Set Kj = {k ∈
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K|〈vk, uj〉 6= 0}. Since these are the expansion coefficients of uj with respect

to {vk}k∈K , this set is countable. Hence the set K̃ = ∪j∈JKj has the same

cardinality as J . But k ∈ K\K̃ implies vk = 0 and hence K̃ = K. �

13.15. Definition

(i) The cardinality of an orthonormal basis is also called the Hilbert space

dimension of H.

(ii) Up to unitary equivalence, there is only one separable infinite dimensional

Hilbert space.

(iii) A bijective linear operator U ∈ L(H1, H2) is called unitary if U pre-

serves scalar products:

〈Ug, Uf〉2 = 〈g, f〉1, g, f ∈ H1 (19)

By the polarization identity [Eq. 13, Lecture 12] this is the case if ad onlyu

if U preserves norms: ||Uf ||2 = ||f ||1 for all f ∈ H1

(iv) Note that a norm preserving linear operator is automatically injective.

The two Hilbert space H1 and H2 are called unitarily equivalent in this

case.

13.16. Remark

Let H be an infinite dimensional Hilbert space and let {uj}j∈N be any orthog-

onal basis. Then the map U : H → `2((N), f 7→ (〈uj, f〉)j∈N is unitary (by

Theorem 13.9 (ii) it is onto and by (iii) it is norm preserving). In particular,

we have the following result.

13.17. Theorem

Any separable infinite dimensional Hilbert space is unitarily equivalent to

`2(N).

The next result deals with the case where H is not separable.
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13.18. Theorem

Every Hilbert space has an orthonormal basis.

Proof: The proof employs the Zorn’s lemma. The collection of all orthonor-

mal sets in H can be partially ordered by inclusion. Moreover, every linearly

ordered chain has an upper bound (which is the union of all sets in the chain).

Hence Zorn’s lemma implies the existence of a maximal element, that is, an

orthonormal set which is not a proper subset of every other orthonormal set.

Hence, if {uj}j∈J is an orthogonal basis, we can show that H is unitarily

equivalent to `2(J) and by prescribing J , we can find an Hilbert space of any

given dimension.

13.18. Summary

We have established some important properties of Hilbert spaces. In partic-

ular, we have the following results: every element of a Hilbert space admits a

decomposition in terms of the sum of two orthogonal elements; every separa-

ble Hilbert space has a countable orthonormal basis, every orthonormal basis

has the same cardinality and that every Hilbert space has an orthonormal

basis.

13.19. Post-Test

1. Let {uj} be some orthonormal basis. Show that a bounded linear operator

A is uniquely determined by its matrix elements

Ajk = 〈uj, Auk〉

with respect to this basis.

2. Carry out the construction of an orthonormal set by Gram-Schmidt pro-

cess.

3. Given that {uj}j∈J is an orthonormal set in a Hilbert space H, show that

for any f ∈ H, f can be written as f = f‖ + f⊥ where f‖ =
∑

j∈J〈uj, f〉uj,
where 〈f‖, f⊥〉 = 0, and ‖f‖2 =

∑
j∈J |〈uj, f〉|2 + ‖f⊥‖2.
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4. Prove the validity of Example 13.11 in the lecture.
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LECTURE FOURTEEN

The Projection Theorem and the Riesz Lemma

14.0. Introduction

This lecture deals with the projection theorem and the famous Riesz repre-

sentation lemma. You will learn about orthogonal complements of any subset

of a Hilbert space. We will establish the fact that any Hilbert space can be

written as the direct sum of a non empty subset and the orthogonal comple-

ment of the set. We will also show that every orthogonal set can be extended

to an orthogonal basis. Finally we shall establish the Riesz lemma. You will

about an important implication of the lemma concerning the equivalence of

the Hilbert space and its topological dual.

14.1. Objectives

At the end of the lecture, you should be able to

1. establish the Riesz theorem,

2. explain the equivalence of a Hilbert space and its topological dual,

3. establish that an orthogonal projection has unit norm,

4. establish that every element of Hilbert space can be written distinctly as

the sum of an element from the orthogonal complement of a closed linear

subspace and another from the linear subspace.

14.2. Pre-Test

1. State, without proof, the Riesz representation lemma.
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2. Show that the intersection of a linear subspace of a Hilbert space and its

orthogonal complement consists of the zero element.

3. Itemize some fundamental results on Hilbert and Banach spaces that you

have learned so far.

14.3. Definition

(i) Let M ⊆ H be a subset. Then the set M⊥ = {f |〈g, f〉 = 0, ∀ g ∈M} is

called the orthogonal complement of M .

(ii) By continuity of the scalar product it follows that M⊥ is a closed linear

subspace and by linearity that (span(M))⊥ = M⊥.

(iii) Note that H⊥ = {0} since any vector in H⊥ must be in particular or-

thogonal to all vectors in some orthonormal basis.

14.4. Theorem (Projection Theorem)

Let M be a closed linear subspace of a Hilbert space H. Then every f ∈ H
can be uniquely written as f = f|| + f⊥ with f|| ∈ M and f⊥ ∈ M⊥. Then

we can write

M ⊕M⊥ = H (1)

in this situation.

Proof: Since M is closed, it is a Hilbert space and has an orthonormal basis

{uj}j∈J . Hence the existence part follows from Theorem 13.7. In order to es-

tablish uniqueness, suppose there is another decomposition f = f̃||+f̃⊥. Then

f||−f̃|| = f̃⊥−f⊥ ∈M∩M⊥ = {0}. �

14.5. Corollary : Every orthogonal set {uj}j∈J can be extended to an

orthogonal basis.

Proof: Just add an orthogonal basis for ({uj}j∈J)⊥.

Moreover, Theorem 14.4 implies that to every f ∈ H we can assign a unique
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vector f|| which is the vector in M closest to f . The rest, f − f‖, lies in the

space M⊥.

14.6. Remark

1. The operator PMf = f‖ is called the orthogonal projection corresponding

to M .

Note that we have

P 2
M = PM , and 〈PMg, f〉 = 〈g, PMf〉 (2)

since

〈PMg, f〉 = 〈g‖, f‖〉 = 〈g, PMf〉.

Clearly we have

PM⊥f = f − PMf = f⊥.

Furthermore, Equation (2) uniquely characterizes orthogonal projections.

2. If M is a closed subspace, we have

PM⊥⊥ = I − PM⊥ = I − (I − PM) = PM , that is M⊥⊥ = M.

If M is an arbitrary subset, we have

M⊥⊥ = span(M)

.

14.7. Theorem (Riesz Lemma).

Suppose that ` is a bounded linear functional on a Hilbert space H. Then

there is a unique vector g ∈ H such that `(f) = 〈g, f〉 for all f ∈ H.

14.8. Remark

Note that the Riesz lemma implies that a Hilbert space is equivalent to its

own dual space, that is H∗ ∼= H via the map
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f → 〈f, ·〉 which is a conjugate linear isometric bijection between H and H∗.

Proof of the Riesz Lemma: If ` ≡ 0, we can choose g = 0. Otherwise

the kernel of ` given by

Ker(`) = {f : `(f) = 0}

is a proper subspace and we can find a unit vector g̃ ∈ Ker(`)⊥.

For every element f ∈ H, we have `(f)g̃ − `(g̃)f ∈ Ker(`) and hence

0 = 〈g̃, `(f)g̃ − `(g̃)f〉 = `(f)− `(g̃)〈g̃, f〉.

In other words, we can choose g = `(g̃)∗g̃.

In order to prove uniqueness, let g1, g2 be two such vectors. Then

〈g1 − g2, f〉 = 〈g1, f〉 − 〈g2, f〉 = `(f)− `(f) = 0

for every f ∈ H, which shows g1 − g2 ∈ H⊥ = {0}, showing that g1 = g2.

14.9. Summary

This lecture has covered the establishment of the Riesz theorem, with the

implication that a Hilbert space and its topological dual are equivalent. We

have established that an orthogonal projection has unit norm and that every

Hilbert space can be written distinctly as the direct sum of the orthogonal

complement of a closed linear subspace and the linear subspace.

14.10. Post-Test

1. Suppose U : H → H is unitary and M ⊆ H. Show that

UM⊥ = (UM)⊥.

2. Show that an orthogonal projection PM 6= 0 has norm one.

3. Suppose that P ∈ L(H) satisfies

P 2 = P, and 〈Pf, g〉 = 〈f, Pg〉
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and set M = Range(P ). Show that

a. Pf = f for f ∈M and M is closed.

b. g ∈M⊥ implies Pg ∈M⊥ and thus Pg = 0 and conclude that P = PM .

4. State and prove the Riesz lemma.
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LECTURE FIFTEEN

The Hahn-Banach Theorem And Its Consequences

15.0. Introduction

In this lecture, I shall deal with the famous theorem of Hahn-Banach. It

is about the extension of functionals. We shall deal with the well-known

results that a normed space has nontrivial continuous linear functionals de-

fined on it. This amounts to showing that the dual space is always nontrivial.

15.1. Objectives

At the end of the lecture, you should be able to

1. explain the hypothesis and conclusions of Hahn-Banach

theorem,

2. show that any continuous linear functionalcan be extended without in-

creasing the norm,

3. establish the existence of a continuous linear functional on any normed

space,

4. show that the Hahn-Banach theorem is an application of the Zorn’s lemma.

15.2. Pre-Test

1. state without proof, the Hahn-Banach theorem.

2. State, without proof, the Zorn’s lemma.
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15.3. Definition

In what follows, X is a Banach space and X∗ denotes the set of all bounded

linear functionals on X, that is the topological dual space of X. Recall that

by previous results, X∗ is also a Banach space.

Note that the notion of convex function shall be needed in the formulation

and the proof of the real version of the Hahn -Banach theorem.

15.4. Definition

A real valued function φ defined on real vector space is called a convex func-

tion if

φ(λx+ (1− λ)y) ≤ λφ(x) + (1− λ)φ(y), λ ∈ (0, 1).

The following lemma called the Zorn’s lemma will be needed to establish the

Hahn-Banach theorem.

15.5. Zorn’s Lemma

Suppose that every chain in a non empty partially ordered set has an upper

bound, then the set contains at least one maximal element.

15.6. Theorem (Hahn-Banach, Real version).

Let X be a real vector space and φ : X → IR a convex function. If

` is a linear functional defined on some subspace Y ⊂ X which satisfies

`(y) ≤ φ(y), y ∈ Y , then there is an extension ˜̀ to all of X satisfying
˜̀(x) ≤ φ(x), x ∈ X.
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Proof

We first extend the functional ` in one direction as follows:

Take a point x in X but not in Y , and set Ỹ = span{x, Y }.
If there is an extension ˜̀ to Ỹ , it must satisfy

˜̀(y + αx) = `(y) + α ˜̀(x).

So all we need to do is to choose ˜̀(x) such that

˜̀(y + αx) ≤ φ(y + αx).

But this equivalent to

sup
α>0,y∈Y

φ(y − αx)− `(y)

−α
≤ ˜̀(x) ≤ inf

α>0,y∈Y

φ(y + αx)− `(y)

α

and this is only possible if

φ(y1 − α1x)− `(y1)

−α1

≤ φ(y2 + α2x)− `(y2)

α2

,

for every α1, α2 > 0 and y1, y2 ∈ Y .

Rearranging this last equations we need to show that

α2`(y1) + α1`(y2) ≤ α2φ(y1 − α1x) + α1φ(y2 + α2x).

Starting with the left hand side, we have

α2`(y1) + α1`(y2) = (α1 + α2)`(λy1 + (1− λ)y2)

≤ (α1 + α2)φ(λy1 + (1− λ)y2)

= (α1 + α2)φ(λ(y1 − α1x) + (1− λ)(y2 + α2x))

≤ α2φ(y1 − α1x) + α1φ(y2 + α2x),

where

λ =
α2

α1 + α2

.
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This established the one dimension case.

To conclude the proof, we shall appeal to Zorn’s Lemma 15.5. Let E be the

collection of all extensions ˜̀ satisfying ˜̀(x) ≤ φ(x). Then E can be partially

ordered by inclusion (with respect to the domain) and every linear chain has

an upper bound (defined on the union of all domains). Hence there is a max-

imal element ˜̀ by Zorn’s lemma. This element is defined on X, otherwise,

we could extend it as before thereby contradicting maximality.

15.7. Theorem: Hahn-Banach, Complex Version

Let X be a complex vector space and φ : X → IR a convex function satisfying

φ(αx) ≤ φ(x) if |α| = 1.

If ` is a linear functional defined on some subspace Y ⊂ X which satis-

fies `(y) ≤ φ(y), y ∈ Y , then there is an extension ˜̀ to all of X satisfying

|˜̀(x)| ≤ φ(x), x ∈ X.

Proof

Set `r =Re(`) and notice that

`(x) = `r(x)− i`r(ix).

By Theorem 15.6, there is a real linear extension ˜̀
r satisfying

˜̀
r(x) ≤ φ(x).

Now set ˜̀(x) = ˜̀
r − i˜̀r(ix). Then ˜̀(x) is real linear and by

˜̀(ix) = ˜̀
r(x) + i˜̀(x) = i˜̀(x)

also complex linear.

To show that

|˜̀(x)| ≤ φ(x)
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we abbreviate

α =
˜̀(x)∗

|`(x)|
and use

|˜̀(x)| = α ˜̀(x) = ˜̀(αx) = ˜̀
r(αx) ≤ φ(αx) ≤ φ(x),

which concludes the proof.

15.8. Remark

1. Note that φ(αx) ≤ φ(x), |α| = 1 is equivalent to φ(αx) = φ(x).

2. If ` is a linear functional defined on some subspace, the choice of φ(x) =

‖`‖ · ‖x‖ implies the following corollary.

15.9. Corollary

Let X be a Banach space and let ` be a bounded linear functional defined

on some subspace Y ⊆ X. Then there is an extension ˜̀∈ X∗ preserving the

norm.

15.10. Remark

If we take the double dual X∗∗ of X, then the Hahn-Banach theorem implies

that X can be identified with a subspace of X∗∗ as follows: Consider the

linear map J : X → X∗∗ defined by J(x)(`) = `(x). Then we have the

following result.

15.11. Theorem

Let X be a Banach space. Then J : X → X∗∗ is isometric (norm preserving).

Proof

Fix x0 ∈ X. Then by

|J(x0)(`)| = |`(x0)| ≤ ‖`‖∗‖x0‖,
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we have at least

‖J(x0)‖∗∗ ≤ ‖x0‖.

By Hahn-Banach theorem, there is a linear functional `0 with

‖`0‖∗ = 1 such that `0(x0) = ‖x0‖. Hence,

|J(x0)(`0)| = |`0(x0)| = ‖x0‖

showing that

‖J(x0)‖∗∗ = ‖x0‖.

This concludes the proof.

15.12. Remark

The map J : X → X∗∗ is an isometric embedding. In many other cases, we

have J(X) = X∗∗ and X is called reflexive.

15.13. Example

Consider the Banach space `p(N) of all sequences x = (xj)
∞
j=1 for which the

norm

‖x‖p =

(∑
n∈N

|xn|p
) 1

p

is finite. By Holder’s inequality, every element y ∈ `q(N) gives rise to a

bounded linear functional

`y(x) =
∑
n∈N

ynxn,

whose norm satisfies

‖`y‖ = ‖y‖q.

Then it can be shown that `p(N) 1 < p <∞ are reflexive.

Reason: The dual space `p(N) can be identified with `q(N) and choose z ∈
`p(N)∗∗. Then there is some x ∈ `p(N) such that

z(y) =
∑
j∈N

yjxj, y ∈ `q(N) ∼= `p(N)∗.
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This implies that z(y) = y(x) that is z = J(x), and thus J is surjective.

15.14. Summary

The lecture has been devoted to the study of the famous Hahn-Banach theo-

rem and some of its consequences. We have shown that any continuous linear

functional can be extended without increasing the norm and that the proof

of Hahn-Banach theorem is an application of the Zorn’s lemma. Finally, by

applying the Hahn-Banach theorem, every Banach space can be identified

with a subspace of its second topological dual, giving the well known canon-

ical embedding.

15.15. Post-Test

1. By using the Riesz lemma, show that every Hilbert space is refexive.

2. Let X be a Banach space. Show that

‖x‖ = sup
t∈X∗,‖`‖=1

|`(x)|.

3. State and prove the Hahn-Banach theorem for the real and complex cases.

4. Discuss the role of the Zorn’s lemma in the proof of Hahn-Banach theo-

rem.

5. Give an example of reflexive spaces other than Hilbert spaces.
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1. Introduction

The theory of quantum stochastic differential inclusions is a multivalued analogue of quan-
tum stochastic calculus of Hudson and Parthasarathy formulation [9]. The theory of differen-
tial inclusions has vast applications and one of its motivations is the application in the study of
control theory. In [5] the existence of solutions of quantum stochastic differential inclusions
with Lipschitzian coefficients lying in certain locally convex spaces was established. A further
study of this quantum stochastic differential inclusions was done in [6] with hypermaximal
monotone type and in [7] for evolution type. The topological properties of solution sets and
existence of continuous selections of the solution sets for the Lipschitzian quantum stochastic
differential inclusions were established in [2] and [3].
For a classical differential inclusion the existence of solutions of discontinuous cases, up-
per and lower semicontinuous differential inclusions were established in [1] and [4]. These
weaker forms of regularity of the coefficients are also applicable in the study of optimal quan-
tum stochastic control theory [10]. The aim of this work is to establish the existence of
solution of Lower semicontinuous quantum stochastic differential inclusions. We first define

∗Corresponding author.

Email addresses: adeolu74113@yahoo.com (M. Ogundiran), eoayoola@googlemail.com (E. Ayoola)

http://www.ejmathsci.com 1 c© 2013 EJMATHSCI All rights reserved.



M. Ogundiran, E. Ayoola / Eur. J. Math. Sci., 2 (2013), 1-16 2

an integral operator which is a mapping consisting of adapted stochastic processes and es-
tablished the existence of a continuous map which is a selection of the mapping. Hence we
established the existence of at least a solution of the Lower semicontinuous quantum stochas-
tic differential inclusions. This is a generalization of the result in [1] to our non commutative
setting. This will lead in a later work to further applications of quantum stochastic calculus
to quantum stochastic differential equations with discontinuous coefficients, solutions of per-
tinent quantum stochastic control problems and quantum optics. In sequel the work shall be
arranged as follows: section 2 shall be for preliminaries on notations and definitions while
section 3 shall be for our main results.

2. Preliminaries

In this section we state the definitions and notations which shall be employed in the sequel.

2.1. Notations

In what follows, if U is a topological space, we denote by clos(U), the collection of all
non-empty closed subsets of U .
To each pair (D, H) consisting of a pre-Hilbert space D and its completion H, we associate the
set L+w(D, H) of all linear maps x from D into H, with the property that the domain of the
operator adjoint contains D. The members of L+w(D, H) are densely-defined linear operators
on H which do not necessarily leave D invariant and L+w(D, H) is a linear space when equipped
with the usual notions of addition and scalar multiplication.
To H corresponds a Hilbert space Γ(H) called the boson Fock space determined by H. A
natural dense subset of Γ(H) consists of linear space generated by the set of exponential
vectors(Guichardet, [8]) in Γ(H) of the form

e( f ) =
∞
⊕

n=0

(n!)−
1
2

n
⊗

f , f ∈ H,

where
⊗0 f = 1 and

⊗n f is the n-fold tensor product of f with itself for n≥ 1.
In what follows, D is some pre-Hilbert space whose completion is R and γ is a fixed Hilbert
space.
L2
γ(R+)(resp. L2

γ([0, t)), resp. L2
γ([t,∞)) t ∈ R+) is the space of square integrable γ-valued

maps on R+ (resp .[0, t), resp. [t,∞)).
The inner product of the Hilbert space R ⊗ Γ(L2

γ(R+)) will be denoted by 〈., .〉 and ‖ . ‖ the
norm induced by 〈., .〉 .
Let E,Et and Et , t > 0 be linear spaces generated by the exponential vectors in Fock spaces
Γ(L2

γ(R+)),Γ(L
2
γ([0, t))) and Γ(L2

γ([t,∞))) respectively ;

A ≡ L+w(D⊗E,R ⊗Γ(L
2
γ(R+)))

At ≡ L+w(D⊗Et ,R ⊗Γ(L2
γ([0, t))))⊗ It

A t ≡ It ⊗ L+w(E
t ,Γ(L2

γ([t,∞)))), t > 0



M. Ogundiran, E. Ayoola / Eur. J. Math. Sci., 2 (2013), 1-16 3

where ⊗ denotes algebraic tensor product and It(resp.It) denotes the identity map on R ⊗
Γ(L2

γ([0, t))))(resp .Γ(L2
γ([t,∞)))), t > 0 For every η,ξ ∈ D⊗E define

‖ x ‖ηξ=| 〈η, xξ〉 |, x ∈A

then the family of seminorms
{‖ . ‖ηξ: η,ξ ∈ D⊗E}

generates a topology τw , weak topology .
The completion of the locally convex spaces (A ,τw) , (At ,τw) and (A t ,τw) are respectively
denoted by fA , fAt and fA t .
We define the Hausdorff topology on clos( fA ) as follows:
For x ∈ fA ,M ,N ∈ clos( fA ) and η,ξ ∈ D⊗E, define

ρηξ(M ,N )≡max(δηξ(M ,N ),δηξ(N ,M )),

where

δηξ(M ,N )≡ sup
x∈M

dηξ(x ,N ),

and

dηξ(x ,N )≡ inf
y∈N
‖ x − y ‖ηξ .

The Hausdorff topology which shall be employed in what follows, denoted by, τH , is gener-
ated by the family of pseudometrics {ρηξ(.) : η,ξ ∈ D⊗E}. Moreover, ifM ∈ clos( fA ), then
‖M ‖ηξ is defined by

‖M ‖ηξ≡ ρηξ(M , {0});

for arbitrary η,ξ ∈ D⊗E.
For A, B ∈ clos(C) and x ∈ C , a complex number, define

d(x , B)≡ inf
y∈B
| x − y |,

δ(A, B)≡ sup
x∈A

d(x , B),

and

ρ(A, B)≡max(δ(A, B),δ(B, A)).

Then ρ is a metric on clos(C) and induces a metric topology on the space. We also define:

dηξ((t, x), (t0, x0)) =max{| t − t0 |,‖ x − x0 ‖ηξ}.

Let I ⊆ R+. A stochastic process indexed by I is an fA -valued measurable map on I .
A stochastic process X is called adapted if X (t) ∈ fAt for each t ∈ I .
We write Ad( fA ) for the set of all adapted stochastic processes indexed by I .
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Definition 1. A member X of Ad( fA ) is called

(i) weakly absolutely continuous if the map t 7→ 〈η, X (t)ξ〉 , t ∈ I is absolutely continuous for
arbitrary η,ξ ∈ D⊗E,

(ii) locally absolutely p-integrable if ‖ X (.) ‖p
ηξ

is Lebesgue -measurable and integrable on
[0, t)⊆ I for each t ∈ I and arbitrary η,ξ ∈ D⊗E.

We denote by Ad( fA )wac(resp.Lp
loc( fA )) the set of all weakly, absolutely continuous(resp.

locally absolutely p-integrable) members of Ad( fA ).
Stochastic integrators: Let L∞γ,loc(R+) [resp.L∞B(γ),loc(R+)] be the linear space of all measur-
able , locally bounded functions from R+ to γ [resp. to B(γ) , the Banach space of bounded
endomorphisms of γ]. If f ∈ L∞γ,loc(R+) and π ∈ L∞B(γ),loc(R+) , then π f is the member of
L∞γ,loc(R+) given by (π f )(t) = π(t) f (t) , t ∈ R+.

For f ∈ L2
γ(R)+ and π ∈ L∞B(γ),loc(R+); the annihilation , creation and gauge operators,

a( f ), a+( f ) and λ(π) in L+w(D,Γ(L2
γ(R)+)) respectively, are defined as:

a( f )e(g) = 〈 f , g〉L2
γ(R+)

e(g),

a+( f )e(g) =
d

dσ
e(g +σ f ) |σ=0,

λ(π)e(g) =
d

dσ
e(eσπ f ) |σ=0

for all g ∈ L2
γ(R+).

For arbitrary f ∈ L∞γ,loc(R+) and π ∈ L∞B(γ),loc(R+) , they give rise to the operator-valued maps

A f , A+f and Λπ defined by:

A f (t)≡ a( f χ[0,t)),

A+f (t)≡ a+( f χ[0,t)),

Λπ(t)≡ λ(πχ[0,t))

for all t ∈ R+ , where χI denotes the indicator function of the Borel set I ⊆ R+. The maps
A f , A+f and Λπ are stochastic processes , called annihilation, creation and gauge processes,

respectively, when their values are identified with their ampliations on R⊗Γ(L2
γ(R+)). These

are the stochastic integrators in Hudson and Parthasarathy[9] formulation of boson quantum
stochastic integration.
For processes p, q, u, v ∈ L2

loc( fA ), the quantum stochastic integral:

∫ t

t0

�

p(s)dΛπ(s) + q(s)dA f (s) + u(s)dA+g (s) + v(s)ds
�

, t0, t ∈ R+

is interpreted in the sense of Hudson-Parthasarathy[9].
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2.2. Quantum Stochastic Differential Inclusions

Definition 2. (a) By a multivalued stochastic process indexed by I ⊆ R+ we mean a multi-
function on I with values in clos( fA ).

(b) If Φ is a multivalued stochastic process indexed by I ⊆ R+, then a selection of Φ is a
stochastic process X : I → fA with the property that X (t) ∈ Φ(t) for almost all t ∈ I .

(c) A multivalued stochastic process Φ will be called (i) adapted if Φ(t)⊆ fAt for each t ∈ R+;
(ii) measurable if t 7→ dηξ(x ,Φ(t)) is measurable for arbitrary x ∈ fA ,η,ξ ∈ (D⊗E)

(d) locally absolutely p-integrable if t 7→‖ Φ(t) ‖ηξ, t ∈ R+ lie in Lp
loc(I) for arbitrary

η,ξ ∈ (D⊗E).

For p ∈ (0,∞) and I ⊆ R+, the set of all locally absolutely p-integrable multivalued
stochastic processes will be denoted by Lp

loc( fA )mvs. Denote by Lp
loc(I × fA )mvs the set of

maps Φ : I × fA → clos( fA ) such that t 7→ Φ(t, X (t)) , t ∈ I , lies in Lp
loc( fA )mvs for every

X ∈ Lp
loc( fA ).

Moreover, if Φ ∈ Lp
loc(I × fA )mvs, then we denote by

Lp(Φ)≡ {φ ∈ Lp( fA ) : φ is a selection of Φ}.

Let f , g ∈ L2
γ(R+) , π ∈ L∞B(γ),loc(R+), I , the identity map on R ⊗Γ(L2

γ(R+)), and M is any of

the stochastic processes A f , A+g ,Λπ and s 7→ sI, s ∈ R+.
We introduce the stochastic integral{resp. differential} expressions as follows:
If Φ ∈ L2

loc(I × fA )mvs and (t, X ) ∈ I × L2
loc( fA ) , then

∫ t

t0

Φ(s, X (s))dM(s)≡
�
∫ t

t0

φ(s)dM(s) : φ ∈ L2(Φ)
�

.

This leads to the following definition:

Definition 3. Let E, F, G, H ∈ L2
loc(I× fA ) and (t0, x0) be a fixed point of I× fA . Then a relation

of the form

dX (t) ∈ E(t, X (t))dΛπ(t) + F(t, X (t))dA f (t)

+ G(t, X (t))dA+g (t) +H(t, X (t))d t almost all t ∈ I ,

X (t0) = x0

(1)

is called Quantum stochastic differential inclusions(QSDI) with coefficients E, F, G, H and initial
data (t0, x0).
Equation(1) is understood in the integral form:

X (t) ∈ x0+

∫ t

t0

�

E(s, X (s))dΛπ(s) + F(s, X (s))dA f (s)

+G(s, X (s))dA+g (s) +H(s, X (s))ds
�

, almost all t ∈ I

called a stochastic integral inclusion with coefficients E, F, G, H and initial data (t0, x0)
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An equivalent form of (1) has been established in [5], Theorem 6.2 as follows:
For η,ξ ∈ D⊗E, α,β ∈ L2

γ(R+) with η = c ⊗ e(α) , ξ = d ⊗ e(β) , define the following
complex-valued functions:

µαβ , νβ , σα : I → C, I ⊂ R+
by

µαβ(t) = 〈α(t),π(t)β(t)〉γ,
νβ(t) = 〈 f (t),β(t)〉γ,
σα(t) = 〈α(t), g(t)〉γ,

t ∈ I , f , g ∈ L2
γ,loc(R+), π ∈ L∞B(γ),loc . To these functions we associate the maps µE, νF , σG,

P from I × fA into the set of sesquilinear forms on D⊗E defined by :

(µE)(t, x)(η,ξ) = {〈η,µαβ(t)p(t, x)ξ〉 : p(t, x) ∈ E(t, x)},
(νF)(t, x)(η,ξ) = {〈η,νβ(t)q(t, x)ξ〉 : q(t, x) ∈ F(t, x)},
(σG)(t, x)(η,ξ) = {〈η,σα(t)u(t, x)ξ〉 : u(t, x) ∈ G(t, x)},
P(t, x)(η,ξ) = (µE)(t, x)(η,ξ) + (νF)(t, x)(η,ξ)

+ (σG)(t, x)(η,ξ) +H(t, x)(η,ξ),

H(t, x)(η,ξ) = {v(t, x)(η,ξ) : v(., X (.))

(2)

is a selection of

H(., X (.))∀X ∈ L2
loc( fA )}. (3)

Then, Problem (1) is equivalent to

d

d t
〈η, X (t)ξ〉 ∈ P(t, X (t))(η,ξ),

X (t0) = x0

(4)

for arbitrary η,ξ ∈ D⊗E , almost all t ∈ I .
The notion of solution of (1) or equivalently (3) is defined as follows:

Definition 4. By a solution of (1) or equivalently (3), we mean a stochastic process
ϕ ∈ Ad( fA )wac ∩ L2

loc( fA ) such that

dϕ(t) ∈ E(t,ϕ(t))dΛπ(t) + F(t,ϕ(t))dA f (t)

+ G(t,ϕ(t))dA+g (t) +H(t,ϕ(t))d t almost all t ∈ I ,

ϕ(t0) = ϕ0

or equivalently

d

d t
〈η,ϕ(t)ξ〉 ∈ P(t,ϕ(t))(η,ξ),

ϕ(t0) = ϕ0

for arbitrary η,ξ ∈ D⊗E , almost all t ∈ I .
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The existence of solution of (1) implies the existence of solution of (3) and vice-versa. As
explained in [5], for the map P:

P(t, x)(η,ξ) 6= eP(t, 〈η, xξ〉)

for some complex-valued multifunction eP defined on I ×C for t ∈ I , x ∈ fA , η,ξ ∈ D⊗E.

2.3. Lower Semicontinuous Multivalued Maps

Definition 5. (a) Let N ∈ clos( fA ) be non-empty and I ⊆ R+.
A multifunction Φ : I ×N → clos( fA ) will be said to be lower semicontinuous at a point
(t0, x0) ∈ I ×N , if for every ε > 0,η,ξ ∈ D⊗E there exists δηξ = δηξ((t0, x0),ε) > 0
such that ∀x ∈ N , t ∈ I if

dηξ
�

(t, x), (t0, x0)
�

< δηξ then Φ(t0, x0)⊂ Φ(t, x) + Bηξ,ε(0).

If Φ is lower semicontinuous(lsc) at every point (t0, x0) ∈ I ×N , then it will be said to be
lower semicontinuous on I ×N .

(b) Analogously if Φ is a sesquilinear form valued multifunction, then the map
Φ : I×N → 2sesq(D⊗E)2 will be said to be lower semicontinuous at a point (t0, x0) ∈ I×N ,
if for every η,ξ ∈ D⊗E,ε > 0 there exists δηξ = δηξ((t0, x0),ε) > 0 such that ∀x ∈ N ,
t ∈ I , if

dηξ
�

(t, x), (t0, x0)
�

< δηξ then Φ(t0, x0)(η,ξ)⊂ Φ(t, x)(η,ξ) + Bε(0).

In what follows, a map shall be called lower semicontinuous on a domain if it is so at every
point of the domain.

The next result shows that, if µE, νF , σG, H are lower semicontinuous then
(t, x)→ P(t, x)(η,ξ) is lower semicontinuous.

Proposition 1. Assume that the following holds:

(i) The coefficients E, F, G, H appearing in (1) belongs to the space L2
loc(I × fA )mvs.

(ii) For an arbitrary elements η,ξ ∈ D⊗E, the maps µE, νF, σG, H defined by equation (2)
are lower semicontinuous on I × fA .

Then, the map (t, x)→ P(t, x)(η,ξ) is lower semicontinuous on I × fA .

Proof. For an arbitrary η,ξ ∈ D⊗E, since µE,νF,σG, H are lower semicontinuous I × fA .
Then for any point (t0, x0) ∈ I × fA , given ε > 0, there exist δηξ,E ,δηξ,F ,δηξ,G ,δηξ,H > 0,
such that for each M ∈ {µE,νF,σG, H},

M(t0, x0)(η,ξ)⊂ M(t, x)(η,ξ) + Bε(0) ∀x ∈ N , almost all t ∈ I and

dηξ
�

(t, x), (t0, x0)
�

< δηξ,M .
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Hence the proposition follows from the relation:

P(t0, x0)(η,ξ) = (µE)(t0, x0)(η,ξ) + (νF)(t0, x0)(η,ξ)

+ (σG)(t0, x0)(η,ξ) +H(t0, x0)(η,ξ) + Bε(0)

⊂ P(t, x)(η,ξ) + B5ε(0).

3. Main Results

In this subsection under some assumptions, we prove an existence theorem for lower semi-
continuous quantum stochastic differential inclusions by using a predefined integral operator.

Definition 6. Let C(I) be the space of continuous maps from I to sesq(D⊗E). For all
η,ξ ∈ D⊗E; X , Z ∈ Ad( fA )wac ∩ L2

loc( fA ), we define the set:

Kηξ = {〈η, X (t)ξ〉 ∈ C(I) : ∃λ ∈ R+; | 〈η, (X (t)− X (s))ξ〉 |< λ | t − s |, t, s ∈ I and X (t0) = x0}.

Moreover, the integral operator Fηξ is defined as

Fηξ(X ) = {〈η, Z(t)ξ〉 ∈ Kηξ :
d

d t
〈η, Z(t)ξ〉 ∈ P(t, X (t))(η,ξ) a.e. t ∈ I}.

We also define the following sets as applicable in the subsequent result.
For any (t, x), (t0, x0) ∈ I × fA ,ληξ > 0, a real number; η,ξ ∈ D⊗E.

Q(t0,x0),ληξ = {(t, x) ∈ I × fA : dηξ((t, x), (t0, x0))≤ ληξ},

where

dηξ((t, x), (t0, x0)) =max{| t − t0 |,‖ x − x0 ‖ηξ},

Q x0,ληξ = {x ∈ fA :‖ x − x0 ‖ηξ< ληξ},

Qληξ = {x ∈ fA :‖ x ‖ηξ< ληξ},

and set

Qε(η,ξ) = {〈η, xξ〉 : x ∈Qε}.

In what follows, we make the following assumptions:
I = [t0, T], ληξ > 0 and Ω⊂ I × fA , open, such that:

(i) I ×Q x0, T
2
ληξ
⊆ Ω,

(ii) ∃ λM ,ηξ > 0 ∀ M ∈ {E, F, G, H} with maxM λM ,ηξ < ληξ and

(iii) ‖ M(t, x) ‖ηξ≤ λM ,ηξ for each M on I ×Q x0, T
2
ληξ

.
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Lemma 1. Suppose that K ⊆ I × fA is compact.
For arbitrary pair η,ξ ∈ D⊗E, suppose that the multivalued map

(t, x)→ M(t, x)(η,ξ)

is lower semicontinuous for each M ∈ {µE,νF,σG, H}.
For ε > 0 , set

ωηξ,ε(t, x) = sup{ωηξ :
⋂

(τ,ζ)∈Q(t,x),ωηξ

M(τ,ζ)(η,ξ) +Qε(η,ξ) 6= ;}. (5)

Then

(a) for some ωε > 0 we have

ωηξ,ε(t, x)≥ωε for all (t, x) ∈ I × fA ,η,ξ ∈ D⊗E,

(b) for every continuous u , (t, u(t)) ∈ K , there exists a measurable map t → v(t)(η,ξ), such
that

dηξ((t, x), (t, u(t)))<ωε,

implies
d(v(t)(η,ξ), M(t, x)(η,ξ))≤ ε.

Proof. (a) The definition of lower semicontinuity implies that the set inside brackets in (4)
is non-empty , so that ωηξ,ε(t, x) is positive.
We claim that it is a continuous function.
Fix σ > 0 arbitrarily, and remark that whenever dηξ((τ1,ζ1), (τ2,ζ2))<

σ
3

,

Q1 =Q(τ1,ζ1),ωε((τ2,ζ2)−
2σ
3
) ⊂Q(τ2,ζ2),ωε((τ2,ζ2)−

σ
3
) =Q2

that is,
⋂

(τ,ζ)∈Q2

M(τ,ζ)(η,ξ) +Qε(η,ξ) 6= ; ⇒
⋂

(τ,ζ)∈Q1

M(τ,ζ)(η,ξ) +Qε(η,ξ) 6= ;.

Whenever dη,ξ((t, x), (t∗, x∗))< σ
3

, setting (t, x) = (τ1,ζ1), (t∗, x∗) = (τ2,ζ2) we obtain

ωηξ,ε(t, x)≥ωηξ,ε(t
∗, x∗)−

2σ

3

while interchanging (t, x) and (t∗, x∗), we have

ωηξ,ε(t, x)≥ωηξ,ε(t
∗, x∗)−

2σ

3
.
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Hence (t, x)→ωηξ,ε(t, x) is a continuous and positive map defined on a compact set.
(b) We define the map Φ, given by

(t, x)→ Φ(t, x)(η,ξ) =
⋂

(τ,ζ)∈Q(t,x),ωε

M(τ,ζ)(η,ξ) +Qε(η,ξ). (6)

Then Φ is lower semicontinuous . In fact let y∗ be in Φ(t∗, x∗)(η,ξ), so that for every (τ,ζ)
in Q(t∗,x∗),ωε ,

d(y∗, M(τ,ζ)(η,ξ)) = ε−ωηξ,ε(τ,ζ), ωηξ,ε(τ,ζ)> 0

or equivalently , there exists yη,ξ(τ,ζ) in M(τ,ζ)(η,ξ) so that | y∗− yηξ(τ,ζ) |≤ ε− σ
2

.
By the lower semicontinuity of M , there exists δ = δ(τ,ζ) so that (τ′,ζ′) in Q(τ,ζ),δ implies
d(yηξ(τ,ζ), M(τ′,ζ′)(η,ξ))< σ

2
, hence, in particular

d(y∗, M(τ′,ζ′)(η,ξ))< ε.

The open set
U =

⋃

(τ,ζ)∈Q(t∗ ,x∗),ωε

Q(τ,ζ),δ(τ,ζ)

contains the compact set Q(t∗,x∗),ωε , hence, whenever

dηξ((t, x), (t∗, x∗))< ρ,

sufficiently small
Q(t,x),ωε ⊂U ,

and thus
d(y∗, M(τ,ζ)(η,ξ))< ε or y∗ ∈ Φ(t, x)(η,ξ).

Since the map t → Φ(t, x)(η,ξ) is lower semicontinuous and has closed values, then by
Theorem 2.14.2 [1] there exists a measurable selection v(t)(η,ξ) of M(t, x)(η,ξ), which is
the required selection.

Proposition 2. Assume that the following holds

(i) For arbitrary η,ξ ∈ D⊗E, the multivalued map (t, x) → G(t, x)(η,ξ) is lower semicon-
tinuous.

(ii) g : I × fA → sesq(D⊗E) is continuous single-valued map, and

(iii) ε : fA → R+ is lower semicontinuous.

Then the map (t, x)→ Φ(t, x)(η,ξ) defined by

Φ(t, x)(η,ξ) = Bε(x)(g(t, x)(η,ξ))
⋂

G(t, x)(η,ξ)

is lower semicontinuous on its domain.
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Proof. Fix (t∗, x∗) in DomΦ, y∗ηξ ∈ Φ(t
∗, x∗)(η,ξ) and ω> 0. For some

σ > 0, | y∗ηξ− g(t∗, x∗)(η,ξ) |= ε(x∗)−σ.

There exists δ1 such that to any (t, x) ∈ I× fA with dηξ((t, x), (t∗, x∗))< δ1, we can associate
y(t, x)(η,ξ) in G(t, x)(η,ξ) so that

| yηξ,(t,x)− y∗ηξ |<min{ω,
σ

3
},

and δ2 such that
dηξ((t, x), (t∗, x∗)< δ2

implies

ε(x)> ε(x∗)−
σ

3
,

and δ3 such that
dηξ((t, x), (t∗, x∗)< δ3

implies | g(t∗, x∗)(η,ξ)− g(t, x)(η,ξ) |< σ
3

.
Then when dηξ((t, x), (t∗, x∗)<min{δ1,δ2,δ3},

| y(t, x)(η,ξ)− g(t, x)(η,ξ) | ≤| y(t, x)(η,ξ)− y∗ηξ |+ | y∗ηξ− g(t∗, x∗)(η,ξ) |

+ | g(t∗, x∗)(η,ξ)− g(t, x)(η,ξ) |

<
σ

3
+ ε(x∗)−σ+

σ

3

=ε(x∗)−
σ

3
< ε(x)

that is y(t, x)(η,ξ) ∈ Φ(t, x)(η,ξ), and

| y∗(t, x)(η,ξ)− y(t, x)(η,ξ) |<ω.

We now prove the existence of solution of Lower semicontinuous quantum stochastic differ-
ential inclusions.

Theorem 1. Suppose that the following holds:

(i) For every η,ξ ∈ D⊗E, the map (t, x)→ P(t, x)(η,ξ) is a non-empty compact and lower
semicontinuous multifunction.

(ii) (t0, x0) ∈ I × fA , for all (t, x) ∈ I ×Q x0, T
2
λ, λ > 0, such that | P(t, x)(η,ξ) |< λ.

Then there exists a set Kηξ and a continuous map ϕ :Kηξ→ L1(I), a selection of Fηξ.

Proof. We shall first show the existence of a finite number m(0) of measurable maps vi
from I into Qλ(η,ξ); of a continuous partition of I into J 0

i = [τ
0
i−1,τ0

i ] with characteristic
functions χi such that setting

g0(u)(t)(η,ξ) =
∑

χ0
i (t)vi(t)(η,ξ),
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we have for every t:
d(g0(u)(t)(η,ξ),P(t, u(t))(η,ξ))< 1. (7)

In fact,set in Lemma(1), M to be P , ε to be 1 and let ω0 be the constant provided by (a).
Let U i = Qui ,ω0

, we define U i(η,ξ) = {〈η, xξ〉 : x ∈ U i} a finite open covering of the
compact Kηξ. Let vi(t)(η,ξ), be the corresponding measurable functions as provided by (b).
Fix u and t ; where | χ0

i (u)(t)(η,ξ) |> 0, u is in Qui ,ω0
, d(vi(t)(η,ξ),P(t, u(t))(η,ξ)) < 1,

and (6) holds.
We claim that for n = 0, 1, ... we can define ; m(n) measurable functions v(n)i from I into

Qλ(η,ξ), a continuous partition of I , J (n)i = [τ(n)i−1(u),τ
(n)
i (u)] having characteristic functions

χ
(n)
i such that setting

g(n)(u)(t)(η,ξ) =
∑

χ
(n)
i (t)v

(n)
i (t)(η,ξ),

we have

(i) for every t,

d(g(n)(u)(t)(η,ξ),P(t, u(t))(η,ξ))<
1

2n

except on a finite number of intervals , having total length 1
2n ,

(ii)

| g(n)(u)(t)(η,ξ)− g(n−1)(u)(t)(η,ξ) |<
1

2n+1 , n≥ 1.

Assume the above to hold up to n= ν − 1, we shall prove that it holds for n= ν .
There exists an open set S ν such that all the maps t → v(ν−1)

i (t)(η,ξ) are continuous on
I \S ν , and the measure of S ν is smaller than 1

2ν+1 .
Let δ > 0 be such that ‖ w− u ‖ηξ< δ implies that for each i,

| τ(ν−1)
i (u)−τ(ν−1)

i (w) |< (2−ν(4m(ν −1)))−1. A finite number of Qû j ,δ coversK . For each j
call E j the finite union of open intervals | t −τi(û j) |< (2−ν(4(ν − 1)))−1, i = 1, ..., m(ν − 1).
Then whenever u is in Qû j ,δ, when t is any of the closed intervals whose union is I \ E j ,

gν−1(u)(t)(η,ξ) = gν−1(û)(t)(η,ξ) = vν−1
i (t)(η,ξ) for some i.

Hence when t belongs to the closed (I \ E j) \S ν , the map t 7→ gν−1u(t)(η,ξ) is continuous.
Set | ρνj (t)(η,ξ) | to be 2λ on the open (E j ∪S ν) and to be 1

2ν−1 on the closed I \ (E j ∪S ν).
The map (t, x)→ P j(t, x)(η,ξ) is defined by

P j(t, x)(η,ξ) =Qgν−1(û j)(t)(η,ξ),|ρνj (t)(η,ξ)|(η,ξ)
⋂

P(t, x)(η,ξ)

is strict for (t, x) in Q(t,û j(t)),δ.

In fact, when t is in (E j ∪ S ν). It is enough to remark that both gν−1 and P take values in
Qλ(η,ξ).
Let (t, x) : t in I \ (E j ∪S ν), ‖ x − û j(t) ‖ηξ< δ. Then a translate u(.) of û j(.) is in Qû j(.),δ
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and is such that u(t) = x . For this u, gν−1(u)(t)(η,ξ) = gν−1(û j)(t)(η,ξ) and, by point (i) of
the induction

d(gν−1(u)(t)(η,ξ),P(t, x)(η,ξ))<
1

2ν−1 .

Since t → ρν(t) is lower semicontinuous and P j is strict, proposition 2 implies that
(t, x)→ P j(t, x)(η,ξ) is lower semicontinuous. Set in Lemma 1, M to be P j , ε to be 1

2ν+1 and
call ω j the constant provided by point (a). A finite number of Qui

j ,ω j
(η,ξ) covers the compact

Kηξ ∩Qû j ,δ(η,ξ) By Lemma 1(b), there exists for each i a measurable v i
j(t)(η,ξ) such that

dηξ((t, x), (t, ui
j(t)))<ωi implies

d(v i
j(t)(η,ξ),P j(t, x)(η,ξ))≤

1

2ν+1 <
1

2ν
. (8)

The collection of open sets U i
j (η,ξ) = Qû j ,δ(η,ξ) ∩Qui

j ,ω j
(η,ξ) covers Kηξ. Let χ i

j be the

characteristic functions of the corresponding continuous partition {F j
ηξ,i} of I . Set

gν(u)(t)(η,ξ) =
∑

i, j

χ i
j(t)v

i
j(t)(η,ξ).

We claim that the functions v i
j and the map gν satisfy our induction assumptions.

Fix u and t. Whenever t belongs to J j
i (u), gν(u)(t)(η,ξ) = v i

j(t)(η,ξ) and u belongs to
Qui

j ,w j
, and by (7),

d(v i
j(t)(η,ξ),P j(t, u(t))(η,ξ))<

1

2ν
. (9)

Since P j(t, u(t))(η,ξ)⊂ P(t, u(t))(η,ξ), (8) check point (i).
To check point (ii) , assume t in I \ (E j ∪S ν). Then ρν(t) = 1

2ν−1 ,

P j(t, x)(η,ξ))⊂Qgν−1(û j)(t)(η,ξ), 1
2ν−1
=Qgν−1(u)(t)(η,ξ), 1

2ν−1

hence

d(v i
j(t)(η,ξ),Qgν−1(u)(t)(η,ξ), 1

2ν−1
(η,ξ))<

1

2ν
(10)

or

| gν(u)(t)(η,ξ)− gν−1(u)(t)(η,ξ) |<
1

2ν+1
(11)

except on an open set (E j ∪S ν) with measure at most 1
2ν

. The sequence of measurable maps
{gn(u)(.)(η,ξ)} is a Cauchy sequence converging to some measurable function that we denote
by g(u)(.)(η,ξ) and g(u)(t)(η,ξ) ∈ P(t, u(t))(η,ξ).
Let Kηξ be defined by:

Kηξ = {u(t)(η,ξ) = 〈η, u(t)ξ〉 ∈ Kηξ : u(t)(η,ξ) is Lipschitzian and u(t0)(η,ξ) = x0}.
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The continuous map ϕ : Kηξ→ Kηξ defined by ϕ(〈η, u(t)ξ〉) = 〈η,ϕ(u)(t)ξ〉

〈η,ϕ(u)(t)ξ〉= x0+

∫ t

t0

g(u)(s)(η,ξ)ds,

| 〈η,ϕ(u)(t2)ξ〉 − 〈η,ϕ(u)(t1)ξ〉 | which gives

|
∫ t2

t1

g(u)(s)(η,ξ)ds |<‖ g ‖|
∫ t2

t1

u(s)(η,ξ)ds |

∈ Kηξ.

Moreover,
d

d t
〈η,ϕ(u)(t)ξ〉= g(u)(t)(η,ξ) ∈ P(t, u(t))(η,ξ).

We are left to show the continuity of ϕ. In fact, we shall show directly that ϕ is uniformly
continuous.
From a(ii) above, for every η,ξ ∈ D⊗E, u(t)(η,ξ) ∈ Kηξ

∫

I

| gν+1(u)(s)(η,ξ)− gν(u)(s)(η,ξ) | ds ≤
2T

2ν+1 +
2M

2ν+1

=
T +M

2ν

so that
∫

I

| gn+1(u)(s)(η,ξ)− gn(u)(s)(η,ξ) | ds+

∫

I

| gn+2(u)(s)(η,ξ)− gn+1(u)(s)(η,ξ) | ds+ ...

≤ (
1

2n )(T +M)(1+
1

2
+

1

4
+ ...)

=
T +M

2n−1 ,

and since
∫

I
| gν(u)(s)(η,ξ)− g(u)(s)(η,ξ) | ds converges to 0,

| ϕ(〈η, u(t)ξ〉)−ϕ(〈η, w(t)ξ〉) |≤
∫ t

t0

| g(u)(s)(η,ξ)− g(w)(s)(η,ξ) | ds

≤
∫

I

| gn(u)(s)(η,ξ)− gn(w)(s)(η,ξ) | ds+

∫

I

| gn(u)(s)(η,ξ)− g(u)(s)(η,ξ) | ds

+

∫

I

| gn(w)(s)(η,ξ)− g(w)(s)(η,ξ) | ds

≤
∫

I

| gn(u)(s)(η,ξ)− gn(w)(s)(η,ξ) | ds+
4(T +M)

2n .
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Also, by a(ii)
∫

I

| gn(u)(s)(η,ξ)− gn(w)(s)(η,ξ) | ds ≤
2M

2n+1

=
M

2n .

Therefore | u(t)(η,ξ)−w(t)(η,ξ) |≤ δ implies, for every t ∈ I ,

| 〈η,ϕ(u)(t)ξ〉 − 〈η,ϕ(w)(t)ξ〉 | ≤
T + 5M

2n

≤ ε.

Proving the continuity of ϕ. Hence ϕ is the required selection of Fηξ.

From above we have the following existence result.

Corollary 1. For an arbitrary η,ξ ∈ D⊗E, suppose that multivalued stochastic processes

M : I × fA → 2sesq.(D⊗E)2 , M ∈ {µE,νF,σG, H}

are compact-valued, lower semicontinuous multifunction.
Let (t0, x0) ∈ I × fA .
Then the problem

dX (t) ∈ E(t, X (t))dΛπ(t) + F(t, X (t))dA f (t)

+ G(t, X (t))dA+g (t) +H(t, X (t))d t almost all t ∈ I ,

X (t0) = x0

(12)

has at least one solution defined on I lying in Ad( fA )wac ∩ L2
loc( fA ).
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1 Introduction

Impulsive differential equations model problem with impulsive effects which are
due to instantaneous perturbations at certain moments. The vast applications
of the theory of impulsive differential equations and inclusions have attracted
many authors both to deterministic and stochastic cases. The theory of impul-
sive differential equations and inclusions were extensively studied in [3] , [8] and
the references cited there. Existence of solution for integrodifferential inclusion
in infinite dimensional space without impulse effects was established in [4]. This
work is concerned with stochastic systems in infinite dimensional space. In [13],
concise study of stochastic differential equation in infinite dimensional space was
done and this will form a bedrock of this work. By Banach fixed point theo-
rem and semigroup approach, the existence of solution of nonlinear stochastic
differential inclusions was established in [1]. Stochastic systems with impulses
effects were studied in [12] with non local condition while neutral stochastic
evolution inclusions were studied in [11] both for convex and non convex cases.
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The existence of weak solution of stochastic differential inclusions has applica-
tions in stochastic control and partial differential inclusions as established in
[7]and references cited in it. The mild solution of Stochastic evolution inclu-
sions with impulsive effects considered in this work has applications to transition
semigroup and hence the Feller property of such semigroup.
The result in this work has applications in the study of control problem for a
stochastic dynamical system. The solution sets will be employed in the space
of admissible controls for the system and the impulsive effects due to the effects
of abrupt interruption of the system over certain period of time. The work also
have practical applications in the study of models of interacting species in a
random medium in which the impulsive effects are due to some environmental
factors over a period of time.
In the sequel, preliminaries necessary for the result shall be stated in section 2
and the main result will be proved in section 3.

2 Preliminaries

Let H be a real separable Hilbert space with inner product 〈., .〉 and norm
‖ . ‖ and let K be another real separable Hilbert space with inner product
〈., .〉K and norm ‖ . ‖K . L(K,H) denotes the space of bounded operators from
K to H. Let (Ω,F,Ft, P ) be a complete probability space with a filtration
{Ft} satisfying the usual condition (i.e. the filtration contains all P -null sets
and is right continuous). w(t) denotes a given K-valued Brownian motion
with a finite trace nuclear covariance operator Q ≥ 0. For σ1, σ2 ∈ L(K,H),
define 〈〈σ1, σ2〉〉= trace〈σ1Qσ

∗
2〉, where σ∗2 is the adjoint of the operator σ2.

L(K,H) with the inner product 〈〈., .〉〉 is a pre-Hilbert space, its completion
with respect to the topology induced by the Q-Hilbert-Schmidt norm ‖ . ‖Q(
‖ σ ‖2

Q= 〈〈σ, σ〉〉 <∞
)

is a Hilbert space.
We shall state some definitions and properties of multivalued maps which will
be employed in the sequel.
For a nonempty set X, let (X, d) be a metric space and P (X) denote the
nonempty family of subsets of X, we shall denote by Pcl(X) (resp. Pb,cp,cv(X))
the nonempty family of closed (resp.bounded, compact and convex)subsets of
X.
A multivalued map F : X → P (X) is closed (resp. convex)-valued if F (x)
is closed (resp. convex) for all x ∈ X. F is said to be bounded if for every
bounded set V ∈ P (X), F (V ) is bounded in X.

Electronic Journal. http://www.math.spbu.ru/diffjournal 56



Differential Equations and Control Processes, N 3, 2014

F is said to be upper semicontinuous (u.s.c) at a point point x ∈ X if x ∈ X,
F (x) is a nonempty closed subset of X and for each open set V of X containing
F (x) there exists an open neighbourhood N of x such that F (N) ⊂ V . F is
said to be u.s.c on a nonempty subset Y of X if F is u.s.c at every point y ∈ Y .
If for every bounded subset V of X, F (V ) is relatively compact then F is said
to be completely continuous. If F is continuous with nonempty compact values,
then F is u.s.c if and only if F has closed graph (i.e. xn → x, yn → y implies
y ∈ F (x)).
Let J ⊂ R be nonempty, a multivalued map F : J → Pbd,cl,cv(X) is said to be
measurable if for each x ∈ X the distance function Y : J → R defined by

Y (t) = d∗(x, F (t)) = inf{d(x, z) : z ∈ F (t)}

is measurable. All these properties of multivalued maps can be found in [2], [5]
and other standard books on set-valued analysis or differential inclusions.
We shall be concerned with the existence of mild solution of the stochastic
differential inclusions with impulsive effects:

dx(t) ∈ [Ax(t) + f(t, x(t))]dt+G(t, x(t))dw(t) a.e. t ∈ [0, T ], t 6= tk, k = 1, ...,m

4x(tk) = Ik(x(tk)), k = 1, ...,m

x(0) = ξ

(2.1)

where ξ ∈ H and A is the infinitesimal generator of an analytic semigroup of
bounded linear operators S(t), t ≥ 0,

x(t+k ) = lim
h→0+

x(tk + h) and x(tk) = lim
h→0−

x(tk + h).

The tk ≥ 0 are impulsive moments satisfying tk < tk+1 and limk→∞ tk = +∞.
The 4x(tk) = x(t+k )− x(tk) represents the jump in the state at tk.
We assume that there exists a constant M such that ‖ S(t) ‖B(H)≤M for t ∈ J
and 0 ∈ ρ(A), where B(H) denotes the space of bounded linear operators on
H and ρ(A) is the resolvent set of A.

Definition 2.1 A multivalued map F : J × X → P (X) is said to be L2-
Caratheodory if
(i) t→ F (t, u) is measurable for each u ∈ D,
(ii) u→ F (t, u) is u.s.c for almost all t ∈ J,
(iii) F is integrably bounded i.e. for each q > 0,there exists hq ∈ L1(J,R+) such
that

‖ F (t, u) ‖2= sup{‖ v ‖2: v ∈ F (t, u)} ≤ h(t) for all ‖ u ‖≤ q, a.e. t ∈ J.
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Let J = [0, b] we define PC ≡ PC
(
J, L2(Ω, H)

)
as

PC =
{
ϕ : [0, b]→ H such that ϕ is a continuous H − valued stochastic

process except for points tk, k = 1, ...,m; at which ϕ(t−k ), ϕ(t+k ) exist and

ϕ(t−k ) = ϕ(tk) a.s. sup
0≤t≤b

E | ϕ(t) |2<∞
}

PC is a Banach space with norm ‖ x ‖PC= sup0≤t≤b(E | x(t) |2) 1
2

For a multivalued map G, we define the set of selections of G; QG,x as

QG,x =
{
v(.) ∈ L2(J, LQ(K,H)) : v(t) ∈ G(t, x(t)) a.e t ∈ J

}
L2(J, LQ(K,H)) denotes the LQ(K,H)-valued functions ξ(t) satisfying∫
J | ξ(t) |

2
Q dt <∞.

Definition 2.2 By a mild solution of problem (2.1), we mean a process x ∈ PC
such that there exists a selection v(.) ∈ QG,x a.e. on J and

x(t) = S(t)ξ+

∫ t

0

S(t−s)f(s, x(s))ds+

∫ t

0

S(t−s)v(s)dw(s)+
∑

0<tk<t

S(t−tk)Ik(x(t−k )).

3 Main Results

The following hypotheses shall be employed in the main result.

Hypothesis 1 (H1): f : J × H → H is a continuous function; there exists
Lf > 0 such that

‖ f(t, x) ‖≤ Lf ‖ x ‖, x ∈ H
(H2): there exists constants ck, ck, k = 1, ...,m, such that

‖ Ik(x)− Ik(y) ‖≤ ck ‖ x− y ‖, for any x, y ∈ H and ‖ Ik(x) ‖≤ ck ‖ x ‖ .

(H3): A : D(A) ⊂ H → H is the infinitesimal generator of a strongly con-
tinuous semigroup S(t), t ≥ 0, which is compact for t > 0, and there exists a
constant M such that ‖ S(t) ‖B(H)≤M, for each t ≥ 0.
(H4): the multivalued map G : J×H → P (LQ(K,H)) is L2-Caratheodory, com-
pact and convex. There exists a continuous nondecreasing function ϕ : [0,∞)→
(0,∞), p ∈ L1(J,R+) such that

‖ G(t, x) ‖2
Q≤ p(t)ϕ(‖ x ‖2), for a.e.t ∈ J and x ∈ H
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with ∫ b

0

m(s)ds <

∫ ∞
c

du

u+ ϕ(u)
,

where

m(t) = max{M 2L2
f ,M

2p(t)}, c = M 2

[
‖ ξ ‖2 +

m∑
k=1

c2
k

]
Our main result is based on the following Bohnenblust-Karlin (Corollary 9.8,
[15] ) Theorem.

Lemma 3.1 Let X be a Banach space and K be a closed and convex subset of
X. Suppose the multivalued map Ψ : K → Pcl,cv(X) is upper semicontinuous
and the set Ψ(K) is relatively compact in X. Then Ψ has a fixed point in K.

We shall employ the following Lasota-Opial result [9].

Lemma 3.2 Let I be a compact interval and X be a Hilbert space. Let G be a
L2-Caratheodory multivalued map with QG,x 6= ∅ and ζ be a linear continuous
mapping from L2(I,X) to C(I,X). Then the operator

ζ ◦QG : C(I,X)→ Pb,cl,cv(C(I,X)), x→ (ζ ◦QG)(x) = ζ(QG)(x)

is a closed graph operator in C(I,X)× C(I,X).

We now state and the prove the existence result.

Theorem 3.1 Assume that conditions H1, H2, H3 and H4 hold, then problem
(2.1) has at least one mild solution.

Proof 1 The problem will be transformed to a fixed point problem.
Define the map Φ : PC

(
J, L2(Ω, H)

)
→ P(PC(J, L2(Ω, H))) by

Ψ(x) =

{
h ∈ PC(J, L2(Ω, H)) : h(t) = S(t)ξ +

∫ t

0

S(t− s)f(s, x(s))ds

+

∫ t

0

S(t− s)v(s)dw(s)

+
∑

0<tk<t

S(t− tk)Ik(x(t−k )); v(.) ∈ QG,x

}
(3.1)
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Let

K =

{
x ∈ PC(J, L2(Ω, H)) :‖ x ‖2

PC≤ r(t), t ∈ J
}

where

I(z) =

∫ z

c

du

u+ ϕ(u)
, I(r(t)) =

∫ t

0

m(s)ds

K is a closed and bounded convex subset of PC(J, L2(Ω, H)). Let
k∗ = sup{‖ x ‖2

PC : x ∈ K}. We have to show that Ψ(K) ⊂ K, Ψ is relatively
compact and upper semicontinuous. The proof is divided to steps.
Step 1: Ψ(K) ⊂ K.
For a fixed t ∈ J , let x ∈ K be arbitrarily chosen, we show that Ψ(x) ∈ K. For
each t ∈ K, there exists v(.) ∈ QG,x

h(t) = S(t)ξ +

∫ t

0

S(t− s)f(s, x(s))ds+

∫ t

0

S(t− s)v(s)dw(s)

+
∑

0<tk<t

S(t− tk)Ik(x(t−k ));

Then

‖ h(t) ‖2 = sup
t∈J

E | h(t) |2

≤ sup
t∈J

(
E | S(t)ξ |2 +

∫ t

0

E | S(t− s)f(s, x(s)) |2 ds

+

∫ t

0

E | S(t− s)v(s) |2 dw(s) +
∑

0<tk<t

E | S(t− tk)Ik(x(t−k )) |2
)

≤M 2 ‖ ξ ‖2 +M 2
m∑
k=1

c2
k +

∫ t

0

M 2L2
f ‖ x(s) ‖2 +M 2p(s)ϕ(‖ x(s) ‖2)ds

≤M 2 ‖ ξ ‖2 +M 2
m∑
k=1

c2
k +

∫ t

0

m(s)(‖ x(s) ‖2 +ϕ(‖ x(s) ‖2))ds

≤ c+

∫ t

0

m(s)(r(s) + ϕ(r(s)))ds

= c+

∫ t

0

r′(s)ds

= r(t),

(
since

∫ r(s)

c

du

u+ ϕ(u)
=

∫ s

0

m(τ)dτ

)
Hence Ψ(x) ∈ K. Since it is true for any x ∈ K, Ψ(K) ⊂ K. Therefore
Ψ : K → K. Step 2.: Ψ(K) is relatively compact.
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Let τ1, τ2 ∈ J , τ1 < τ2, and ε > 0 with 0 < ε ≤ τ1 < τ2. Let x ∈ K and h ∈ Ψ(x).
Then there exists v ∈ QG,x such that for each t ∈ J we have

‖ h(τ2)− h(τ1) ‖2 = E sup
t∈J
| h(τ2)− h(τ1) |2

≤ sup
t∈J

(
E | S(τ2)ξ − S(τ1)ξ |2

+

∫ τ1−ε

0

E | (S(τ2 − s)− S(τ1 − s))f(s, x(s)) |2 ds

+

∫ τ1−ε

τ1

E | (S(τ2 − s)− S(τ1 − s))f(s, x(s)) |2 ds

+

∫ τ2

τ1

E | S(τ2 − s)f(s, x(s)) |2 ds

+

∫ τ1−ε

0

E | (S(τ2 − s)− S(τ1 − s))v(s) |2 dw(s)

+

∫ τ1−ε

τ1

E | (S(τ2 − s)− S(τ1 − s))v(s) |2 dw(s)

+

∫ τ2

τ1

E | S(τ2 − s)v(s) |2 dw(s)

+M 2c2
k(τ2 − τ1) +

∑
0<tk<τ1

(
E | (S(τ2 − tk)− S(τ1 − tk))Ik(xt−k ) |2

))
≤‖ S(τ2)ξ − S(τ1)ξ ‖2

+

∫ τ1−ε

0

‖ (S(τ2 − s)− S(τ1 − s))f(s, x(s)) ‖2 ds

+

∫ τ1−ε

τ1

‖ (S(τ2 − s)− S(τ1 − s))f(s, x(s)) ‖2 ds

+

∫ τ2

τ1

‖ S(τ2 − s)f(s, x(s)) ‖2 ds

+

∫ τ1−ε

0

‖ (S(τ2 − s)− S(τ1 − s)) ‖2‖ v(s) ‖2 ds

+

∫ τ1−ε

τ1

‖ (S(τ2 − s)− S(τ1 − s)) ‖2‖ v(s) ‖2 ds

+

∫ τ2

τ1

‖ S(τ2 − s) ‖2‖ v(s) ‖2 ds

+M 2c2
k(τ2 − τ1) +

∑
0<tk<τ1

c2
k ‖ S(τ2 − tk)− S(τ1 − tk) ‖2
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The right hand side tends to zero as τ2 → τ1 and for ε sufficiently small, since
S(t) is a strongly continuous operator and compactness of S(t), for t > 0, im-
plies the continuity in the uniform operator topology. This proves the equicon-
tinuity for the case t 6= ti, i = 1, ...,m. To prove the equicontinuity at t = ti,
by Arzela-Ascoli theorem, it suffices to show that Ψ maps K into a precompact
set in L2(Ω, H). Let 0 < t ≤ b be fixed and let ε be a real number satisfying
0 < ε < t. For x ∈ K, we define

hε(t) = S(t)ξ + S(ε)

∫ t−ε

0

S(t− s− ε)f(s, x(s))ds

+ S(ε)

∫ t−ε

0

S(t− s− ε)v(s)ds

+ S(ε)
∑

0<tk<t−ε
S(t− tk − ε)Ik(x(t−k ))

where v ∈ QG,x. Since S(t) is a compact operator, the set Hε(t) = {hε(t) : hε ∈
Ψ(x)} is precompact in L2(Ω, H) for every ε, 0 < ε < t. Moreover, for every
h ∈ Ψ(x), we have

‖ hε(t)− h(t) ‖2 ≤ L2
fk
∗
∫ t

t−ε
‖ S(t− s) ‖2 ds

+

∫ t

t−ε
‖ S(t− s) ‖2| r(s) | ds

+
∑

t−ε≤tk<t
c2
k ‖ S(t− tk) ‖2

Therefore there are precompact sets arbitrarily close to the set {h(t) : h ∈ Ψ(x)}.
Hence the set {h(t) : h ∈ Ψ(x)} is precompact in L2(Ω, H).
Step 3: To show that Ψ is upper semicontinuous, it suffices to show that it has
a closed graph.
Let xn → x∗, hn ∈ Ψ(xn) and hn → h∗. We will prove that h∗ ∈ Ψ(x∗).
hn ∈ Ψ(xn) means that there exists vn ∈ QG(xn) such that, for each t ∈ J,

hn(t) = S(t)ξ +

∫ t

0

S(t− s)f(s, xn(s))ds+

∫ t

0

S(t− s)vn(s)ds

+
∑

0<tk<t

S(t− tk)Ik(xn(t−k )).
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We must prove that there exists v∗ ∈ QG(x∗) such that, for each t ∈ J

h∗(t) = S(t)ξ +

∫ t

0

S(t− s)f(s, x∗(s))ds+

∫ t

0

S(t− s)v∗(s)ds

+
∑

0<tk<t

S(t− tk)Ik(x∗(t−k )).

Consider the linear and continuous operator ρ : L2(J, LQ(K,H)) →
PC(J, L2(Ω, H)), defined by

(ρv)(t) =

∫ t

0

S(t− s)v(s)dw(s).

We have

E |
(
hn(t)− S(t)ξ −

∫ t

0

S(t− s)f(s, xn(s))ds

−
∑

0<tk<t

S(t− tk)Ik(xn(t−k ))
)
−
(
h∗(t)− S(t)ξ

−
∫ t

0

S(t− s)f(s, x∗(s))ds−
∑

0<tk<t

S(t− tk)Ik(x∗(t−k ))
)
|2

= E | hn(t)− h∗(t) +

∫ t

0

S(t− s)
(
f(s, xn(s))− f(s, x∗(s))

)
ds |2

≤ 2E | hn − h∗ |2 +2L2
f

∫ t

0

‖ xn − x∗ ‖2→ 0 as n→∞.

Now, we have

hn(t)− S(t)ξ −
∫ t

0

S(t− s)f(s, xn(s))ds ∈ ρ ◦QG(xn)

from Lemma 3.2, so ρ ◦QG is a closed graph operator.
Since xn → x∗, hn → h∗, there exist v∗ ∈ QG,x∗ such that

h∗ − S(t)ξ −
∫ t

0

S(t− s)f(s, x∗(s))ds =

∫ t

0

S(t− s)v∗(s)dw(s)

Then Ψ is upper semicontinuous and by Lemma 3.1, there exists a fixed point
which is a mild solution of problem (2.1)

Example
Consider for problem (2.1), G(t,X) which is lower semicontinuous and has
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continuous selection g(X(t)) and let f(t,X) ≡ f(X(t)). We have

dX(t) = [AX(t) + f(X(t))]dt+ g(X(t))dw(t) a.e. t ∈ [0, T ], t 6= tk, k = 1, ...,m

4X(tk) = Ik(X(tk)), k = 1, ...,m

X(0) = ξ ∈ H
(3.2)

The mild solution of the problem (3.2) is a process X(t) such that

X(t) = S(t)ξ+

∫ t

0

S(t−s)f(X(s))ds+

∫ t

0

S(t−s)g(s)dw(s)+
∑

0<tk<t

S(t−tk)Ik(X(t−k )).

We define the transition semigroup corresponding to this mild solution as fol-
lows:
Let Bb(H) = {ψ : H → R;ψ is bounded and Borel measurable}. For any
ϕ ∈ Bb, we define

Ptϕ(ξ) = E(ϕ(X(ξ)(t))), t ∈ [0, T ], ξ ∈ H, t 6= tk

Then Pt, t ∈ [0, T ], t 6= tk has a semigroup property, i.e. for all ξ ∈ H, and
s, t ∈ [0, T ], s, t 6= tk with s+ t ∈ [0, T ], (s+ t) 6= tk.
Under appropriate assumptions, the function Ptϕ is globally Lipschitz in H,
which means that the semigroup is strong Feller [6] .
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ABSTRACT. This work is concerned with the existence of so-
lution of Quantum stochastic differential inclusions in the sense
of Caratheodory. The multivalued stochastic process involved
which is non-convex is Scorza-Dragoni lower semicontinuous
(SD-l.s.c.) hence giving rise to a directionally continuous se-
lection. The Quantum stochastic differential inclusion is driven
by annihilation, creation and gauge operators.
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Scorza Dragoni’s property, quantum stochastic processes.
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1. INTRODUCTION

The vast applications of differential inclusions in control theory,
economic model, evolution inclusions to mention a few, had made
the study of differential inclusions of great interest [1], [8], [18].
Likewise, the quantum stochastic differential inclusions which is a
multivalued generalization of quantum stochastic differential equa-
tion of Hudson and Parthasarathy has vast applications. This ex-
tension was first done in [9] in which the existence of solutions of
Lipschitzian quantum stochastic differential inclusions was estab-
lished. The study of solution set of this problem was done in [2], [3]
and references cited there. The case of discontinuous quantum sto-
chastic differential inclusions has application in the study of optimal
quantum stochastic control [15]. The quantum stochastic calculus
is driven by quantum stochastic processes called annihilation, cre-
ation and gauge arising from quantum field operators.
A multivalued map that is lower semicontinuous and convex-valued
has continuous selection by Michael selection theorem, but if the
convexity is dropped the continuous selection does not exist. But
for a differential inclusion with lower semicontinuous multifunction
that is not convex-valued, there is an analogue of Michael selection

Received by the editors April 20, 2012; Revised: May 31, 2012; Accepted: June 6,
2012
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theorem called the directionally continuous selection [4] which gave
rise to a class of discontinuous differential equations. A more gen-
eral case of this selection for infinite dimensional space is found in
[5].
The quantum stochastic differential inclusions considered in this
work has its coefficients to be multivalued stochastic processes that
have a special form of lower semicontinuity called Scorza-Dragoni
lower semicontinuous case. It is noteworthy that the Scorza-Dragoni
property is a multivalued generalization of Lusin property[14]. The
directionally continuous selection of the Scorza-Dragoni of the mul-
tifunction gave rise to a class of quantum stochastic differential
equations considered in [16] which have solutions in the sense of
Caratheodory. Apart from the application of this work in quantum
stochastic control, another motivation for the work is the applica-
tion of the results in the study of non-convex quantum stochastic
evolution inclusions which shall be considered in a later work.
In section 2 we give preliminaries which are essential for the work
and we prove the main results in section 3.

2. PRELIMINARY

In what follows, if U is a topological space, we denote by clos(U),
the collection of all non-empty closed subsets of U.
To each pair (D,H) consisting of a pre-Hilbert space D and its
completion H , we associate the set L+

w(D,H) of all linear maps x
from D into H , with the property that the domain of the operator
adjoint contains D. The members of L+

w(D,H) are densely-defined
linear operators on H which do not necessarily leave D invariant
and L+

w(D,H) is a linear space when equipped with the usual no-
tions of addition and scalar multiplication.
To H corresponds a Hilbert space Γ(H) called the boson Fock space
determined by H . A natural dense subset of Γ(H) consists of linear
space generated by the set of exponential vectors(Guichardet, [12])
in Γ(H) of the form

e(f) =

∞⊕
n=0

(n!)−
1
2

n⊗
f, f ∈ H

where
⊗0 f = 1 and

⊗n f is the n-fold tensor product of f with
itself for n ≥ 1.
In what follows, D is some pre-Hilbert space whose completion is
R and γ is a fixed Hilbert.
L2
γ(R+)(resp. L2

γ([0, t)), resp. L2
γ([t,∞)) t ∈ R+) is the space of
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square integrable γ-valued maps on R+ (resp.[0, t), resp.[t,∞)).
The inner product of the Hilbert space R ⊗ Γ(L2

γ(R+)) will be
denoted by 〈., .〉 and ‖ . ‖ the norm induced by 〈., .〉 .
Let E,Et and Et, t > 0 be linear spaces generated by the exponential
vectors in Fock spaces Γ(L2

γ(R+)),Γ(L
2
γ([0, t))) and Γ(L2

γ([t,∞)))
respectively ;

A ≡ L+
w(D⊗E,R⊗ Γ(L2

γ(R+)))

At ≡ L+
w(D⊗Et,R⊗ Γ(L2

γ([0, t))))⊗ I
t

At ≡ It ⊗ L+
w(E

t,Γ(L2
γ([t,∞)))), t > 0

where ⊗ denotes algebraic tensor product and It(resp.I
t) denotes

the identity map on R⊗ Γ(L2
γ([0, t))))(resp.Γ(L

2
γ([t,∞)))), t > 0

For every η, ξ ∈ D⊗E define

‖ x ‖η,ξ=| 〈η, xξ〉 |, x ∈ A

then the family of seminorms

{‖ . ‖ηξ: η, ξ ∈ D⊗E}

generates a topology τw , weak topology .
The completion of the locally convex spaces (A, τw) , (At, τw) and

(At, τw) are respectively denoted by Ã , Ãt and Ãt.

We define the Hausdorff topology on clos(Ã) as follows:

For x ∈ Ã , M,N ∈ clos(Ã) and η, ξ ∈ D⊗E, define

ρηξ(M,N ) ≡ max(δηξ(M,N ), δηξ(N ,M))

where

δηξ(M,N ) ≡ sup
x∈M

dηξ(x,N ) and

dηξ(x,N ) ≡ inf
y∈N

‖ x− y ‖ηξ .

The Hausdorff topology which shall be employed in what follows,
denoted by, τH , is generated by the family of pseudometrics {ρηξ(.) :
η, ξ ∈ D⊗E}
Moreover, if M ∈ clos(Ã) , then ‖ M ‖ηξ is defined by

‖ M ‖ηξ≡ ρηξ(M, {0});
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for arbitrary η, ξ ∈ D⊗E.
For A,B ∈ clos(C) and x ∈ C , a complex number, define

d(x,B) ≡ inf
y∈B

| x− y |
δ(A,B) ≡ sup

x∈A
d(x,B)

and ρ(A,B) ≡ max(δ(A,B), δ(B,A)).

Then ρ is a metric on clos(C) and induces a metric topology on the
space.

Let I ⊆ R+. A stochastic process indexed by I is an Ã-valued mea-
surable map on I.

A stochastic process X is called adapted if X(t) ∈ Ãt for each t ∈ I.

We write Ad(Ã) for the set of all adapted stochastic processes in-
dexed by I.

Definition 1: A member X of Ad(Ã) is called
(i) weakly absolutely continuous if the map t �→ 〈η,X(t)ξ〉 , t ∈ I
is absolutely continuous for arbitrary η, ξ ∈ D⊗E

(ii) locally absolutely p-integrable if ‖ X(.) ‖pηξ is Lebesgue - mea-
surable and integrable on [0, t) ⊆ I for each t ∈ I and arbitrary
η, ξ ∈ D⊗E.

We denote by Ad(Ã)wac(resp.L
p
loc(Ã)) the set of all weakly, abso-

lutely continuous(resp. locally absolutely p-integrable) members of

Ad(Ã).
Stochastic integrators : Let L∞

γ,loc(R+) [resp.L
∞
B(γ),loc(R+)] be the lin-

ear space of all measurable , locally bounded functions from R+ to
γ [resp. to B(γ) , the Banach space of bounded endomorphisms of
γ]. If f ∈ L∞

γ,loc(R+) and π ∈ L∞
B(γ),loc(R+) , then πf is the member

of L∞
γ,loc(R+) given by (πf)(t) = π(t)f(t) , t ∈ R+.

For f ∈ L2
γ(R)+ and π ∈ L∞

B(γ),loc(R+); the annihilation , creation

and gauge operators, a(f), a+(f) and λ(π) in L+
w(D,Γ(L

2
γ(R)+))

respectively, are defined as:

a(f)e(g) = 〈f, g〉L2
γ(R+)e(g)

a+(f)e(g) =
d

dσ
e(g + σf) |σ=0

λ(π)e(g) =
d

dσ
e(eσπf) |σ=0

g ∈ L2
γ(R)+

For arbitrary f ∈ L∞
γ,loc(R+) and π ∈ L∞

B(γ),loc(R+) , they give rise
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to the operator-valued maps Af , A
+
f and Λπ defined by:

Af(t) ≡ a(fχ[0,t))

A+
f (t) ≡ a+(fχ[0,t))

Λπ(t) ≡ λ(πχ[0,t))

t ∈ R+ , where χI denotes the indicator function of the Borel set I ⊆
R+. The maps Af , A

+
f and Λπ are stochastic processes , called anni-

hilation, creation and gauge processes , respectively, when their val-
ues are identified with their amplifications onR⊗Γ(L2

γ(R+)). These
are the stochastic integrators in Hudson and Parthasarathy[13] for-
mulation of boson quantum stochastic integration.

For processes p, q, u, v ∈ L2
loc(Ã), the quantum stochastic integral:

∫ t

t0

(
p(s)dΛπ(s) + q(s)dAf(s) + u(s)dA+

g (s) + v(s)ds
)
, t0, t ∈ R+

is interpreted in the sense of Hudson-Parthasarathy[13] The defini-
tion of Quantum stochastic differential Inclusions follows as in [9].
A relation of the form

dX(t) ∈ E(t, X(t))dΛπ(t) + F (t, X(t))dAf(t)

+G(t, X(t))dA+
g (t) +H(t, X(t))dt almost all t ∈ I

X(t0) = x0

(1)

is called Quantum stochastic differential inclusions(QSDI) with co-
efficients E, F,G,H and initial data (t0, x0).
Equation(1) is understood in the integral form:

X(t) ∈ x0 +

∫ t

t0

(
E(s,X(s))dΛπ(s) + F (s,X(s))dAf(s)

+G(s,X(s))dA+
g (s) +H(s,X(s))ds

)
, t ∈ I

called a stochastic integral inclusion with coefficients E, F,G,H and
initial data (t0, x0)
An equivalent form of (1) has been established in [9], Theorem 6.2
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as :

(μE)(t, x)(η, ξ) = {〈η, μαβ(t)p(t, x)ξ〉 : p(t, x) ∈ E(t, x)}
(νF )(t, x)(η, ξ) = {〈η, νβ(t)q(t, x)ξ〉 : q(t, x) ∈ F (t, x)}
(σG)(t, x)(η, ξ) = {〈η, σα(t)u(t, x)ξ〉 : u(t, x) ∈ G(t, x)}

P(t, x)(η, ξ) = (μE)(t, x)(η, ξ) + (νF )(t, x)(η, ξ)

+ (σG)(t, x)(η, ξ) +H(t, x)(η, ξ)

H(t, x)(η, ξ) = {v(t, x)(η, ξ) : v(., X(.))

is a selection of H(., X(.))∀ X ∈ L2
loc(Ã)}

(2)

Then Problem (1) is equivalent to

d

dt
〈η,X(t)ξ〉 ∈ P(t, X(t))(η, ξ)

X(t0) = x0

(3)

for arbitrary η, ξ ∈ D⊗E , almost all t ∈ I. Hence the existence
of solution of (1) implies the existence of solution of (3) and vice-
versa.
As explained in [9], for the map P,

P(t, x)(η, ξ) �= P̃(t, 〈η, xξ〉)
for some complex-valued multifunction P̃ defined on I×C for t ∈ I,
x ∈ Ã, η, ξ ∈ D⊗E.
Definition 2: For an arbitrary η, ξ ∈ D⊗E, let M > 0 , we define
a set ΓM

ηξ , as

ΓM
ηξ = {(t, x) ∈ I × Ã :| 〈η, xξ〉 |≤ Mt}

Let (t0, x0) ∈ I×Ã and ε > 0. For an arbitrary η, ξ ∈ D⊗E, (t0, x0)

∈ I × Ã and δ > 0, the family of conical neighbourhoods;

ΓM
ηξ((t0, x0), δ) = {(t, x) ∈ I × Ã :‖ x− x0 ‖ηξ≤ M(t− t0),

t0 ≤ t < t0 + δ}
generates a topology, τ+, which satisfies the following property:
(P) For every pair of sets A ⊂ B, with A closed and B open(in the
original topology), there exists a set C, closed-open with respect to
τ+, such that A ⊂ C ⊂ B.
This topology follows from [5] and the references cited there.
Definition 3: (i) For an arbitrary pair η, ξ ∈ D⊗E a map Φ : I ×
Ã → Ã will be said to be ΓM

ηξ -continuous(directionally continuous
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or τ+-continuous) at a point (t0, x0) ∈ I × Ã , if for every ε > 0
there exists δ > 0 such that

‖ Φ(t, x)− Φ(t0, x0) ‖ηξ≤ ε if t0 ≤ t ≤ t0 + δ and ‖ x− x0 ‖ηξ
≤ M(t− t0)

(ii) For an arbitrary η, ξ ∈ D⊗E, S ⊂ Ã, a sesquilinear-form valued

map Ψ : S → 2sesq(D⊗E)2 will be said to be lower semicontinuous on
S if for every closed subset C of C the set {s ∈ S : Ψ(s)(η, ξ) ⊂ C}
is closed in S.
We remark that if E, F,G,H are lower semicontinuous on S, then
the sesquilinear-form valued P is lower semicontinuous on S.
A multivalued generalization of Lusin property which is called Scor-
za - Dragoni property [14] employed in [6] is used to define the form
of lower semicontinuity in this work. The well-known Lusin prop-
erty is the following.
Definition 4:(Lusin’s property)LetX and Y be two separable met-
ric spaces and let f : I ×X → Y be function such that
(i)t → f(t, u) is measurable for every u ∈ X
(ii) u → f(t, u) is continuous for almost every t ∈ I , I ⊆ R+.
Then, for each ε > 0, there exists a closed set A ⊆ I such that
λ(I \A) < ε , (λ is the Lebesgue measure on R) and the restriction
of f to A×X is continuous.

Definition 5: A sequilinear- form valued map Ψ : [0, T ] × Ã →
2sesq(D⊗E)2 is Scorza-Dragoni lower semicontinuous (SD-l.s.c.) on

[0, T ] × Ã if there exists a sequence of disjoint compact sets Jn ⊂
[0, T ], with meas([0, T ] \⋃n∈NJn) = 0 such that Ψ is lower semicon-

tinuous on each set Jn × Ã.
If Ψ is lower semicontinuous and convex-valued then by Michael se-
lection theorems, there exists continuous selection of Ψ. But if the
convexity is removed and Ψ is not decomposable valued multifunc-
tion then the existence of continuous selection is not guaranteed.
However, a non-convex analogue of Michael selection is Directional
continuous selection result in [4] and for infinite dimensional space
in [5]. We established in this work that such selection exists for
SD-lsc multivalued stochastic process.
For an arbitrary η, ξ ∈ D⊗E , if Ψ ∈ μE, νF, σG,H appearing in
(1) are SD-lsc then the map (t, x) → P(t, x)(η, ξ) is SD-lsc.
A quantum stochastic differential inclusion will be said to be SD-
lower semicontinuous if the coefficients are SD-lsc.

3. MAIN RESULTS
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Theorem 1: For almost all t ∈ I, η, ξ ∈ D⊗E. Suppose the
following holds:
(i) The maps X → Ψ(t, X)(η, ξ), Ψ ∈ {μE, νF, σG,H} are non-
empty lower semicontinuous multivalued stochastic processes
(ii)The maps t → Ψ(t, X)(η, ξ) are closed

(iii) τ+ is a topology on I × Ã with property (P).
Then the sesquilinear form valued multifunction, (t, X(t)) →
P(t, X(t))(η, ξ)

P(t, X(t))(η, ξ) = (μE)(t, X(t))(η, ξ) + (νF )(t, X(t))(η, ξ)

+ (σG)(t, X(t))(η, ξ) +H(t, X(t))(η, ξ)

admits a τ+-continuous selection.
Proof: P is non-empty , since each of Ψ ∈ {μE, νF, σG,H} is non-
empty.
Therefore, P is a non-empty lower semicontinuous sesquilinear form-
valued multifunction.
We shall employ a similar procedure as in the proof of Theorem 3.2
in [5] to construct a τ+-continuous ε-approximate selections Pε of P,
hence by inductive hypothesis we obtain a τ+-continuous selection
P of P.
Let ε > 0 be fixed , since X → P(t, X)(η, ξ) is lower semicontinuous

, for every X(t) ∈ Ã , we choose point yηξ,X(t) ∈ P(t, X(t))(η, ξ)
and neighbourhood UX of X(t) such that

inf
yηξ,P(t)∈P(t,X(t′))(η,ξ)

| yηξ,X(t)− yηξ,P(t) |< ε ∀ X(t′) ∈ UX (4)

Now , let (Vα)α∈βε be a local finite open refinement of (UX)X(t)∈ ˜A ,

with Vα ⊂ UXα , and let (Wα)α∈βε be another open refinement such
that cl(Wα) ⊂ Vα for all α ∈ βε. By property (P), for each α , we
can choose a set Zα , clopen w.r.t. τ+, such that

cl(Wα) ⊂ int(Zα) ⊂ cl(Zα) ⊂ Vα (5)

Then (Zα)α is a local finite τ+ clopen covering of Ã . Let � be a
well-ordering of the set βε, define for each α ∈ βε ,

Ωε
α = Zα \ (

⋃
λ<α

Zλ)

Set Oε = (Ωε
α), α ∈ βε. By well-ordering , every x ∈ Ã belongs to

exactly one set Ωε
α where α = min{α ∈ βε : x ∈ Zα}. Hence , Oε

is a partition of Ã. Moreover, since Zα is locally finite(wrt τ and
therefore wrt τ+), the sets

⋃
λ<α Zλ are τ+ clopen. Hence Oε is a

τ+ clopen disjoint covering of Ã such that, {cl(Ωε
α)} refines (Vα)α.
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By setting yεηξ,α = yηξ,Xα and Pε(t, X(t))(η, ξ) = yηξ,Xα, ∀α ∈ βε

we have τ+ continuous function Pε, which by (4), satisfies

inf
yηξ,P(t)∈P(t,X(t))(η,ξ)

| Pε(t, X(t))(η, ξ)− yηξ,P(t) |< ε

Therefore , there exists an ε-approximate selection Pε of P.
Since ε was arbitrarily chosen ,thus we have a τ+-continuous selec-
tion P of P. �
Theorem 2: Suppose the following holds for an arbitrary η, ξ ∈
D⊗E, Ψ ∈ {μE, νF, σG,H} :

(i) t → Ψ(t, X(t))(η, ξ) are measurable for all X ∈ Ã
(ii) X → Ψ(t, X(t))(η, ξ) are SD-lower semicontinuous with respect
to a seminorm ‖ . ‖ηξ , for almost all t ∈ I
(iii) Ψ are integrably bounded, that is, there exists LΨ

ηξ(t) ∈ L1(I)

such that, a.e. t ∈ I, for all X ∈ Ã,

inf
y∈Ψ(t,x)(η,ξ)

| y |≤ LΨ
ηξ(t).

Then the SD-lower semicontinuous quantum stochastic differential
inclusions

d

dt
〈η,X(t)ξ〉 ∈ P(t, X(t))(η, ξ)

X(t0) = x0

(6)

has an adapted weakly absolutely continuous solution in the sense
of Caratheodory.
Proof: Since for arbitrary η, ξ ∈ D⊗E, Ψ ∈ μE, νF, σG,H are SD-
lower semicontinuous then P(t, x)(η, ξ) is SD-lower semicontinuous,

∀x ∈ Ã, a.e. t ∈ I. The sequence of disjoint compact sets Jn =⋂
Ψ JΨ

n and meas(I \ ∪n∈NJn) = 0 such that P(., .)(η, ξ) restricted

to Ωn = Jn × Ã is lower semicontinuous, with respect to ‖ . ‖ηξ.
Also, suppose Lηξ = 5maxLΨ

ηξ(t), then a.e. t ∈ I,

inf
y∈P(t,x)(η,ξ)

| y |≤ Lηξ(t),

for all X ∈ Ã
For each n ≥ 1, we can apply Theorem (1) and obtain τ+-continuous
selections Pn ∈ P.
For an arbitrary selection g from P, if we define

P (t, X)(η, ξ) =

{
Pn(t, X)(η, ξ) if t ∈ Jn,

g(t, X)(η, ξ) if t �∈ ∪n∈NJn
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then P is a τ+-continuous selection of P, such that | P (t, x)(η, ξ) |≤
Lηξ(t) < Ln,ηξ, for every (t, X) ∈ I × Ã, η, ξ ∈ D⊗E.
Then by applying Lusin’s property to each bound of Ln,ηξ, n ∈ N

the set of solutions of τ+-continuous quantum stochastic differential
equations is the solution set of (6) in the sense of Caratheodory. �
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Abstract. In this paper we established the existence of solutions of Lower semicontinuous quantum
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operator was established. This selection which is an adapted stochastic process is a solution of the
Lower semicontinuous quantum stochastic differential inclusions.
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1. Introduction

The theory of quantum stochastic differential inclusions is a multivalued analogue of quan-
tum stochastic calculus of Hudson and Parthasarathy formulation [9]. The theory of differen-
tial inclusions has vast applications and one of its motivations is the application in the study of
control theory. In [5] the existence of solutions of quantum stochastic differential inclusions
with Lipschitzian coefficients lying in certain locally convex spaces was established. A further
study of this quantum stochastic differential inclusions was done in [6] with hypermaximal
monotone type and in [7] for evolution type. The topological properties of solution sets and
existence of continuous selections of the solution sets for the Lipschitzian quantum stochastic
differential inclusions were established in [2] and [3].
For a classical differential inclusion the existence of solutions of discontinuous cases, up-
per and lower semicontinuous differential inclusions were established in [1] and [4]. These
weaker forms of regularity of the coefficients are also applicable in the study of optimal quan-
tum stochastic control theory [10]. The aim of this work is to establish the existence of
solution of Lower semicontinuous quantum stochastic differential inclusions. We first define
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an integral operator which is a mapping consisting of adapted stochastic processes and es-
tablished the existence of a continuous map which is a selection of the mapping. Hence we
established the existence of at least a solution of the Lower semicontinuous quantum stochas-
tic differential inclusions. This is a generalization of the result in [1] to our non commutative
setting. This will lead in a later work to further applications of quantum stochastic calculus
to quantum stochastic differential equations with discontinuous coefficients, solutions of per-
tinent quantum stochastic control problems and quantum optics. In sequel the work shall be
arranged as follows: section 2 shall be for preliminaries on notations and definitions while
section 3 shall be for our main results.

2. Preliminaries

In this section we state the definitions and notations which shall be employed in the sequel.

2.1. Notations

In what follows, if U is a topological space, we denote by clos(U), the collection of all
non-empty closed subsets of U .
To each pair (D, H) consisting of a pre-Hilbert space D and its completion H, we associate the
set L+w(D, H) of all linear maps x from D into H, with the property that the domain of the
operator adjoint contains D. The members of L+w(D, H) are densely-defined linear operators
on H which do not necessarily leave D invariant and L+w(D, H) is a linear space when equipped
with the usual notions of addition and scalar multiplication.
To H corresponds a Hilbert space Γ(H) called the boson Fock space determined by H. A
natural dense subset of Γ(H) consists of linear space generated by the set of exponential
vectors(Guichardet, [8]) in Γ(H) of the form

e( f ) =
∞
⊕

n=0

(n!)−
1
2

n
⊗

f , f ∈ H,

where
⊗0 f = 1 and

⊗n f is the n-fold tensor product of f with itself for n≥ 1.
In what follows, D is some pre-Hilbert space whose completion is R and γ is a fixed Hilbert
space.
L2
γ(R+)(resp. L2

γ([0, t)), resp. L2
γ([t,∞)) t ∈ R+) is the space of square integrable γ-valued

maps on R+ (resp .[0, t), resp. [t,∞)).
The inner product of the Hilbert space R ⊗ Γ(L2

γ(R+)) will be denoted by 〈., .〉 and ‖ . ‖ the
norm induced by 〈., .〉 .
Let E,Et and Et , t > 0 be linear spaces generated by the exponential vectors in Fock spaces
Γ(L2

γ(R+)),Γ(L
2
γ([0, t))) and Γ(L2

γ([t,∞))) respectively ;

A ≡ L+w(D⊗E,R ⊗Γ(L
2
γ(R+)))

At ≡ L+w(D⊗Et ,R ⊗Γ(L2
γ([0, t))))⊗ It

A t ≡ It ⊗ L+w(E
t ,Γ(L2

γ([t,∞)))), t > 0
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where ⊗ denotes algebraic tensor product and It(resp.It) denotes the identity map on R ⊗
Γ(L2

γ([0, t))))(resp .Γ(L2
γ([t,∞)))), t > 0 For every η,ξ ∈ D⊗E define

‖ x ‖ηξ=| 〈η, xξ〉 |, x ∈A

then the family of seminorms
{‖ . ‖ηξ: η,ξ ∈ D⊗E}

generates a topology τw , weak topology .
The completion of the locally convex spaces (A ,τw) , (At ,τw) and (A t ,τw) are respectively
denoted by fA , fAt and fA t .
We define the Hausdorff topology on clos( fA ) as follows:
For x ∈ fA ,M ,N ∈ clos( fA ) and η,ξ ∈ D⊗E, define

ρηξ(M ,N )≡max(δηξ(M ,N ),δηξ(N ,M )),

where

δηξ(M ,N )≡ sup
x∈M

dηξ(x ,N ),

and

dηξ(x ,N )≡ inf
y∈N
‖ x − y ‖ηξ .

The Hausdorff topology which shall be employed in what follows, denoted by, τH , is gener-
ated by the family of pseudometrics {ρηξ(.) : η,ξ ∈ D⊗E}. Moreover, ifM ∈ clos( fA ), then
‖M ‖ηξ is defined by

‖M ‖ηξ≡ ρηξ(M , {0});

for arbitrary η,ξ ∈ D⊗E.
For A, B ∈ clos(C) and x ∈ C , a complex number, define

d(x , B)≡ inf
y∈B
| x − y |,

δ(A, B)≡ sup
x∈A

d(x , B),

and

ρ(A, B)≡max(δ(A, B),δ(B, A)).

Then ρ is a metric on clos(C) and induces a metric topology on the space. We also define:

dηξ((t, x), (t0, x0)) =max{| t − t0 |,‖ x − x0 ‖ηξ}.

Let I ⊆ R+. A stochastic process indexed by I is an fA -valued measurable map on I .
A stochastic process X is called adapted if X (t) ∈ fAt for each t ∈ I .
We write Ad( fA ) for the set of all adapted stochastic processes indexed by I .
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Definition 1. A member X of Ad( fA ) is called

(i) weakly absolutely continuous if the map t 7→ 〈η, X (t)ξ〉 , t ∈ I is absolutely continuous for
arbitrary η,ξ ∈ D⊗E,

(ii) locally absolutely p-integrable if ‖ X (.) ‖p
ηξ

is Lebesgue -measurable and integrable on
[0, t)⊆ I for each t ∈ I and arbitrary η,ξ ∈ D⊗E.

We denote by Ad( fA )wac(resp.Lp
loc( fA )) the set of all weakly, absolutely continuous(resp.

locally absolutely p-integrable) members of Ad( fA ).
Stochastic integrators: Let L∞γ,loc(R+) [resp.L∞B(γ),loc(R+)] be the linear space of all measur-
able , locally bounded functions from R+ to γ [resp. to B(γ) , the Banach space of bounded
endomorphisms of γ]. If f ∈ L∞γ,loc(R+) and π ∈ L∞B(γ),loc(R+) , then π f is the member of
L∞γ,loc(R+) given by (π f )(t) = π(t) f (t) , t ∈ R+.

For f ∈ L2
γ(R)+ and π ∈ L∞B(γ),loc(R+); the annihilation , creation and gauge operators,

a( f ), a+( f ) and λ(π) in L+w(D,Γ(L2
γ(R)+)) respectively, are defined as:

a( f )e(g) = 〈 f , g〉L2
γ(R+)

e(g),

a+( f )e(g) =
d

dσ
e(g +σ f ) |σ=0,

λ(π)e(g) =
d

dσ
e(eσπ f ) |σ=0

for all g ∈ L2
γ(R+).

For arbitrary f ∈ L∞γ,loc(R+) and π ∈ L∞B(γ),loc(R+) , they give rise to the operator-valued maps

A f , A+f and Λπ defined by:

A f (t)≡ a( f χ[0,t)),

A+f (t)≡ a+( f χ[0,t)),

Λπ(t)≡ λ(πχ[0,t))

for all t ∈ R+ , where χI denotes the indicator function of the Borel set I ⊆ R+. The maps
A f , A+f and Λπ are stochastic processes , called annihilation, creation and gauge processes,

respectively, when their values are identified with their ampliations on R⊗Γ(L2
γ(R+)). These

are the stochastic integrators in Hudson and Parthasarathy[9] formulation of boson quantum
stochastic integration.
For processes p, q, u, v ∈ L2

loc( fA ), the quantum stochastic integral:

∫ t

t0

�

p(s)dΛπ(s) + q(s)dA f (s) + u(s)dA+g (s) + v(s)ds
�

, t0, t ∈ R+

is interpreted in the sense of Hudson-Parthasarathy[9].
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2.2. Quantum Stochastic Differential Inclusions

Definition 2. (a) By a multivalued stochastic process indexed by I ⊆ R+ we mean a multi-
function on I with values in clos( fA ).

(b) If Φ is a multivalued stochastic process indexed by I ⊆ R+, then a selection of Φ is a
stochastic process X : I → fA with the property that X (t) ∈ Φ(t) for almost all t ∈ I .

(c) A multivalued stochastic process Φ will be called (i) adapted if Φ(t)⊆ fAt for each t ∈ R+;
(ii) measurable if t 7→ dηξ(x ,Φ(t)) is measurable for arbitrary x ∈ fA ,η,ξ ∈ (D⊗E)

(d) locally absolutely p-integrable if t 7→‖ Φ(t) ‖ηξ, t ∈ R+ lie in Lp
loc(I) for arbitrary

η,ξ ∈ (D⊗E).

For p ∈ (0,∞) and I ⊆ R+, the set of all locally absolutely p-integrable multivalued
stochastic processes will be denoted by Lp

loc( fA )mvs. Denote by Lp
loc(I × fA )mvs the set of

maps Φ : I × fA → clos( fA ) such that t 7→ Φ(t, X (t)) , t ∈ I , lies in Lp
loc( fA )mvs for every

X ∈ Lp
loc( fA ).

Moreover, if Φ ∈ Lp
loc(I × fA )mvs, then we denote by

Lp(Φ)≡ {φ ∈ Lp( fA ) : φ is a selection of Φ}.

Let f , g ∈ L2
γ(R+) , π ∈ L∞B(γ),loc(R+), I , the identity map on R ⊗Γ(L2

γ(R+)), and M is any of

the stochastic processes A f , A+g ,Λπ and s 7→ sI, s ∈ R+.
We introduce the stochastic integral{resp. differential} expressions as follows:
If Φ ∈ L2

loc(I × fA )mvs and (t, X ) ∈ I × L2
loc( fA ) , then

∫ t

t0

Φ(s, X (s))dM(s)≡
�
∫ t

t0

φ(s)dM(s) : φ ∈ L2(Φ)
�

.

This leads to the following definition:

Definition 3. Let E, F, G, H ∈ L2
loc(I× fA ) and (t0, x0) be a fixed point of I× fA . Then a relation

of the form

dX (t) ∈ E(t, X (t))dΛπ(t) + F(t, X (t))dA f (t)

+ G(t, X (t))dA+g (t) +H(t, X (t))d t almost all t ∈ I ,

X (t0) = x0

(1)

is called Quantum stochastic differential inclusions(QSDI) with coefficients E, F, G, H and initial
data (t0, x0).
Equation(1) is understood in the integral form:

X (t) ∈ x0+

∫ t

t0

�

E(s, X (s))dΛπ(s) + F(s, X (s))dA f (s)

+G(s, X (s))dA+g (s) +H(s, X (s))ds
�

, almost all t ∈ I

called a stochastic integral inclusion with coefficients E, F, G, H and initial data (t0, x0)
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An equivalent form of (1) has been established in [5], Theorem 6.2 as follows:
For η,ξ ∈ D⊗E, α,β ∈ L2

γ(R+) with η = c ⊗ e(α) , ξ = d ⊗ e(β) , define the following
complex-valued functions:

µαβ , νβ , σα : I → C, I ⊂ R+
by

µαβ(t) = 〈α(t),π(t)β(t)〉γ,
νβ(t) = 〈 f (t),β(t)〉γ,
σα(t) = 〈α(t), g(t)〉γ,

t ∈ I , f , g ∈ L2
γ,loc(R+), π ∈ L∞B(γ),loc . To these functions we associate the maps µE, νF , σG,

P from I × fA into the set of sesquilinear forms on D⊗E defined by :

(µE)(t, x)(η,ξ) = {〈η,µαβ(t)p(t, x)ξ〉 : p(t, x) ∈ E(t, x)},
(νF)(t, x)(η,ξ) = {〈η,νβ(t)q(t, x)ξ〉 : q(t, x) ∈ F(t, x)},
(σG)(t, x)(η,ξ) = {〈η,σα(t)u(t, x)ξ〉 : u(t, x) ∈ G(t, x)},
P(t, x)(η,ξ) = (µE)(t, x)(η,ξ) + (νF)(t, x)(η,ξ)

+ (σG)(t, x)(η,ξ) +H(t, x)(η,ξ),

H(t, x)(η,ξ) = {v(t, x)(η,ξ) : v(., X (.))

(2)

is a selection of

H(., X (.))∀X ∈ L2
loc( fA )}. (3)

Then, Problem (1) is equivalent to

d

d t
〈η, X (t)ξ〉 ∈ P(t, X (t))(η,ξ),

X (t0) = x0

(4)

for arbitrary η,ξ ∈ D⊗E , almost all t ∈ I .
The notion of solution of (1) or equivalently (3) is defined as follows:

Definition 4. By a solution of (1) or equivalently (3), we mean a stochastic process
ϕ ∈ Ad( fA )wac ∩ L2

loc( fA ) such that

dϕ(t) ∈ E(t,ϕ(t))dΛπ(t) + F(t,ϕ(t))dA f (t)

+ G(t,ϕ(t))dA+g (t) +H(t,ϕ(t))d t almost all t ∈ I ,

ϕ(t0) = ϕ0

or equivalently

d

d t
〈η,ϕ(t)ξ〉 ∈ P(t,ϕ(t))(η,ξ),

ϕ(t0) = ϕ0

for arbitrary η,ξ ∈ D⊗E , almost all t ∈ I .
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The existence of solution of (1) implies the existence of solution of (3) and vice-versa. As
explained in [5], for the map P:

P(t, x)(η,ξ) 6= eP(t, 〈η, xξ〉)

for some complex-valued multifunction eP defined on I ×C for t ∈ I , x ∈ fA , η,ξ ∈ D⊗E.

2.3. Lower Semicontinuous Multivalued Maps

Definition 5. (a) Let N ∈ clos( fA ) be non-empty and I ⊆ R+.
A multifunction Φ : I ×N → clos( fA ) will be said to be lower semicontinuous at a point
(t0, x0) ∈ I ×N , if for every ε > 0,η,ξ ∈ D⊗E there exists δηξ = δηξ((t0, x0),ε) > 0
such that ∀x ∈ N , t ∈ I if

dηξ
�

(t, x), (t0, x0)
�

< δηξ then Φ(t0, x0)⊂ Φ(t, x) + Bηξ,ε(0).

If Φ is lower semicontinuous(lsc) at every point (t0, x0) ∈ I ×N , then it will be said to be
lower semicontinuous on I ×N .

(b) Analogously if Φ is a sesquilinear form valued multifunction, then the map
Φ : I×N → 2sesq(D⊗E)2 will be said to be lower semicontinuous at a point (t0, x0) ∈ I×N ,
if for every η,ξ ∈ D⊗E,ε > 0 there exists δηξ = δηξ((t0, x0),ε) > 0 such that ∀x ∈ N ,
t ∈ I , if

dηξ
�

(t, x), (t0, x0)
�

< δηξ then Φ(t0, x0)(η,ξ)⊂ Φ(t, x)(η,ξ) + Bε(0).

In what follows, a map shall be called lower semicontinuous on a domain if it is so at every
point of the domain.

The next result shows that, if µE, νF , σG, H are lower semicontinuous then
(t, x)→ P(t, x)(η,ξ) is lower semicontinuous.

Proposition 1. Assume that the following holds:

(i) The coefficients E, F, G, H appearing in (1) belongs to the space L2
loc(I × fA )mvs.

(ii) For an arbitrary elements η,ξ ∈ D⊗E, the maps µE, νF, σG, H defined by equation (2)
are lower semicontinuous on I × fA .

Then, the map (t, x)→ P(t, x)(η,ξ) is lower semicontinuous on I × fA .

Proof. For an arbitrary η,ξ ∈ D⊗E, since µE,νF,σG, H are lower semicontinuous I × fA .
Then for any point (t0, x0) ∈ I × fA , given ε > 0, there exist δηξ,E ,δηξ,F ,δηξ,G ,δηξ,H > 0,
such that for each M ∈ {µE,νF,σG, H},

M(t0, x0)(η,ξ)⊂ M(t, x)(η,ξ) + Bε(0) ∀x ∈ N , almost all t ∈ I and

dηξ
�

(t, x), (t0, x0)
�

< δηξ,M .
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Hence the proposition follows from the relation:

P(t0, x0)(η,ξ) = (µE)(t0, x0)(η,ξ) + (νF)(t0, x0)(η,ξ)

+ (σG)(t0, x0)(η,ξ) +H(t0, x0)(η,ξ) + Bε(0)

⊂ P(t, x)(η,ξ) + B5ε(0).

3. Main Results

In this subsection under some assumptions, we prove an existence theorem for lower semi-
continuous quantum stochastic differential inclusions by using a predefined integral operator.

Definition 6. Let C(I) be the space of continuous maps from I to sesq(D⊗E). For all
η,ξ ∈ D⊗E; X , Z ∈ Ad( fA )wac ∩ L2

loc( fA ), we define the set:

Kηξ = {〈η, X (t)ξ〉 ∈ C(I) : ∃λ ∈ R+; | 〈η, (X (t)− X (s))ξ〉 |< λ | t − s |, t, s ∈ I and X (t0) = x0}.

Moreover, the integral operator Fηξ is defined as

Fηξ(X ) = {〈η, Z(t)ξ〉 ∈ Kηξ :
d

d t
〈η, Z(t)ξ〉 ∈ P(t, X (t))(η,ξ) a.e. t ∈ I}.

We also define the following sets as applicable in the subsequent result.
For any (t, x), (t0, x0) ∈ I × fA ,ληξ > 0, a real number; η,ξ ∈ D⊗E.

Q(t0,x0),ληξ = {(t, x) ∈ I × fA : dηξ((t, x), (t0, x0))≤ ληξ},

where

dηξ((t, x), (t0, x0)) =max{| t − t0 |,‖ x − x0 ‖ηξ},

Q x0,ληξ = {x ∈ fA :‖ x − x0 ‖ηξ< ληξ},

Qληξ = {x ∈ fA :‖ x ‖ηξ< ληξ},

and set

Qε(η,ξ) = {〈η, xξ〉 : x ∈Qε}.

In what follows, we make the following assumptions:
I = [t0, T], ληξ > 0 and Ω⊂ I × fA , open, such that:

(i) I ×Q x0, T
2
ληξ
⊆ Ω,

(ii) ∃ λM ,ηξ > 0 ∀ M ∈ {E, F, G, H} with maxM λM ,ηξ < ληξ and

(iii) ‖ M(t, x) ‖ηξ≤ λM ,ηξ for each M on I ×Q x0, T
2
ληξ

.
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Lemma 1. Suppose that K ⊆ I × fA is compact.
For arbitrary pair η,ξ ∈ D⊗E, suppose that the multivalued map

(t, x)→ M(t, x)(η,ξ)

is lower semicontinuous for each M ∈ {µE,νF,σG, H}.
For ε > 0 , set

ωηξ,ε(t, x) = sup{ωηξ :
⋂

(τ,ζ)∈Q(t,x),ωηξ

M(τ,ζ)(η,ξ) +Qε(η,ξ) 6= ;}. (5)

Then

(a) for some ωε > 0 we have

ωηξ,ε(t, x)≥ωε for all (t, x) ∈ I × fA ,η,ξ ∈ D⊗E,

(b) for every continuous u , (t, u(t)) ∈ K , there exists a measurable map t → v(t)(η,ξ), such
that

dηξ((t, x), (t, u(t)))<ωε,

implies
d(v(t)(η,ξ), M(t, x)(η,ξ))≤ ε.

Proof. (a) The definition of lower semicontinuity implies that the set inside brackets in (4)
is non-empty , so that ωηξ,ε(t, x) is positive.
We claim that it is a continuous function.
Fix σ > 0 arbitrarily, and remark that whenever dηξ((τ1,ζ1), (τ2,ζ2))<

σ
3

,

Q1 =Q(τ1,ζ1),ωε((τ2,ζ2)−
2σ
3
) ⊂Q(τ2,ζ2),ωε((τ2,ζ2)−

σ
3
) =Q2

that is,
⋂

(τ,ζ)∈Q2

M(τ,ζ)(η,ξ) +Qε(η,ξ) 6= ; ⇒
⋂

(τ,ζ)∈Q1

M(τ,ζ)(η,ξ) +Qε(η,ξ) 6= ;.

Whenever dη,ξ((t, x), (t∗, x∗))< σ
3

, setting (t, x) = (τ1,ζ1), (t∗, x∗) = (τ2,ζ2) we obtain

ωηξ,ε(t, x)≥ωηξ,ε(t
∗, x∗)−

2σ

3

while interchanging (t, x) and (t∗, x∗), we have

ωηξ,ε(t, x)≥ωηξ,ε(t
∗, x∗)−

2σ

3
.
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Hence (t, x)→ωηξ,ε(t, x) is a continuous and positive map defined on a compact set.
(b) We define the map Φ, given by

(t, x)→ Φ(t, x)(η,ξ) =
⋂

(τ,ζ)∈Q(t,x),ωε

M(τ,ζ)(η,ξ) +Qε(η,ξ). (6)

Then Φ is lower semicontinuous . In fact let y∗ be in Φ(t∗, x∗)(η,ξ), so that for every (τ,ζ)
in Q(t∗,x∗),ωε ,

d(y∗, M(τ,ζ)(η,ξ)) = ε−ωηξ,ε(τ,ζ), ωηξ,ε(τ,ζ)> 0

or equivalently , there exists yη,ξ(τ,ζ) in M(τ,ζ)(η,ξ) so that | y∗− yηξ(τ,ζ) |≤ ε− σ
2

.
By the lower semicontinuity of M , there exists δ = δ(τ,ζ) so that (τ′,ζ′) in Q(τ,ζ),δ implies
d(yηξ(τ,ζ), M(τ′,ζ′)(η,ξ))< σ

2
, hence, in particular

d(y∗, M(τ′,ζ′)(η,ξ))< ε.

The open set
U =

⋃

(τ,ζ)∈Q(t∗ ,x∗),ωε

Q(τ,ζ),δ(τ,ζ)

contains the compact set Q(t∗,x∗),ωε , hence, whenever

dηξ((t, x), (t∗, x∗))< ρ,

sufficiently small
Q(t,x),ωε ⊂U ,

and thus
d(y∗, M(τ,ζ)(η,ξ))< ε or y∗ ∈ Φ(t, x)(η,ξ).

Since the map t → Φ(t, x)(η,ξ) is lower semicontinuous and has closed values, then by
Theorem 2.14.2 [1] there exists a measurable selection v(t)(η,ξ) of M(t, x)(η,ξ), which is
the required selection.

Proposition 2. Assume that the following holds

(i) For arbitrary η,ξ ∈ D⊗E, the multivalued map (t, x) → G(t, x)(η,ξ) is lower semicon-
tinuous.

(ii) g : I × fA → sesq(D⊗E) is continuous single-valued map, and

(iii) ε : fA → R+ is lower semicontinuous.

Then the map (t, x)→ Φ(t, x)(η,ξ) defined by

Φ(t, x)(η,ξ) = Bε(x)(g(t, x)(η,ξ))
⋂

G(t, x)(η,ξ)

is lower semicontinuous on its domain.
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Proof. Fix (t∗, x∗) in DomΦ, y∗ηξ ∈ Φ(t
∗, x∗)(η,ξ) and ω> 0. For some

σ > 0, | y∗ηξ− g(t∗, x∗)(η,ξ) |= ε(x∗)−σ.

There exists δ1 such that to any (t, x) ∈ I× fA with dηξ((t, x), (t∗, x∗))< δ1, we can associate
y(t, x)(η,ξ) in G(t, x)(η,ξ) so that

| yηξ,(t,x)− y∗ηξ |<min{ω,
σ

3
},

and δ2 such that
dηξ((t, x), (t∗, x∗)< δ2

implies

ε(x)> ε(x∗)−
σ

3
,

and δ3 such that
dηξ((t, x), (t∗, x∗)< δ3

implies | g(t∗, x∗)(η,ξ)− g(t, x)(η,ξ) |< σ
3

.
Then when dηξ((t, x), (t∗, x∗)<min{δ1,δ2,δ3},

| y(t, x)(η,ξ)− g(t, x)(η,ξ) | ≤| y(t, x)(η,ξ)− y∗ηξ |+ | y∗ηξ− g(t∗, x∗)(η,ξ) |

+ | g(t∗, x∗)(η,ξ)− g(t, x)(η,ξ) |

<
σ

3
+ ε(x∗)−σ+

σ

3

=ε(x∗)−
σ

3
< ε(x)

that is y(t, x)(η,ξ) ∈ Φ(t, x)(η,ξ), and

| y∗(t, x)(η,ξ)− y(t, x)(η,ξ) |<ω.

We now prove the existence of solution of Lower semicontinuous quantum stochastic differ-
ential inclusions.

Theorem 1. Suppose that the following holds:

(i) For every η,ξ ∈ D⊗E, the map (t, x)→ P(t, x)(η,ξ) is a non-empty compact and lower
semicontinuous multifunction.

(ii) (t0, x0) ∈ I × fA , for all (t, x) ∈ I ×Q x0, T
2
λ, λ > 0, such that | P(t, x)(η,ξ) |< λ.

Then there exists a set Kηξ and a continuous map ϕ :Kηξ→ L1(I), a selection of Fηξ.

Proof. We shall first show the existence of a finite number m(0) of measurable maps vi
from I into Qλ(η,ξ); of a continuous partition of I into J 0

i = [τ
0
i−1,τ0

i ] with characteristic
functions χi such that setting

g0(u)(t)(η,ξ) =
∑

χ0
i (t)vi(t)(η,ξ),
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we have for every t:
d(g0(u)(t)(η,ξ),P(t, u(t))(η,ξ))< 1. (7)

In fact,set in Lemma(1), M to be P , ε to be 1 and let ω0 be the constant provided by (a).
Let U i = Qui ,ω0

, we define U i(η,ξ) = {〈η, xξ〉 : x ∈ U i} a finite open covering of the
compact Kηξ. Let vi(t)(η,ξ), be the corresponding measurable functions as provided by (b).
Fix u and t ; where | χ0

i (u)(t)(η,ξ) |> 0, u is in Qui ,ω0
, d(vi(t)(η,ξ),P(t, u(t))(η,ξ)) < 1,

and (6) holds.
We claim that for n = 0, 1, ... we can define ; m(n) measurable functions v(n)i from I into

Qλ(η,ξ), a continuous partition of I , J (n)i = [τ(n)i−1(u),τ
(n)
i (u)] having characteristic functions

χ
(n)
i such that setting

g(n)(u)(t)(η,ξ) =
∑

χ
(n)
i (t)v

(n)
i (t)(η,ξ),

we have

(i) for every t,

d(g(n)(u)(t)(η,ξ),P(t, u(t))(η,ξ))<
1

2n

except on a finite number of intervals , having total length 1
2n ,

(ii)

| g(n)(u)(t)(η,ξ)− g(n−1)(u)(t)(η,ξ) |<
1

2n+1 , n≥ 1.

Assume the above to hold up to n= ν − 1, we shall prove that it holds for n= ν .
There exists an open set S ν such that all the maps t → v(ν−1)

i (t)(η,ξ) are continuous on
I \S ν , and the measure of S ν is smaller than 1

2ν+1 .
Let δ > 0 be such that ‖ w− u ‖ηξ< δ implies that for each i,

| τ(ν−1)
i (u)−τ(ν−1)

i (w) |< (2−ν(4m(ν −1)))−1. A finite number of Qû j ,δ coversK . For each j
call E j the finite union of open intervals | t −τi(û j) |< (2−ν(4(ν − 1)))−1, i = 1, ..., m(ν − 1).
Then whenever u is in Qû j ,δ, when t is any of the closed intervals whose union is I \ E j ,

gν−1(u)(t)(η,ξ) = gν−1(û)(t)(η,ξ) = vν−1
i (t)(η,ξ) for some i.

Hence when t belongs to the closed (I \ E j) \S ν , the map t 7→ gν−1u(t)(η,ξ) is continuous.
Set | ρνj (t)(η,ξ) | to be 2λ on the open (E j ∪S ν) and to be 1

2ν−1 on the closed I \ (E j ∪S ν).
The map (t, x)→ P j(t, x)(η,ξ) is defined by

P j(t, x)(η,ξ) =Qgν−1(û j)(t)(η,ξ),|ρνj (t)(η,ξ)|(η,ξ)
⋂

P(t, x)(η,ξ)

is strict for (t, x) in Q(t,û j(t)),δ.

In fact, when t is in (E j ∪ S ν). It is enough to remark that both gν−1 and P take values in
Qλ(η,ξ).
Let (t, x) : t in I \ (E j ∪S ν), ‖ x − û j(t) ‖ηξ< δ. Then a translate u(.) of û j(.) is in Qû j(.),δ
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and is such that u(t) = x . For this u, gν−1(u)(t)(η,ξ) = gν−1(û j)(t)(η,ξ) and, by point (i) of
the induction

d(gν−1(u)(t)(η,ξ),P(t, x)(η,ξ))<
1

2ν−1 .

Since t → ρν(t) is lower semicontinuous and P j is strict, proposition 2 implies that
(t, x)→ P j(t, x)(η,ξ) is lower semicontinuous. Set in Lemma 1, M to be P j , ε to be 1

2ν+1 and
call ω j the constant provided by point (a). A finite number of Qui

j ,ω j
(η,ξ) covers the compact

Kηξ ∩Qû j ,δ(η,ξ) By Lemma 1(b), there exists for each i a measurable v i
j(t)(η,ξ) such that

dηξ((t, x), (t, ui
j(t)))<ωi implies

d(v i
j(t)(η,ξ),P j(t, x)(η,ξ))≤

1

2ν+1 <
1

2ν
. (8)

The collection of open sets U i
j (η,ξ) = Qû j ,δ(η,ξ) ∩Qui

j ,ω j
(η,ξ) covers Kηξ. Let χ i

j be the

characteristic functions of the corresponding continuous partition {F j
ηξ,i} of I . Set

gν(u)(t)(η,ξ) =
∑

i, j

χ i
j(t)v

i
j(t)(η,ξ).

We claim that the functions v i
j and the map gν satisfy our induction assumptions.

Fix u and t. Whenever t belongs to J j
i (u), gν(u)(t)(η,ξ) = v i

j(t)(η,ξ) and u belongs to
Qui

j ,w j
, and by (7),

d(v i
j(t)(η,ξ),P j(t, u(t))(η,ξ))<

1

2ν
. (9)

Since P j(t, u(t))(η,ξ)⊂ P(t, u(t))(η,ξ), (8) check point (i).
To check point (ii) , assume t in I \ (E j ∪S ν). Then ρν(t) = 1

2ν−1 ,

P j(t, x)(η,ξ))⊂Qgν−1(û j)(t)(η,ξ), 1
2ν−1
=Qgν−1(u)(t)(η,ξ), 1

2ν−1

hence

d(v i
j(t)(η,ξ),Qgν−1(u)(t)(η,ξ), 1

2ν−1
(η,ξ))<

1

2ν
(10)

or

| gν(u)(t)(η,ξ)− gν−1(u)(t)(η,ξ) |<
1

2ν+1
(11)

except on an open set (E j ∪S ν) with measure at most 1
2ν

. The sequence of measurable maps
{gn(u)(.)(η,ξ)} is a Cauchy sequence converging to some measurable function that we denote
by g(u)(.)(η,ξ) and g(u)(t)(η,ξ) ∈ P(t, u(t))(η,ξ).
Let Kηξ be defined by:

Kηξ = {u(t)(η,ξ) = 〈η, u(t)ξ〉 ∈ Kηξ : u(t)(η,ξ) is Lipschitzian and u(t0)(η,ξ) = x0}.
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The continuous map ϕ : Kηξ→ Kηξ defined by ϕ(〈η, u(t)ξ〉) = 〈η,ϕ(u)(t)ξ〉

〈η,ϕ(u)(t)ξ〉= x0+

∫ t

t0

g(u)(s)(η,ξ)ds,

| 〈η,ϕ(u)(t2)ξ〉 − 〈η,ϕ(u)(t1)ξ〉 | which gives

|
∫ t2

t1

g(u)(s)(η,ξ)ds |<‖ g ‖|
∫ t2

t1

u(s)(η,ξ)ds |

∈ Kηξ.

Moreover,
d

d t
〈η,ϕ(u)(t)ξ〉= g(u)(t)(η,ξ) ∈ P(t, u(t))(η,ξ).

We are left to show the continuity of ϕ. In fact, we shall show directly that ϕ is uniformly
continuous.
From a(ii) above, for every η,ξ ∈ D⊗E, u(t)(η,ξ) ∈ Kηξ

∫

I

| gν+1(u)(s)(η,ξ)− gν(u)(s)(η,ξ) | ds ≤
2T

2ν+1 +
2M

2ν+1

=
T +M

2ν

so that
∫

I

| gn+1(u)(s)(η,ξ)− gn(u)(s)(η,ξ) | ds+

∫

I

| gn+2(u)(s)(η,ξ)− gn+1(u)(s)(η,ξ) | ds+ ...

≤ (
1

2n )(T +M)(1+
1

2
+

1

4
+ ...)

=
T +M

2n−1 ,

and since
∫

I
| gν(u)(s)(η,ξ)− g(u)(s)(η,ξ) | ds converges to 0,

| ϕ(〈η, u(t)ξ〉)−ϕ(〈η, w(t)ξ〉) |≤
∫ t

t0

| g(u)(s)(η,ξ)− g(w)(s)(η,ξ) | ds

≤
∫

I

| gn(u)(s)(η,ξ)− gn(w)(s)(η,ξ) | ds+

∫

I

| gn(u)(s)(η,ξ)− g(u)(s)(η,ξ) | ds

+

∫

I

| gn(w)(s)(η,ξ)− g(w)(s)(η,ξ) | ds

≤
∫

I

| gn(u)(s)(η,ξ)− gn(w)(s)(η,ξ) | ds+
4(T +M)

2n .
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Also, by a(ii)
∫

I

| gn(u)(s)(η,ξ)− gn(w)(s)(η,ξ) | ds ≤
2M

2n+1

=
M

2n .

Therefore | u(t)(η,ξ)−w(t)(η,ξ) |≤ δ implies, for every t ∈ I ,

| 〈η,ϕ(u)(t)ξ〉 − 〈η,ϕ(w)(t)ξ〉 | ≤
T + 5M

2n

≤ ε.

Proving the continuity of ϕ. Hence ϕ is the required selection of Fηξ.

From above we have the following existence result.

Corollary 1. For an arbitrary η,ξ ∈ D⊗E, suppose that multivalued stochastic processes

M : I × fA → 2sesq.(D⊗E)2 , M ∈ {µE,νF,σG, H}

are compact-valued, lower semicontinuous multifunction.
Let (t0, x0) ∈ I × fA .
Then the problem

dX (t) ∈ E(t, X (t))dΛπ(t) + F(t, X (t))dA f (t)

+ G(t, X (t))dA+g (t) +H(t, X (t))d t almost all t ∈ I ,

X (t0) = x0

(12)

has at least one solution defined on I lying in Ad( fA )wac ∩ L2
loc( fA ).

References

[1] J.P. Aubin and A. Cellina. Differential Inclusions, Springer- Verlag, Berlin, 1984.

[2] E.O. Ayoola. Topological properties of solution sets of Lipschitzian quantum stochastic
differential inclusions.Acta Appl.Math 100, 15-37, 2008.

[3] E.O. Ayoola. Continuous selections of solution sets of Lipschitzian quantum stochastic
differential inclusions.Int. J. Theor.Phys.43, 10, 2041-2059, 2004.

[4] K. Deimling. Multivalued differential equations, Walter de Gruyter, 1992.

[5] G.O.S. Ekhaguere. Lipschitzian quantum stochastic differential inclusions, Int. J. Theor.
Phys. 31, 11, 2003-2034, 1992.



REFERENCES 16

[6] G.O.S. Ekhaguere. Quantum stochastic differential inclusions of hypermaximal mono-
tone type Int. J. Theor. Phys. 34, 3, 323-353, 1995.

[7] G.O.S. Ekhaguere. Quantum stochastic evolutions Int. J. Theor. Phys.35, 9, 1909-1946,
1996.

[8] A. Guichardet, Symmetric Hilbert spaces and related topicsLecture Notes in Mathematics,
261, Springer-Verlag, Berlin(1972).

[9] R.L. Hudson, and K.R. Parthasarathy. Quantum Ito’s formula and stochastic evolutions,
Comm. Math. Phys. 93, 3, 301-323, 1984.

[10] M.O. Ogundiran and E.O. Ayoola. Mayer problem for Quantum stochastic control J.
Math. Phys. 51, 1, 023521-023521-8, 2010.



Mayer problem for quantum stochastic control
M. O. Ogundiran1,a� and E. O. Ayoola2,b�

1Department of Mathematics, Obafemi Awolowo University, Ile-Ife, Nigeria
2Department of Mathematics, University of Ibadan, Ibadan, Nigeria

�Received 26 January 2009; accepted 7 January 2010; published online 4 February 2010�

This paper is concerned with the value function for optimal quantum stochastic
control. We established the Lipschitz continuity of the value function, which is
inherent from the Lipschitz property of the set-valued map describing the quantum
stochastic control. By using a feedback multivalued map, we also prove a charac-
terization of optimal solutions relating to a noncommutative generalization of
Mayer problem. © 2010 American Institute of Physics. �doi:10.1063/1.3300332�

I. INTRODUCTION

Control theory is one of the major motivations for the development of theory of differential
inclusions. Most problems in classical control theory can be reformulated and solved via set-
valued approach. An extensive study of differential inclusions and applications can be found in
Refs. 1 and 2. Optimal control theory is a systematic approach to controller design, whereby the
desired performance objectives are encoded in a cost function, which is subsequently optimized to
determine the desired controller. The two fundamental tools of optimal control are dynamic pro-
gramming and Pontryagin’s principle. Dynamic programming is a means by which candidate
optimal controls can be verified optimal.7 The procedure is to find a suitable solution to a dynamic
programming equation �DPE�, which encodes the optimal performance and to use it to compare
the performance of a candidate optimal control. Candidate controls may be determined from
Pontryagin’s principle or directly from the solution to the DPE. In general, it is difficult to solve
DPEs. In continuous time, the DPE is a nonlinear partial differential equation, commonly called
the Hamilton–Jacobi–Bellman equation. This equation is generally nonsmooth. For a detailed
study of nonsmooth analysis and control theory, see Ref. 6.

In Ref. 5, the control process that minimizes the quadratic performance functional associated
with a quantum system whose evolution is described by Hudson–Parthasarathy-type11 stochastic
differential equation on Fock space was explicitly computed. Moreover, it was shown that the
noisy-infinite dimensional Ricatti equation associated with this problem has a unique solution.3

In an earlier work, Belavkin4 considered quantum stochastic control, but the Hamilton–
Jacobi–Bellman equation for quantum optimal feedback was derived in Ref. 10. The value func-
tion is the unique viscosity solution to the Hamilton–Jacobi–Bellman equation. The Mayer prob-
lem of control is concerned with the minimization problem arising from the control.

In Ref. 8, Ekhaguere formulated a multivalued analog of quantum stochastic calculus of
Hudson and Parthasarathy setting. This formulation is a motivation for the study of quantum
stochastic control via set-valued analysis. This work is concerned with the study of regularity
property of value function which is inherited from multivalued stochastic processes involved. The
Mayer problem associated with the problem is shown to have at least one optimal solution when
the value function is directionally differentiable.9

In Sec. II, preliminaries on quantum stochastic differential inclusions and quantum stochastic
control shall be considered. Section III shall be for the statement and proof of the main result.
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b�Electronic mail: eoayoola@ictp.it.
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II. PRELIMINARIES

In this section we define the basic notations that shall be employed in sequel. We also state the
fundamental result which shall be used in the proof of our main results.

Notations. Let Lw
+�D ,H� be the set of all linear maps x from a pre-Hilbert space D to its

completion H. Now let D be a pre-Hilbert space with completion H. E, Et, and Et, t�0 be linear
spaces generated by the exponential vectors in Fock spaces ��LY

2 �R+��, ��LY
2 ��0, t���, and

��LY
2 ��t ,���� respectively; where LY

2 �R� �resp. LY
2 ��0, t�� ��LY

2 ��t ,���t�R+��, is the space of square
integrable Y-valued maps on R+��0, t� , �t ,��� for some fixed Hilbert space Y.

A � Lw
+�D�� E,H � ��LY

2 �R+��� ,

At � Lw
+�D�� Et,H � ��LY

2 ��0,t���� � It,

At � It � Lw
+�Et,��LY

2 ��t,�����, t � 0,

where �� denotes algebraic tensor product and It�It� denotes the identity map on H
� ��LY

2 ��0, t��� ���LY
2 ��t ,�����, t�0.

Let the inner product of the Hilbert space H � ��LY
2 �R+�� be denoted by �· , ·�, and � · � the norm

induced by �· , ·�.
Let �D�� E�� denote the set of all sequences �= 	�n
n=1

� , �= 	�n
n=1
� of members of D�� E, such

that

�
n=1

�

���n,x�n�� � � ∀ x � Ã ,

then the family of seminorms

	� · ���:�,� � �D�� E��
 ,

where �x��� = �
n=1

�

���n,x�n��, x � Ã,�,� � �D�� E��

generates a topology ��w, �-weak topology.
The completion of the locally convex spaces �A ,��w�, �At ,��w�, and �At ,��w� are, respec-

tively, Ã, Ãt, and Ãt.12

A. Quantum stochastic differential inclusions

�a� By a multivalued stochastic process indexed by I�R+, we mean a multifunction on I with

values in clos�Ã�.
�b� If 	 is a multivalued stochastic process indexed by I�R+, then a selection of 	 is a

stochastic process X : I→Ã with the property that X�t��	�t� for almost all t� I.
�c� A multivalued stochastic process 	 will be called as follows.

�i� Adapted if 	�t��Ãt for each t�R+.

�ii� Measurable if t�d���x ,	�t�� is measurable for arbitrary x�Ã �� ,��D�� E��.
�iii� Locally absolutely p-integrable if t� �	�t����, t�R+, lies in Lloc

p �I� for arbitrary �, �
� �D�� E��.

�iv� Let N�Ã, a map
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	:I 
 N → 2Ã

is said to be Lipschitzian if for each �, �� �D�� E��, there exists K��
	 : I→ �0,�� in

Lloc
1 �I�, such that

����	�t,x�,	�t,y�� � K��
	 �t��x − y���

for all x, y�N and almost all t� I.

�v� We say that a multifunction 	 is upper semicontinuous at x0�Ã if for any open
neighborhood N containing 	�x0� there exists a neighborhood M of x0 such that
	�M��M.

We state some other notations which shall be employed.

�1� The set of all absolutely p-integrable multivalued stochastic processes will be denoted by

Lloc
p �Ã�mvs.

�2� For p� �0,�� and I�R+, Lloc
p �I
Ã�mvs is the set of maps 	 : I
Ã→close�Ã�, such that

t�	�t ,X�t��, t� I lies in Lloc
p �Ã�mvs, for every X�Lloc

p �Ã�.
�3� If 	�Lloc

p �I
Ã�mvs, then

Lp�	� � 	 � Lloc
p �Ã�: is a selection of 	
 .

In the sequel, f , g�LY,loc
� �R+�, ��LB�Y�,loc

� �R+�, I is the identity map on H � ��LY
2 �R+��, and

M is any of the stochastic processes Af, Ag
+, ��, and s�sI, s�R+.

We introduce stochastic integral �differential� expression as follows.

If 	�Lloc
2 �I
Ã�mvs and �t ,X�� I
Lloc

2 �Ã�, then we define


t0

t

	�s,X�s��dM�s� � �
t0

t

�s�dM�s�; � L2�	�� .

This leads to the definition of quantum stochastic differential �integral� inclusion which is a
multivalued analog of quantum stochastic differential equations of Hudson and Parthasarathy.11

We adopt the formulation of quantum stochastic differential inclusions of Ref. 8 as follows.

Let E, F, G, H�Lloc
2 �I
Ã�mvs, and �t0 ,x0� be a fixed point of I
Ã. Then, a relation of the

form

X�t� � x0 + 
t0

t

�E�s,X�s��d���s� + F�s,X�s��dAf�s� + G�s,X�s��dAg
+�s� + H�s,X�s��ds t � I�

will be called a stochastic integral inclusion with coefficients E, F, G, H, and initial data �t0 ,x0�.
The stochastic differential inclusion corresponding to the integral inclusion above is

dX�t� � E�t,X�t��d���t� + F�t,X�t��dAf�t� + G�t,X�t��dAg
+�t� + H�t,X�t��dt ,

�1�
X�t0� = x0 almost all t � I

By a solution of �1�, we mean an adapted �-weakly absolutely continuous stochastic process 

�Lloc
2 �Ã�, such that

d�t� � E�t,�t��d���t� + F�t,�t��dAf�t� + G�t,�t��dAg
+�t� + H�t,�t��dt ,
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�t0� = x0 almost all t � I .

By using the matrix elements of quantum stochastic calculus of Hudson and Parthasarathy;11 a
sesquilinear equivalent form of �4� was established in Theorem 6.2 of Ekhaguere.8 These multi-
valued sesquilinear maps were defined as follows.

For �, �� �D�� E��, with �=c � e���, �=d � e���, define

���,��,��:I → C,I � R+

by

����t� = ���t�,��t���t��Y,

���t� = �f�t�,��t��Y,

���t� = ���t�,g�t��Y,

t� I, f , g�LY,loc
2 �R+� �locally bounded square integrable Y-valued maps on R+�, ��LB�Y�,loc

� �the
space of all measurable, locally bounded maps from R+ to B�Y�, the Banach space of bounded

endomorphisms of Y�. To these functions we associate the maps �E, �F, �G, P from I
Ã with
set of sesquilinear forms on �D�� E�� defined by

��E��t,x���,�� = 	��,����t�p�t,x���:p�t,x� � E�t,x�
 ,

��F��t,x���,�� = 	��,���t�q�t,x���:q�t,x� � F�t,x�
 ,

��G��t,x���,�� = 	��,���t�u�t,x���:u�t,x� � G�t,x�
 ,

P�t,x���,�� = ��E��t,x���,�� + ��F��t,x���,�� + ��G��t,x���,�� + H�t,x���,�� ,

H�t,x���,�� = 	v�t,x���,��:v�. ,X� . �� is a selection of H�. ,X� . �� ∀ X � Lloc
2 �Ã�
 .

Then problem �1� is equivalent to �2�

d

dt
��,X�t��� � P�t,X�t����,�� ,

�2�
X�t0� = x0,

for arbitrary �, �� �D�� E��, almost all t� I.

III. MAYER PROBLEM

Let T�0, Z a complete separable metric space, called the space of admissible controls;

U : �0,T�→2Z, and P : �0,T�
Ã
Z→2sesq�D�� E�2
are multivalued maps.

We associate with it the control system

d

dt
��,X�t��� = P�t,X�t�,u�t����,��, u�t� � U�t� , �3�

where P is a selection of P
Let an extended function g :Ã→R� 	+�
 and �0�Ã be given. The Mayer optimal quantum

stochastic control problem associated with the control system �3� is the minimization problem,
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min E	g�X�T��:X is a solution of�1�,X�0� = �0
 .

The value function associated with this problem is defined by, for all �t0 ,x0�� �0,T�
Ã,

V�t0,x0� = inf E	g�X�T��:X is a solution of�1�,X�t0� = x0
 .

A. Remark

We remark that quantum stochastic control has vast applications to quantum physics, for
example;

�i� to determine the optimal trajectory which minimizes the functional corresponding to quan-
tum stochastic kinetic equations of Vlassov and Boltzmann type, in quantum mechanics;10

�ii� control of the evolution of a physical system, such as the position of a quantum particle
described by a quantum stochastic differential equation;5

�iii� control of a qubit system in quantum information;10 to mention a few.

B. Lipschitz continuity of the value function

Consider an extended function g :Ã→R� 	+�
, E, F, G, �H�Lloc
2 �0,T�
Ã�, ��0�Ã� and

the differential inclusion,

dX�t� � E�t,X�t��d���t� + F�t,X�t��dAf�t� + G�t,X�t��dAg
+�t� + H�t,X�t��dt almost everywhere.

�4�

We investigate the minimization problem,

min E	g�X�T��:X is a solution to �4�, X�0� = �0
 .

The corresponding value function is given by, for all �t0 ,x0�� �0,T�
Ã,

V�t0,x0� = inf E	g�X�T��:X is a solution of �4�, X�t0� = x0
 , �5�

where minimum is considered over all adapted stochastic control processes X� · �.
Let S�t0,T��x0� denote the set of solutions of �4� starting at x0 at time t0 and defined on the

interval �t0 ,T�. The value function is nondecreasing along solutions of �4�,

∀x � S�t0,T��x0�, ∀ t0 � t1 � t2 � T ,

V�t1,X�t1�� � V�t2,X�t2��

and satisfies the dynamic programming principle,

∀t � �t0,T�,V�t0,x0� = inf E	V�t,X�t��:x � S�t0,T��x0�
 , �6�

x�S�t0,T��x0� is optimal for problem �5� if and only if

V�t,X�t�� � g�X�T�� .

We impose the following assumptions on E, F, G, H, and g,
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�i� E,F,G,H has closed nonempty images,

�ii� ∀ X � Ã,E�· ,X�,F�· ,X�,G�· ,X�,H�· ,X� is measurable,

�iii� E,F,G,H is Lipschitz,

�iv� ∃ � � L1�0,T�, ∀ t � �0,T�,�E�t,0����d���t�
+ �F�t,0����dAf�t� + �G�t,0����dAg

+�t� + �H�t,0����dt � ��t� ,

�v� g is locally Lipschitz.

�7�

Theorem 1: Assume (7). Then for every R�0, there exists LR�0, such that

(i) for all �t0 ,x0��QR and every solution

X � S�t0,T��x0�, ∀ t � �t0,T�,�X��� � LR

and the map �t0 ,T�� t�V�t ,X�t�� is absolutely continuous.

Furthermore, for almost every t� �t0 ,T�, the directional derivative ��V /��1,X��t����t ,X�t��
does exist.

(ii) For all t� �t0 ,T�, V�t , ·� is LR-Lipschitz on BR�0�.

Finally, if for all R�0, there exists CR�0, such that for

a . e . t � �0,T�, ∀ X � BR�0�, sup
Y�	�t,X�

�Y��� � CR �8�

�	� 	E ,F ,G ,H
�, then for every R�0, there exists CR�0, such that ∀X�BR�0�, V�· ,X� is
CR-Lipschitz.

Proof: Consider any solution X�S�t0,T��x0� of differential inclusion �4�. Then for almost all
t� �t0 ,T�,

dX�t� � E�t,X�t��d���t� + F�t,X�t��dAf�t� + G�t,X�t��dAg
+�t� + H�t,X�t��dt � �E�t,0����d���t�

+ �F�t,0����dAf�t� + �G�t,0����dAg
+�t� + �H�t,0����dt + k�t��x�t����B��.

Then ∀t� �t0 ,T�,

�X�t���� � �x0��� + 
t0

t

��s�ds + 
t0

t

k�s��X�s����ds .

This and Gronwall’s lemma yield the first statement. Since V is locally Lipschitz, we deduce �ii�
from Filippov’s theorem.

Let X1�S�t0,T��x0�. We claim that the map t→V�t ,X1�t�� is absolutely continuous. Indeed fix
t0� t1� t2�T. By �4�, there exists X2�S�t1,T��Xt1

�, such that

V�t2,X2�t2�� � V�t1,X1�t1�� + �t2 − t1� .

Then from �i� we deduce that for i=1,2,

�Xi�t2� − Xi�t1���� � 
t1

t2

��s�ds + 
t1

t2

k�s��Xi�s����ds � 
t1

t2

��s�ds + L�x0�
t1

t2

k�s�ds .

Thus, by �ii�, for a constant L depending only on �x0���,

0 � V�t2,X1�t2�� − V�t1,X1�t1��

� V�t2,X1�t2�� − V�t2,X2�t2�� + �t2 − t1�

� L�X1�t2� − X2�t2���� + �t2 − t1�
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� L��X1�t2� − X1�t1� + X2�t2� − X1�t1����� + �t2 − t1�

� 2L
t1

t2

��s�ds + 2L�x0���
L

t1

t2

k�s�ds + �t2 − t1� . �9�

Recall the following characterization of absolutely continuous maps.
A function f : �a ,b�→R is absolutely continuous if and only if

�i� ∃v�f��0, ∀a=a1�b1� ¯ �am�bm=b,

�
i=1

m

�f�bi� − f�ai�� � v�f� ,

�ii� ∀��0, ∃��0, such that ∀a�ai�bi�b, i=1, . . . ,m satisfying �ai ,bi�� �aj ,bj�=� for i
� j, �i=1

m �bi−ai��� we have �i=1
m �f�bi�− f�ai����.

Thus, by �9� the map t→�t�=V�t ,X1�t�� is absolutely continuous.
Fix t� �t0 ,T�, such that  and X1 are differentiable at t. Then from the local Lipschitz

continuity of V with respect to the second variable,

lim
h→0+

V�t + h,X1�t� + hX1��t� − V�t,X1�t���
h

= lim
h→0+

�t + h� − �t�
h

.

To prove the last statement of the theorem, observe that �6� and �i� imply that for all R�0, there
exists lR, such that every X�S�t0,T��x0� is lR Lipschitz whenever x0�BR�0�. Fix 0� t0� t1�T,
x0�BR�0�. By �6� there exists X�S�t0,T��x0�, such that V�t1 ,X�t1���V�t0 ,x0�+ �t1− t0�. Then

�V�t1,x0� − V�t0,x0�� � �V�t1,X�t1�� − V�t0,x0�� + �V�t1,X�t1�� − V�t1,x0�� � �t1 − t0� + LR�X�t1� − x0���

� �LRlR + 1��t1 − t0� .

Existence of optimal solution. To characterize optimal solutions we introduce the following

feedback map, G : �0,T�
Ã→2Ã, defined by

∀�t,x� � �0,T� 
 ÃG�t,x� = �v � ��t,X�:
�V

��1,v�
�t,X� = 0� ,

where

��t,X� � E�t,X�t��d���t� + F�t,X�t��dAf�t� + G�t,X�t��dAg
+�t� + H�t,X�t��dt .

�

Proposition 2: Assume (7). If for some �t0 ,x0�� �0,T�
Ã, E, F, G, H is lower semicontinu-
ous at �t0 ,x0� and for some v�co���t0 ,x0��, the directional derivative of V at �t0 ,x0� in the
direction �1,v� exists, then this directional derivative is non-negative.

Proof: Consider a solution X� · � of quantum stochastic differential inclusion �2� satisfying
X�t0�=x0, dX�t0�=v. Since V�t , ·� is Lipschitz on a neighborhood of x0 with the Lipschitz constant
independent of t and since V is nondecreasing along solutions to �2�,

lim
h→0+

V�t0 + h,x0 + hv� − V�t0,x0�
h

= lim
h→0+

V�t0 + h,x�t0 + h� − V�t0,x0��
h

� 0.

�

If E, F, G, H are closed valued, then G has compact nonempty images and is upper semicon-
tinuous, since Graph�G� will be closed.

Theorem 3: Assume (7) and let t0� �0,T�. Then the following two statements are equivalent.
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(i) X is a solution of the quantum stochastic differential inclusion,

dX�t� � G�t,X�t��dt almost everywhere in�t0,T� . �10�

(ii) X is a solution of quantum stochastic differential inclusion (2) defined on �t0 ,T� and for
every t� �t0 ,T� V�t ,X�t��=g�x�T��.

Proof: Fix a solution X of �4� defined on �t0 ,T� and set �t�=V�t ,X�t��. By Theorem 1,  is
absolutely continuous and for almost all t� �t0 ,T�,

��t� =
�V

��1,X��t��
�t,X�t�� .

Assume that �i� holds true. Hence, for almost every t� �t0 ,T�, the set G�t ,X�t�� is nonempty and
��t�=0 almost everywhere in �t0 ,T�. Consequently �V�T ,X�T��=g�x�T��.

Assume next that �ii� is verified. Then, differentiating the map t��t�, we obtain that for
every t0� t�T, ��t�=0. Therefore, for almost all t� �t0 ,T�, dX�t��G�t ,X�t��dt. �

Corollary 4: Assume (7). Then, a solution X�S�t0,T��x0� is optimal for problem (3) if and only

if it is a solution of quantum stochastic differential inclusion (9), satisfying the initial condition
X�t0�=x0.
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Abstract 

The existence of continuous selection for a lower semicontinuous 
multifunction reduces problems of existence of solutions in differential 
inclusion involving such multifunction into a corresponding 
differential equation. In this paper, an extension of Michael selection 
theorem to a non-commutative setting is established. The result is then 
applied in the establishment of the existence of solutions of quantum 
stochastic evolution inclusion. The quantum stochastic evolution 
inclusion has its coefficients to be operator-valued stochastic processes 
which are hypermaximal monotone and lower semicontinuous 
multifunctions. 
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1. Introduction 

This paper is concerned with the establishment of the existence                   
of continuous selections for a non-commutative multivalued stochastic 
process in the problem of existence of solutions of differential inclusions. 
The problem concerned can be reduced to an ordinary differential equation 
such that its right hand side consists of a selection of the multifunction. The 
celebrated Michael selection theorem established the existence of a 
continuous selection. Each selection strategy depends on the topological 
property of the domain of definition of the multifunction and the regularity 
property of the multifunction itself [1, 9]. 

In [5], the existence of solutions of hypermaximal monotone quantum 
stochastic differential inclusions was established via the unique adapted limit 
of the Yosida approximations of the multifunction. The result was later 
generalized to non-linear quantum stochastic evolution inclusions 

( ) ( )( ) ( ) ( ) ,,,,, ξη+ξη−∈ξη tptXttXdt
d P  

( ) ξη=ξη 0,0, xX  for almost all [ ]Tt ,0∈  

in [6], where P  is a hypermaximal monotone multifunction and p is 
continuous. In this work, we established the existence of a solution for a 
more general case 

( ) ( )( ) ( ) ( )( ) ( ),,,,,, ξηΦ+ξη−∈ξη tXttXttXdt
d P  

( ) ξη=ξη 0,0, xX  for almost all [ ],,0 Tt ∈  

where Φ is a lower semicontinuous multivalued stochastic process. It is 
worthy of note that the stochastic differential inclusion is driven by operator-
valued stochastic processes which are annihilation, creation and gauge 
processes arising from quantum field operator as in Hudson and 
Parthasarathy formulation of quantum stochastic calculus [8]. The existence 
of the continuous selection in this work is guaranteed by the pseudometric 
property of the domain which implies its paracompactness. The remaining 
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sections are arranged as follows: in Section 2, notation and definitions are 
stated while Section 3 is meant for the main results. 

2. Preliminaries 

In this section, we shall introduce the notation and definitions on 
quantum stochastic differential inclusions as applicable in subsequent 
sections. 

2.1. Notation and Definitions 

Let D  be some pre-Hilbert space whose completion is ;R  γ be a fixed 

Hilbert and ( )+γ R2L  be the space of square integrable γ-valued maps on .+R  

The inner product of the Hilbert space ( ( ))+γΓ⊗ R2LR  will be denoted 

by ⋅⋅,  and ⋅  the norm induced by ., ⋅⋅  

Let E  be a linear space generated by the exponential vectors in Fock 

space ( ( )).2
+γΓ RL  We define the locally convex space A  of non-commutative 

stochastic processes whose topology wτ  is generated by the family of 

seminorms { }.,,,, ED ⊗∈ξη∈ξη=ηξ Axxx  The completion of 

( )wτ,A  is denoted by .
~
A  The underlying elements of A

~
 consist of linear 

maps from ED ⊗  into ( ( ))+γΓ⊗ R2LR  having domains of their adjoints 

containing .ED ⊗  For a fixed Hilbert space γ, the spaces ( ),~
Ap

locL  

( )+
∞
γ RlocL ,  and ( )A~×ILp

loc  are adopted as in [4]. 

For a topological space ,N  let ( )Nclos  be the collection of all non-

empty closed subsets of ;N  we shall employ the Hausdorff topology on 

( )A~clos  as defined in [4]. Moreover, for ( )CclosBA ∈,  and ,C∈x  a 

complex number, we define the Hausdorff distance, ( )BA,ρ  as 

( ) ( ) ( )BxBAyxBx
AxBy

,sup,,inf, dd
∈∈

≡δ−≡  
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and 

( ) ( ) ( )( ).,,,max, ABBABA δδ≡ρ  

Then ρ is a metric on ( )Cclos  and induces a metric topology on the space. 

By a multivalued stochastic process indexed by [ ] ,,0 +⊆= RTI  we 

mean a multifunction on I with values in ( ).~
Aclos  

If Φ is a multivalued stochastic process indexed by ,+⊆ RI  then a 

selection of Φ is a stochastic process A
~

: →IX  with the property that 
( ) ( )ttX Φ∈  for almost all .It ∈  

A multivalued stochastic process Φ will be called 

(i) adapted if ( ) tt A
~

⊆Φ  for each ;+∈ Rt  (ii) measurable if t  

( )( )txd Φηξ ,  is measurable for arbitrary ,
~
A∈x  ;, ED ⊗∈ξη  (iii) locally 

absolutely p-integrable if ( ) ,ηξΦ tt  ,+∈ Rt  lies in ( )A~p
locL  for 

arbitrary ., ED ⊗∈ξη  

The set of all absolutely p-integrable multivalued stochastic processes 

will be denoted by ( )mvs
p
locL A

~
 and for ( ),,0 ∞∈p  ( )mvs

p
loc IL A

~
×  is the 

set of maps ( )AA
~~

: closI →×Φ  such that ( )( ),, tXtt Φ  It ∈  lies in 

( )mvs
p
locL A

~
 for every ( ).~

Ap
locLX ∈  

Consider multivalued stochastic processes ( )mvs
p
loc ILHGFE A

~
,,, ×∈  

and ( )0,0 x  be a fixed point in [ ] .
~

,0 A×T  Then, a relation of the form 

( ) ( ( )( ) ( ) ( )( ) ( )∫ +Λ+∈ π
t

f sdAsXsFsdsXsExtX
00 ,,  

( )( ) ( ) ( )( ) [ ])TtdssXsHsdAsXsG g ,0,,, ∈++ +  

will be called a stochastic integral inclusion with coefficients E, F, G and H. 
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The stochastic differential inclusion corresponding to the integral 
inclusion above is 

( ) ( )( ) ( ) ( )( ) ( )tdAtXtFtdtXtEtdX f,, +Λ∈ π  

( )( ) ( ) ( )( ) ,,, dttXtHtdAtXtG g ++ +  

( ) 00 xX =  for almost all [ ].,0 Tt ∈  (2.1) 

Let [ ] ( )22
~

,0: EDP ⊗→× sesqT A  be sesquilinear form valued stochastic 

process defined in [4] in terms of E, F, G, H by using the matrix elements in 
Hudson and Parthasarathy quantum stochastic calculus [8], it was established 
that problem (2.1) is equivalent to 

( ) ( )( ) ( ),,,, ξη∈ξη tXttXdt
d P  

( ) ξη=ξη 0,0, xX  for almost all [ ].,0 Tt ∈  (2.2) 

In what follows, if U is a topological space, we denote by ( ),Uclos  the 

collection of all non-empty closed subsets of U. 

As explained in [4], the map P  cannot in general be written in the form: 

( ) ( ) ( )ξη=ξη xtxt ,,~,, PP  

for some complex-valued multifunction P~  defined on C×I  for ,It ∈  

,
~
A∈x  ., ED ⊗∈ξη  

2.2. Lower semicontinuous and hypermaximal monotone multifunctions 

Let .
~
A⊂S  Then a multivalued stochastic process A

~
2: →Φ S  is said 

to be lower semicontinuous (l.s.c.) if for every closed subset C of ,
~
A  the set 

( ){ }CsSs ⊂Φ∈ :  is closed in S. 

For an arbitrary ,, ED ⊗∈ξη  a sesquilinear form valued map →Ψ S:  

( )22 ED⊗sesq  will be said to be lower semicontinuous if for every closed 
subset C of C  the set ( ) ( ){ }CsSs ⊂ξηΨ∈ ,:  is closed in S. 
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The following proposition is an obvious implication of the definitions 
above. 

Proposition 2.1. Assume that the following holds: 

 (i) The coefficients E, F, G, H belong to the space ( ) .
~2

mvsloc IL A×  

(ii) E, F, G, H are lower semicontinuous on .
~
A×I  

Then, the map ( ) ( ) ( )ξη→ ,,, xtxt P  is lower semicontinuous on .
~
A×I  

Hence we shall be considering the sesquilinear form in the sequel. 

Suppose ( )22
~

: ED⊗→ sesqP A  is a multifunction; the domain of P; 

( ) { ( )( ) };,:
~

∅≠ξη∈= xPxPD A  range of P; ( ) ( )( )∪ A
~ ;,∈ ξη= x xPPrange  

graph of P; ( ) {( ) ( ) ( )}.,:
~

, ξη∈×∈= xPyyxPgraph CA  

We shall adopt the definition of hypermaximal monotone multifunction 

for regular multifunction ( )0
~
AReg  in [5]. 

(Monotone multifunctions) 

A sesquilinear form valued map P  is said to be 

  (i) Monotone if 

( ( ) ( ) ( ) ( ) ) 0,,Re 2, ≥Φξ⊗η− ξη yxba  

and ( ) ,1, ⊗∈ βα xPa  ( ) ,1, ⊗∈ βα yPb  ( ),, PDyx ∈  and ,, ED ⊗∈ξη  

with ( ),α⊗=η eu  ( ),β⊗=ξ ev  ( ),, , +
∞
γ∈βα RlocL  ., D∈vu  

 (ii) Maximal monotone if the graph of P  is not properly contained in the 

graph of any other monotone member of ( ) .
~

0AReg  

(iii) Hypermaximal monotone if P  is maximal monotone and 

(a) the range of the map 

( ) ( ) ( ) ( )+
∞
γαβ ∈βα∈⊗+⊗ RP locA LDxxPxidx ,~ ,,,11  
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is all of 1
~
⊗A  and 

(b) ( ( ) ) ,1 1~ −
αβ ⊗+⋅ Pid A  ( )+

∞
γ∈βα RlocL ,,  is a continuous single-

valued map from 1
~
⊗A  to ( ).PD  ( )⋅Aid ~  is the identity map on .

~
A  

P  generates a strongly continuous semigroup of contractions ( ){ }0: ≥ttS  

on ( ).PD  

Then, for all ( )PDyx ∈,  and ,0, ≥st  the following conditions are 

satisfied: 

  (i) ( ) ( ) ( ) ,xsStSxstS =+  (ii) ( ) ,0 xxS =  (iii) ( ) xS ττ  is continuous, 

(iv) ( ) ( ) ηξηξ −≤− yxytSxtS  for arbitrary ., ED ⊗∈ξη  (2.3) 

In [5], it was established that if E, F, G and H are hypermaximal 
monotone, then P  is hypermaximal monotone. Let 0>s  be fixed. Consider 
the initial value stochastic differential inclusion 

( ) ( ( )( ) ( ) ( )( ) ( )tdAtXtFtdtXtEtdX f,, +Λ−∈ π  

 ( )( ) ( ) ( )( ) ) ( )dttpdttXtHtdAtXtG g +++ + ,,  

for almost all ( ],, Tst ∈  

( ) sxsX =  for some A
~

∈sx  (2.4) 

which is equivalent to the differential inclusion 

( ) ( )( ) ( ) ( ) ,,,,, ξη+ξη−∈ξη tptXttXdt
d P  

( ) ξη=ξη sxsX ,,  for almost all ( ],, Tst ∈  (2.5) 

,, ED ⊗∈ξη  with ( ),α⊗=η eu  ( ),β⊗=ξ ev  ( ),, , +
∞
γ∈βα RlocL  vu,  

.D∈  
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In Ekhaguere [5], the case corresponding to 0≡p  was considered and it 

was shown that problem (2.5) has a unique adapted solution. This same 
condition applies also to any non-zero ([ ] )ED ⊗∈ ,, TsCp  which was 

considered in Ekhaguere [6]. 

Suppose that problem (2.5) has a unique adapted solution ϕ. We may 
interpret (2.5) as describing a system whose state at time s is ( ) ,sxs =ϕ  

while ( )tϕ  is the state of the system at some later time .st ≥  We say that the 

system has evolved from the state ( )sϕ  to the state ( ),tϕ  .st ≥  This 

transition may be described by means of transformation ( )stU ,  which 

moves ( )sϕ  to ( )tϕ  thus: 

( ) ( ) ( ) .,, sttsstU ≥ϕ=ϕ  

A map U from the set {( ) }Ttsst ≤≤≤∈ + 0:, 2R  to the set of all operators 

on A
~

 is called an evolution operator if it satisfies 

 (i) ( ) ( ) ( );, ssssU ϕ=ϕ  

(ii) ( ) ( ) ( ) ( ) ( )sstUssrUrtU ϕ=ϕ ,,,  for .trs ≤≤  

It was shown in Ekhaguere [6], that by uniqueness of the solution of 
problem (2.5), these conditions, called evolution conditions, are satisfied. 

Moreover, the contraction condition 

( ) ( ) ( ],,0,,, 0000 TsyxystUxstU ∈∀−≤− ηξηξ  

ED ⊗∈ξη≤≤∀∈ ,,,
~

, 00 Ttsyx A  

was shown to be satisfied. 

The family of multifunctions ( ) [ ]{ }Ttt ,0;, ∈⋅P  is called the generator 

of the evolution operator, ( ) ( )( ) { ( ) ( ) }.,,:~,,, ∅≠ξη∈=⋅⋅⋅ xtAxtDU PP  
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Consider the initial value problem 

( ) ( )( ) ( ) ( ) ,,,,, ξη+ξη−∈ξη tptXttXdt
d P  

( ) ξη=ξη 0,0, xX  for almost all [ ].,0 Tt ∈  (2.6) 

By a solution of (2.6), we mean a unique adapted solution ϕ such that 

( ) ( )( ) ( ) ( ) .,,,, ξη+ξηϕ−∈ξϕη tptttdt
d P  

Given a multifunction [ ] ( )( ) ( )22,,0: EDP ⊗→⋅×Φ sesqtDT  and ∈0x  

( )( ),, ⋅tD P  we consider the initial value problem 

( ) ( )( ) ( ) ( )( ) ( ),,,,,, ξηΦ+ξη−∈ξη tXttXttXdt
d P  

( ) ξη=ξη 0,0, xX  for almost all [ ].,0 Tt ∈  (2.7) 

By a solution of the problem (2.7), we mean an adapted weakly absolutely 

continuous function [ ] ( )( )⋅→ϕ ,,0: tDT P  with the property that there 

exists ([ ] ( ))ED ⊗∈ sesqTCp ,,0  such that 

( ) ( )( ) ( )ξηϕΦ∈ξη ,,, tttp  for an arbitrary ,, ED ⊗∈ξη  a.e. [ ]Tt ,0∈  

and ϕ is a solution of problem (2.6). 

3. Main Results 

Proposition 3.1. Assume that the following holds: 

  (i) For arbitrary ,, ED ⊗∈ξη  the map ( ) ( ) ( )ξη→ ,,, xtGxt  is 

lower semicontinuous with respect to a seminorm ;ηξ⋅  

 (ii) ( )ED ⊗→× sesqIg A
~

:  is continuous, and 

(iii) +→ε RA
~

:  is lower semicontinuous. 



M. O. Ogundiran and E. O. Ayoola 74 

Then the map ( ) ( ) ( )ξηΦ→ ,,, xtxt  defined by 

( ) ( ) ( ) ( ) ( )( ) ( ) ( )∩ ξηξη=ξηΦ ε ,,,,,, xtGxtgBxt x  

is lower semicontinuous with respect to the seminorm ηξ⋅  on its domain. 

Proof. Fix ( )∗∗ xt ,  in ( ) ( )ξηΦ∈Φ ∗∗∗
ηξ ,,,Dom xty  and .0>ω  For 

some ,0>σ  ( ) ( ) ( ) .,, σ−ε=ξη− ∗∗∗∗
ηξ xxtgy  

There exists 1δ  such that to any ( ) A
~

, ×∈ Ixt  with (( ) ( ))∗∗
ηξ xtxtd ,,,  

,1δ<  we can associate ( ) ( )ξη,, xty  in ( ) ( )ξη,, xtG  so that 

( ) ⎭⎬
⎫

⎩⎨
⎧ σω<− ∗

ηξηξ 3,min,, yy xt  

and 2δ  such that 

(( ) ( )) 2,,, δ<∗∗
ηξ xtxtd  

implies 

( ) ( ) 3
σ−ε>ε ∗xx  

and 3δ  such that 

(( ) ( )) 3,,, δ<∗∗
ηξ xtxtd  

implies ( ) ( ) ( ) ( ) .3,,,, σ<ξη−ξη∗∗ xtgxtg  

Then when (( ) ( )) { },,,min,,, 321 δδδ<∗∗
ηξ xtxtd  

 ( ) ( ) ( ) ( )ξη−ξη ,,,, xtgxty  

( ) ( ) ( ) ( )ξη−+−ξη≤ ∗∗∗
ηξ

∗
ηξ ,,,, xtgyyxty  

( ) ( ) ( ) ( )ξη−ξη+ ∗∗ ,,,, xtgxtg  
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( ) 33
σ+σ−ε+σ< ∗x  

( ) ( ),3 xx ε<σ−ε= ∗  

that is, ( ) ( ) ( ) ( )ξηΦ∈ξη ,,,, xtxty  and 

( ) ( ) ( ) ( ) .,,,, ω<ξη−ξη∗ xtyxty  

Proposition 3.2. For an arbitrary ,, ED ⊗∈ξη  suppose a map 

( ) ( ) ( )ξηΦ→ ,,, xtxt  is convex and lower semicontinuous. 

Then, for every ,0>ε  there exists a (jointly) continuous map, 

( )2~
: ED ⊗→×ϕ sesqI A  

such that for ( ) ( ) ( ) ( ) ( )( ) .,,,,,,
~

, ε≤ξηζτΦξηζτϕ×∈ζτ dI A  

Proof. For every ( ) ,
~

, A×∈ Ixt  let ( ) ( ) ( )ξηΦ∈ ,,, xty xt  and let 

( ) 0, >δ xt  be such that ( ( ) ) ( ) ( ) ∅≠ξη′′Φ+ ε ,,, xtBy xt ∩  for ( ) ∈′′ xt ,  

( ) ( ).,
,, xtB
xtδηξ  

Since A
~

×I  is paracompact, there exists a locally finite refinement 

{ ( )}( ) AU
~

,, ×∈ Ixtxt  of { ( ) ( )}( )., ,, , xtxtB xtδηξ  

Let { ( )( ) ( )}( )xtxt ,, ,, ξη⋅⋅π  be a partition of unity subordinate to it. 

The mapping ( )ED ⊗→×ϕ sesqI A
~

:  given by 

( ) ( ) ( )( ) ( )( )∑ ξηζτπ=ξηζτϕ ,,,, ,, xtxt y  

is continuous since it is a locally finite sum of continuous functions. 

Fix ( )., ζτ  Whenever 

( )( ) ( ) ,0,,, >ξηζτπ xt  ( ) ( ) ( ) ( ),,,
,,, xtB
xtxt δηξ⊂∈ζτ U  

hence ( ) ( ) ( ) .,,, ε+ξηζτΦ∈ By xt  
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Since this latter set is convex, any convex combination of such ( )xty , ’s 

in particular, ( )ζτϕ ,  belongs to it. 

( ) ( ) ( ) ( ) ε+ξηζτΦ∈ξηζτϕ B,,,,  implies for any ,, ED ⊗∈ξη  we 

have ( ) ( ) ( ) ( )( ) .,,,,, ε≤ξηζτΦξηζτϕd  

The following theorem is a non-commutative generalization of Michael 
selection theorems [9], Theorem 1.11.1 [1]. 

Theorem 3.1. Suppose that ( )22
~

: ED⊗→×Ψ sesqI A  is a multivalued 
stochastic process such that for arbitrary elements ,, ED ⊗∈ξη  

 (i) ( ) ( ) ( )ξηΨ→ ,,, xtxt  is lower semicontinuous with respect to a 

seminorm ;ηξ⋅  

(ii) Ψ is closed and convex valued. 

Then there exists ( ) ,
~

: 2ED ⊗→×ψ sesqI A  a continuous selection from 

Ψ. 

Proof. The proof shall be in steps: 

We claim that we can define a sequence { }nψ  of continuous mappings 

from A
~

×I  into ( )ED ⊗sesq  with the following properties: 

 (i) for each ( ) ,
~

, A×∈γτ I  ,, ED ⊗∈ξη  

( ( ) ( ) ( ) ( )) ...;,2,1,
2
1,,,,, =≤ξηγτΨξηγτψ nd nn  

(ii) for each ( ) ,
~

, A×∈γτ I  ,, ED ⊗∈ξη  

( ) ( ) ( ) ( ) ....,2,
2

1,,,, 21 =≤ξηγτψ−ξηγτψ
−− nnnn  

For ,1=n  it is enough to take in Proposition 3.1 above Ψ=Φ  and 

.2
1=ε  
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Assume we have defined mappings nψ  satisfying (i) up to .ν=n  We 

shall define 1+νψ  satisfying (i) and (ii) as follows. 

Consider the set 

( ) ( ) ( ( ) ( ) ) ( ) ( )∩ .,,,,,,
2
1 ξηγτΨ+ξηγτψ=ξηγτΦ
ν

ν B  

By (i), it is not empty, and it is a convex set. The map ( ) →γτ,  

( ) ( )ξηγτΦ ,,  is lower semicontinuous, by Propositions 3.1 and 3.2, there 

exists a continuous ϕ such that ( ) ( ) ( ) ( )( ) .
2

1,,,,, 1+ν≤ξηΦξηϕ xtxtd  

Set 

( ) ( ) ( ) ( ).,,,,1 ξηγτϕ=ξηγτψ +ν  

Hence ( ( ) ( ) ( ) ( )) 11
2

1,,,,,
+ν+ν ≤ξηγτΨξηγτψd  proving (i). Also, 

( ) ( ) ( ) ( )
12

11 ,,,,
+ν

+ξηγτΦ∈ξηγτψ +ν B  

 ( ) ( ) ,
2

1
2
1,, 1 B⎟

⎠
⎞

⎜
⎝
⎛ ++ξηγτψ⊂

+ννν  

that is; 

( ) ( ) ( ) ( ) 11
2

1,,,,
−νν+ν ≤ξηγτψ−ξηγτψ  

proving (ii). 

Since the series ∑ n2
1  converges, ( ) ( ){ }ξη⋅ψ ,n  is a Cauchy sequence, 

uniformly converging to a continuous map ( ) ( )., ξη⋅ψ  

Since the values of Ψ are closed, by (i) above, ψ is a selection of Ψ. 

Corollary 3.1. Suppose the following holds: 
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 (i) The map [ ] ( )22
~

,0: EDP ⊗→× sesqT A  is a hypermaximal monotone 

multifunction. 

(ii) [ ] ( )( ) ( )22,,0: EDP ⊗→⋅×Φ sesqtDT  is a lower semicontinuous 

multifunction with closed non-empty convex values. 

Then there exists a solution for a non-linear evolution inclusion 

( ) ( )( ) ( ) ( )( ) ( ),,,,,, ξηΦ+ξη−∈ξη tXttXttXdt
d P  

( ) .,0, 0ξη=ξη xX  (3.1) 

Proof. Since Φ satisfies the hypotheses of Theorem 3.1, there exists a 
continuous selection ([ ] ( ))ED⊗∈ sesqTCp ,,0  such that 

( ) ( )( ) ( )ξηϕΦ∈ξη ,,, tttp  for an arbitrary ,, ED ⊗∈ξη  a.e. [ ].,0 Tt ∈  

By [6], there exists a solution for (2.6). Suppose ϕ is such solution. Then 
ϕ is a solution of (3.1). 

Remark 3.1. The result is applicable in Quantum Physics. If a quantum 
system evolves from a state space to another over a period of time such that 
there is continuous creation, annihilation and gauge. The inclusions 
describing the stochastic evolutions of the quantum system can be solved via 
the result in this work. 

References 

 [1] J. P. Aubin and A. Cellina, Differential Inclusions, Springer-Verlag, Berlin, 1984. 

 [2] E. O. Ayoola, Topological properties of solution sets of Lipschitzian quantum 
stochastic differential inclusions, Acta Appl. Math. 100 (2008), 15-37. 

 [3] A. Cernea and V. Staicu, Directionally continuous selections and nonconvex 
evolution inclusions, Set-Valued Anal. 11 (2003), 9-20. 

 [4] G. O. S. Ekhaguere, Lipschitzian quantum stochastic differential inclusions, Inter. 
J. Theo. Phys. 31(11) (1992), 2003-2034. 

 [5] G. O. S. Ekhaguere, Quantum stochastic differential inclusions of hypermaximal 
monotone type, Inter. J. Theo. Phys. 34(3) (1995), 323-353. 



An Application of Michael Selection Theorems 79 

 [6] G. O. S. Ekhaguere, Quantum stochastic evolutions, Inter. J. Theo. Phys. 35(9) 
(1996), 1909-1946. 

 [7] G. O. S. Ekhaguere, Topological solutions of non commutative stochastic 
differential equations, Stoch. Anal. Appl. 25(9) (2007), 961-993. 

 [8] R. L. Hudson and K. R. Parthasarathy, Quantum Ito’s formula and stochastic 
evolutions, Comm. Math. Phys. 93(3) (1984), 301-323. 

 [9] E. Michael, Continuous selections, I and II, Ann. Math. 63; 64 (1956), 361-382; 
562-580. 

 [10] M. Reed and B. Simon, Methods of Modern Mathematical Physics I. Functional 
Analysis, 2nd ed., Academic Press, New York, London, 1980. 



Dynamic Systems and Applications 21 (2012) 121-132
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ABSTRACT. The existence of solutions of Discontinuous Quantum Stochastic Differential Inclu-

sions (QSDI) with upper semicontinuous coefficients is our concerned in this work. A non commu-

tative generalization of Kakutani-Fan fixed point theorem is established in the work. By employing

this result, the existence of solution of upper semicontinuous QSDI is established.

AMS (MOS) Subject Classification. 81S25

1. INTRODUCTION

The problem of existence of solutions of Lipschitzian quantum stochastic differen-

tial inclusions of Hudson and Parthasarathy quantum stochastic calculus formulation

was established in [7]. The properties of these solution sets were established in [3] and

[4]. The quantum stochastic calculus is driven by quantum stochastic processes called

annihilation, creation and gauge arising from quantum field operators. The multival-

ued generalization of this non commutative stochastic differential equation is essential

in the applications of quantum control theory, quantum evolution inclusions[9] and

differential equation with discontinuous coefficients.

For a classical differential equation with discontinuous coefficients the existence

of solutions was established via a multivalued regularization procedure [2]. This

multivalued regularization is upper semicontinuous. The existence of solutions of

upper semicontinuous differential inclusions in the classical setting was established

by using Kakutani fixed point approach [6] which is a multivalued generalization of

Schauder fixed point theorem. The aim of this work is to establish this result in

our non commutative setting. However, this result does not naturally transcends to

our upper semicontinuous quantum stochastic differential inclusions. In this work we

shall first establish a form of Kakutani-Fan fixed point theorem and then employ it to

prove the existence of solution of our quantum stochastic differential inclusions. Hence

we extend the existence of solution results in the literatures on quantum stochastic

differential inclusions [7], [8] and [10] to discontinuous case.

Received December 13, 2011 1056-2176 $15.00 c©Dynamic Publishers, Inc.
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The work shall be arranged as follows; in section 2 we state the definitions and

notations while section 3 shall be for results on the fixed point theorem and existence

of solutions of upper semicontinuous quantum stochastic differential inclusions via

this fixed point theorem.

2. PRELIMINARIES

2.1. Notations and Definitions. In what follows, if U is a topological space, we

denote by clos(U), the collection of all non-empty closed subsets of U.

To each pair (D,H) consisting of a pre-Hilbert space D and its completion H ,

we associate the set L+
w(D,H) of all linear maps x from D into H , with the property

that the domain of the operator adjoint contains D. The members of L+
w(D,H) are

densely-defined linear operators on H which do not necessarily leave D invariant and

L+
w(D,H) is a linear space when equipped with the usual notions of addition and

scalar multiplication.

To H corresponds a Hilbert space Γ(H) called the boson Fock space determined

by H . A natural dense subset of Γ(H) consists of linear space generated by the set

of exponential vectors(Guichardet, [11]) in Γ(H) of the form

e(f) =

∞⊕

n=0

(n!)−
1

2

n⊗
f, f ∈ H

where
⊗0

f = 1 and
⊗n

f is the n-fold tensor product of f with itself for n ≥ 1.

In what follows, D is some pre-Hilbert space whose completion is R and γ is a

fixed Hilbert. L2
γ(R+) (resp. L2

γ([0, t)), resp. L2
γ([t,∞)) t ∈ R+) is the space of square

integrable γ-valued maps on R+ (resp. [0, t), resp. [t,∞)).

The inner product of the Hilbert space R ⊗ Γ(L2
γ(R+)) will be denoted by 〈·, ·〉

and ‖ · ‖ the norm induced by 〈·, ·〉. Let E,Et and Et, t > 0 be linear spaces generated

by the exponential vectors in Fock spaces Γ(L2
γ(R+)),Γ(L2

γ([0, t))) and Γ(L2
γ([t,∞)))

respectively;

A ≡ L+
w(D⊗E,R⊗ Γ(L2

γ(R+)))

At ≡ L+
w(D⊗Et,R⊗ Γ(L2

γ([0, t)))) ⊗ I
t

At ≡ It ⊗ L+
w(Et,Γ(L2

γ([t,∞)))), t > 0

where ⊗ denotes algebraic tensor product and It (resp. It) denotes the identity map

on R⊗ Γ(L2
γ([0, t)))) (resp. Γ(L2

γ([t,∞)))), t > 0. For every η, ξ ∈ D⊗E define

‖ x ‖η,ξ=| 〈η, xξ〉 |, x ∈ A

then the family of seminorms

{‖ · ‖ηξ: η, ξ ∈ D⊗E}
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generates a topology τw, weak topology. The completion of the locally convex spaces

(A, τw), (At, τw) and (At, τw) are respectively denoted by Ã, Ãt and Ãt.

We define the Hausdorff topology on clos(Ã) as follows: For x ∈ Ã, M,N ∈

clos(Ã) and η, ξ ∈ D⊗E, define

ρηξ(M,N ) ≡ max(δηξ(M,N ), δηξ(N ,M))

where

δηξ(M,N ) ≡ sup
x∈M

dηξ(x,N ) and

dηξ(x,N ) ≡ inf
y∈N

‖ x− y ‖ηξ .

The Hausdorff topology which shall be employed in what follows, denoted by, τH ,

is generated by the family of pseudometrics {ρηξ(·) : η, ξ ∈ D⊗E}. Moreover, if

M ∈ clos(Ã), then ‖ M ‖ηξ is defined by

‖ M ‖ηξ≡ ρηξ(M, {0});

for arbitrary η, ξ ∈ D⊗E. For A,B ∈ clos(C) and x ∈ C, a complex number, define

d(x,B) ≡ inf
y∈B

| x− y |

δ(A,B) ≡ sup
x∈A

d(x,B)

and ρ(A,B) ≡ max(δ(A,B), δ(B,A)).

Then ρ is a metric on clos(C) and induces a metric topology on the space. Let I ⊆ R+.

A stochastic process indexed by I is an Ã-valued measurable map on I. A stochastic

process X is called adapted if X(t) ∈ Ãt for each t ∈ I. We write Ad(Ã) for the set

of all adapted stochastic processes indexed by I.

Definition 2.1. A member X of Ad(Ã) is called

(i) weakly absolutely continuous if the map t 7→ 〈η,X(t)ξ〉, t ∈ I is absolutely contin-

uous for arbitrary η, ξ ∈ D⊗E

(ii) locally absolutely p-integrable if ‖ X(·) ‖p
ηξ is Lebesgue -measurable and integrable

on [0, t) ⊆ I for each t ∈ I and arbitrary η, ξ ∈ D⊗E.

We denote by Ad(Ã)wac (resp. Lp
loc(Ã)) the set of all weakly, absolutely continuous

(resp. locally absolutely p-integrable) members of Ad(Ã).

Stochastic integrators: Let L∞
γ,loc(R+) [resp. L∞

B(γ),loc(R+)] be the linear space of

all measurable, locally bounded functions from R+ to γ [resp. to B(γ), the Banach

space of bounded endomorphisms of γ]. If f ∈ L∞
γ,loc(R+) and π ∈ L∞

B(γ),loc(R+), then

πf is the member of L∞
γ,loc(R+) given by (πf)(t) = π(t)f(t), t ∈ R+.
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For f ∈ L2
γ(R)+ and π ∈ L∞

B(γ),loc(R+); the annihilation, creation and gauge

operators, a(f), a+(f) and λ(π) in L+
w(D,Γ(L2

γ(R)+)) respectively, are defined as:

a(f)e(g) = 〈f, g〉L2
γ(R+)e(g)

a+(f)e(g) =
d

dσ
e(g + σf) |σ=0

λ(π)e(g) =
d

dσ
e(eσπf) |σ=0

g ∈ L2
γ(R)+

For arbitrary f ∈ L∞
γ,loc(R+) and π ∈ L∞

B(γ),loc(R+), they give rise to the operator-

valued maps Af , A
+
f and Λπ defined by:

Af(t) ≡ a(fχ[0,t))

A+
f (t) ≡ a+(fχ[0,t))

Λπ(t) ≡ λ(πχ[0,t))

t ∈ R+, where χI denotes the indicator function of the Borel set I ⊆ R+. The

maps Af , A
+
f and Λπ are stochastic processes, called annihilation, creation and gauge

processes, respectively, when their values are identified with their amplifications on

R ⊗ Γ(L2
γ(R+)). These are the stochastic integrators in Hudson and Parthasarathy

[12] formulation of boson quantum stochastic integration.

For processes p, q, u, v ∈ L2
loc(Ã), the quantum stochastic integral:

∫ t

t0

(
p(s)dΛπ(s) + q(s)dAf(s) + u(s)dA+

g (s) + v(s)ds
)
, t0, t ∈ R+

is interpreted in the sense of Hudson-Parthasarathy[12]. The definition of Quantum

stochastic differential Inclusions follows as in [7]. A relation of the form

dX(t) ∈ E(t, X(t))dΛπ(t) + F (t, X(t))dAf(t)

+G(t, X(t))dA+
g (t) +H(t, X(t))dt almost all t ∈ I

X(t0) = x0

(2.1)

is called Quantum stochastic differential inclusions(QSDI) with coefficients E,F,G,H

and initial data (t0, x0). Equation(2.1) is understood in the integral form:

X(t) ∈ x0 +

∫ t

t0

(
E(s,X(s))dΛπ(s) + F (s,X(s))dAf(s)

+G(s,X(s))dA+
g (s) +H(s,X(s))ds

)
, t ∈ I
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called a stochastic integral inclusion with coefficients E,F,G,H and initial data

(t0, x0). An equivalent form of (2.1) has been established in [7], Theorem 6.2 as:

(µE)(t, x)(η, ξ) = {〈η, µαβ(t)p(t, x)ξ〉 : p(t, x) ∈ E(t, x)}

(νF )(t, x)(η, ξ) = {〈η, νβ(t)q(t, x)ξ〉 : q(t, x) ∈ F (t, x)}

(σG)(t, x)(η, ξ) = {〈η, σα(t)u(t, x)ξ〉 : u(t, x) ∈ G(t, x)}

P(t, x)(η, ξ) = (µE)(t, x)(η, ξ) + (νF )(t, x)(η, ξ)

+ (σG)(t, x)(η, ξ) +H(t, x)(η, ξ)

H(t, x)(η, ξ) = {v(t, x)(η, ξ) : v(·, X(·))

is a selection of H(·, X(·))∀ X ∈ L2
loc(Ã)}

(2.2)

Then Problem (2.1) is equivalent to

d

dt
〈η,X(t)ξ〉 ∈ P(t, X(t))(η, ξ)

X(t0) = x0

(2.3)

for arbitrary η, ξ ∈ D⊗E, almost all t ∈ I. Hence the existence of solution of (2.1)

implies the existence of solution of (2.3) and vice-versa. As explained in [7], for the

map P,

P(t, x)(η, ξ) 6= P̃(t, 〈η, xξ〉)

for some complex-valued multifunction P̃ defined on I × C for t ∈ I, x ∈ Ã, η, ξ ∈

D⊗E.

Definition 2.2. Let D ⊂ Ã be a non-empty bounded subset of Ã. For each η, ξ ∈

D⊗E, supx∈D ‖ x ‖ηξ< ∞. We define the diameter of D with respect to η, ξ ∈ D⊗E

by,

diam.(D) = sup
x,y∈D

‖ x− y ‖ηξ .

Definition 2.3. For arbitrary η, ξ ∈ D⊗E, let

Bηξ = {D ⊂ Ã : sup
x,y∈D

‖ x− y ‖ηξ<∞}

Then the map: αηξ : Bηξ → R+, defined by

αηξ(D) = inf{d > 0 : D admits a finite cover by sets of diameter ≤ d}, D ∈ Bηξ

is called (Kuratowski-)measure of non compactness.

The following are properties of αηξ, established in [5]

Proposition 2.4. Suppose αηξ : Bηξ → R+, then

(a) αηξ(D) = 0 if and only if D is compact
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(b) αηξ is a seminorm, that is; for λ > 0,

αηξ(λD) =| λ | αηξ(D) and αηξ(D1 +D2) ≤ αηξ(D1) + α(D2)

(c) D1 ⊂ D2 implies

αηξ(D1) ≤ αηξ(D2), αηξ(D1 ∪D2) = max{αηξ(D1), αηξ(D2)}

(d) αηξ(coD) = αηξ(D).

(e) αηξ is continuous with respect to the Hausdorff distance; that is

| αηξ(D1) − αηξ(D2) |≤ ρηξ(D1, D2)

for arbitrary η, ξ ∈ D⊗E where

ρηξ(D1, D2) = max
{

sup
x∈D1

dηξ(x,D2), sup
x∈D2

dηξ(x,D1)
}
, D1, D2 ⊂ Bηξ

Definition 2.5. (a) Let v0, v1, . . . , vn be an affinely independent set of n + 1 points

in a vector space E. The convex hull

{x ∈ E : x =
n∑

i=0

λivi, 0 ≤ λi ≤ 1,
n∑

i=0

λi = 1}

is called (closed)n-simplex and is denoted by v0v1 . . . vn. The points v0, v1, . . . , vn are

called the vertices of the simplex. For 0 ≤ k ≤ n and 0 ≤ i0 < i1 < · · · < ik ≤ n,

the k-simplex vi0vi1 . . . vik is a subset of the n-simplex v0v1 . . . vn; it is called a k-

dimensional face(or simply k-face) of v0v1 . . . vn. In addition , if y =
∑n

i=0 λivi we let

χ(y) = {i : λi > 0}

(b) A real-valued function φ on Ã is lower (resp. upper) semicontinuous if the set

{x ∈ Ã : φ(x) ≤ λ} (resp. {x ∈ Ã : φ(x) ≥ λ}) is closed in Ã for each λ ∈ R. If

Q is a convex set in a vector space then a real-valued function φ on Q is said to be

quasiconcave (resp. quasiconvex) if {x ∈ Q : φ(x) > λ} (resp. {x ∈ Q : φ(x) < λ}) is

convex for each λ ∈ R

(c) Let K be a non empty set, and Φ : K → 2K a multifunction, an element x ∈ K is

said to be a fixed point of Φ if x ∈ Φ(x).

(d) Let Q be a convex set in a vector space X, A a non-empty subset of Q and

F : A → 2Q, a multivalued map. The family {F (x) : x ∈ A} is said to be a

KKM covering for Q if

co{x : x ∈ N} ⊆
⋃

x∈N

F (x)

for any finite set N ⊆ A
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2.2. Preliminary results. In the Locally convex spaces, Schauder-Tychonoff fixed

point theorem is the generalization of Schauder fixed point theorem on Banach

spaces[13]. For the case of multifunctions, Kakutani fixed point theorem is the multi-

valued analogue of Schauder fixed point theorem and Kakutani-Fan fixed point theo-

rem is the generalization of Schauder-Tychonoff theorem[1]. The following theorems

due to Knaster, Kuratowski and Mazurkiewicz (KKM) shall be employed.

Theorem 2.6. [1] Let {F0, . . . , Fn} be a family of n+1 closed subsets of an n-simplex

v0v1 . . . vn. Suppose that for each 0 ≤ k ≤ n and 0 ≤ i0 < i1 < · · · < ik ≤ n we have

vi0vi1 . . . vik ⊆ Fi0 ∪ Fi1 ∪ · · · ∪ Fik

Then
n⋂

i=0

Fi 6= ∅

The infinite dimensional version of the KKM theorem, Theorem 2.1, above is:

Theorem 2.7. [1] Let Q be a convex set in Ã, N a non-empty subset of Q, F : N →

2Q a multivalued map and {F (x) : x ∈ N} a KKM covering for Q. If there exists an

a ∈ N with F (a) compact, then
⋂

x∈N

F (x) 6= ∅

The following is a non commutative analogue of the Ky Fan’s minimax theorem,

as established in[1]

Theorem 2.8. Let K 6= ∅, convex and compact subset in Ã and φ a real-valued

function on the product space K ×K satisfying the following conditions;

(2.4) for each fixed x ∈ K,φ(x, ·) is lower semicontinuous on K and

(2.5) for each fixed y ∈ K,φ(·, y) is quasiconcave on K

Then there exists y∗ ∈ K with

φ(x, y∗) ≤ sup
z∈K

φ(z, z) for all x ∈ K

(and therefore miny∈K supx∈K φ(x, y) ≤ supx∈K φ(x, x))

Proof. Let λ = supx∈K φ(x, x). We may assume that λ 6= ∞. For each x ∈ K let

F (x) = {y ∈ K : φ(x, y) ≤ λ}

condition 2.4 guarantees that each F (x) is closed and hence compact in K (note that

K is compact). We claim that {F (x) : x ∈ K} is a KKM covering for K. If the claim

is true then Theorem 2.2 guarantees that
⋂

x∈K F (x) 6= ∅. Take y∗ ∈
⋂

x∈K F (x) and

the proof is concluded.
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To prove the claim . Suppose it is not true. Then there exists {x1, . . . , xn} ⊂ K

and αi > 0 (i = 0, 1, . . . , n) with
∑n

i=0 αi = 1 such that

w =

n∑

i=0

αixi ∈
( n⋃

i=0

F (xi)
)′

This together with the definition of F (x) yields

(2.6) φ(xi,

n∑

i=0

αixi) = φ(xi, w) > λ, for i = 0, 1, . . . , n

Finally (2.4) together with the quasiconcavity of φ(·, w) guarantees that φ(w,w) > λ,

a contradiction.

In the following result, we shall employ the notation: 〈x, g〉 to denote the duality

pairing for each g ∈ Ã′ and x ∈ Ã

Theorem 2.9. Let X : I → Ã, Q a non-empty subset of Ã and Φ : Q → 2Q

be upper semicontinuous with Φ(X(t)) non-empty and bounded for each X(t) ∈

Q. Then for any g ∈ Ã′(dual), the map φg : Q → R, defined by φg(Y (t)) =

supX(t)∈Φ(Y (t))Re〈X(t), g〉 is upper semicontinuous in the sense of real-valued func-

tion.

Proof. Fix y0 ∈ Q. Let ǫ > 0 be given and let

Uǫ = {X(t) ∈ Q :| 〈X(t), g〉 |<
ǫ

2
}

Notice that Uǫ is an open neighbourhood of 0. Since Φ(y0) + Uǫ is an open set

containing Φ(y0), it follows from the upper semicontinuity of Φ at y0 that there exists

a neighbourhood N(y0) of y0 in Q with

Φ(Y (t)) ⊆ Φ(y0) + Uǫ for all Y (t) ∈ N(y0)

Thus for each Y (t) ∈ N(y0) we have that

φg(Y (t)) = sup
X(t)∈Φ(Y (t))

Re〈X(t), g〉 ≤ sup
X(t)∈Φ(y0)+Uǫ

Re〈X(t), g〉

≤ sup
X(t)∈Φ(y0)

Re〈X(t), g〉+ sup
X(t)∈Uǫ

Re〈X(t), g〉

< φg(y0) + ǫ

therefore φg is upper semicontinuous.

The following separation theorem shall be employed in what follows:

Theorem 2.10. [1] Suppose that A and B are disjoint, non-empty, convex sets in Ã.

If in addition A is compact and B is closed, then there exist f :∈ Ã′ and γ ∈ R with

maxRef(A) < γ ≤ inf Ref(B)
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3. MAIN RESULTS

Theorem 3.1. Suppose K 6= ∅, K ⊂ Ã is a convex and compact subset of Ã, such

that the following conditions hold:

(i) X(t) is a stochastic process; X : I → Ã such that X(t) ∈ K, ∀t ∈ I

(ii) The map Φ : K → 2K is upper semicontinuous with respect to a pair η, ξ ∈ D⊗E,

with Φ(X(t)) a non-empty closed and convex subset of K for each X(t) ∈ K. Then

there exists a y(t) ∈ K with y(t) ∈ Φ(y(t)).

Proof. Suppose that the result is not true, that is suppose y(t) 6∈ Φ(y(t)) for such

y(t) ∈ K. Now for each y(t) ∈ K, Theorem 2.4 guarantees that there exists fy(t) ∈ Ã′

with

(3.1) Re〈y(t), fy(t)〉 − sup
X(t)∈Φ(y(t))

Re〈X(t), fy(t)〉 > 0.

For each g ∈ Ã′, let

V (g) = {y(t) ∈ K : Re〈y(t), g〉 − sup
X(t)∈Φ(y(t))

〈X(t), g〉 > 0}

We observe that (3.1) ensures that K =
⋃

g∈ eA′ V (g). In addition Theorem 2.2 im-

plies that V (g) is open in K. The compactness of K guarantees the existence of

g1, g2, . . . , gn ∈ Ã′ with K =
⋃n

i=1 V (gi). Let {λ1, . . . , λn} be a partition of unity on

K subordinate to the covering {V (g1), . . . , V (gn)} (let Vi = V (gi) for i − 1, . . . , n),

that is λ1, . . . , λn are continuous non negative real valued functions on K with λi

vanishing on K \ Vi for each i = 1, . . . , n and
∑n

i=1 λi(X(t)) = 1 for all X(t) ∈ K.

Therefore K is a non-empty,convex and compact subset of Ã. Let φ : K ×K → R

be given by

φ(X(t), y(t)) =

n∑

i=1

λi(y(t))Re〈y(t)−X(t), gi〉

For each X(t) ∈ K φ(X(t), ·) is lower semicontinuous on K and for each y(t) ∈

K, λ ∈ R the set, {X(t) ∈ K : φ(X(t), y(t)) > λ} is convex, then by Ky Fan’s

minimax theorem (Theorem 2.5), there exists y0 ∈ K with

φ(X(t), y0) ≤ 0, for all X(t) ∈ K

that is,

(3.2)
n∑

i=1

λi(y0)Re〈y0 −X(t), gi〉 ≤ 0 for all X(t) ∈ K

Suppose that i ∈ {1, 2, . . . , n} is such that λi(y0) > 0. Then yi ∈ V (gi) (since λi

vanishes on K \ Vi) and consequently,

Re〈y0, gi〉 > sup
X(t)∈Φ(y0)

Re〈X(t), gi〉 ≥ Re〈x0, gi〉
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for all x0 ∈ Φ(y0) (that is, Re〈y0 −x0, gi〉 > 0 for all x0 ∈ Φ(y0)). Thus λi(y0)Re〈y0 −

x0, gi〉 > 0 whenever λi(y0) > 0 (for i = 1, . . . , n) for all x0 ∈ Φ(y0). Since λi(y0) > 0

for at least one i ∈ {1, 2, . . . , n}, it follows that

n∑

i=1

λi(y0)Re〈y0 − x0, gi〉 > 0

for all x0 ∈ Φ(y0). This contradicts (3.2). Therefore the conclusion of the theorem is

true.

Theorem 3.2. Assume that the maps E,F,G,H ∈ L2
loc(I × Ã)mvs and P : I × Ã →

2sesq(D⊗E)2, a sesquilinear form valued map with closed and convex values such that

(a) t 7→ P(t, X(t))(η, ξ) has a measurable selection,

(b) X 7→ P(t, X(t))(η, ξ) is upper semicontinuous,

(c) ρ(P(t, X(t))(η, ξ), {0}) ≤ c(t)(1+ ‖ X ‖ηξ) on I × Ã with c ∈ L1
loc(I),

(d) limτ→0+ αηξ

(
P(It,τ × B)(η, ξ)

)
≤ k(t)αηξ(B) on I, where P(It,τ × B)(η, ξ) =

{P(t, X(t))(η, ξ) : (t, X) ∈ It,τ × B}, It,τ = [t− τ, t+ τ ] ∩ I for B ∈ Bηξ, η, ξ ∈ D⊗E

and k ∈ L1
loc(I). Then the quantum stochastic differential inclusion

d

dt
〈η,X(t)ξ〉 ∈ P(t, X(t))(η, ξ) X(t0) = x0 a.e. on I

has a solution on I.

Proof. If v ∈ Ad(Ã)wac ∩ L2
loc(Ã), by (a), for an arbitrary pair of η, ξ ∈ D⊗E,

P(·, v(·))(η, ξ) has a measurable selection. That is there exists ωηξ(·) ∈ P(·, v(·))(η, ξ),

such that t → ωηξ(t) is measurable. By (c) we find that there exists ψ1(t) and

ψ2(t) = c(t)(1 + ψ1(t)). Now we define K as:

K = {v ∈ Ad(Ã)wac ∩ L
2
loc(Ã) : v(t0) = x0, ‖ v(t) ‖ηξ≤ ψ1(t) and

‖ v(t) − v(s) ‖ηξ≤|

∫ t

s

ψ2(τ)dτ | ∀η, ξ ∈ D⊗E}

Also, since ωηξ(·) ∈ P(·, v(·))(η, ξ), there exists ω : I → Ã such that ωηξ(·) =

〈η, ω(·)ξ〉, for arbitrary η, ξ ∈ D⊗E. Let K̂ ⊂ K be defined as

K̂ = {u ∈ K : there exist v(·) ∈ Ad(Ã)wac ∩ L
2
loc(Ã), ωηξ(·)

= 〈η, ω(·)ξ〉 ∈ P(·, v(·))(η, ξ),

with 〈η, u(t)ξ〉 = 〈η, x0ξ〉 +

∫ t

0

ωηξ(s)ds}(3.3)

and a multivalued map G : K̂ → K̂ defined by

G(v) = {u ∈ Ad(Ã)wac ∩ L
2
loc(Ã) : 〈η, u(t)ξ〉 = 〈η, x0ξ〉 +

∫ t

0

ωηξ(s)ds,

ωηξ(·) = 〈η, ω(·)ξ〉 ∈ P(·, v(·))(η, ξ)∀ηξ ∈ D⊗E}.
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G maps K̂ into itself, since for any u ∈ G(v); 〈η, u(t)ξ〉 = 〈η, x0ξ〉 +
∫ t

0
ωηξ(s)ds,

u(0) = x0, ‖ u(t) ‖ηξ≤ ψ1(t) and

| 〈η, (u(t) − u(s))ξ〉 | =|

∫ t

0

ωηξ(s)ds−

∫ s

0

ωηξ(s)ds |

=|

∫ t

s

ωηξ(s)ds |

≤|

∫ t

s

c(τ)(1+ | ψ1(τ) |)dτ |

≤|

∫ t

s

ψ2(τ)dτ |

K̂ is bounded and weakly-equicontinuous, since for any v ∈ K̂; v ∈ Ad(Ã)wac∩L2
loc(Ã,

t, s ∈ I, given ǫ > 0, there exists δ > 0 such that ‖ v(t)−v(s) ‖ηξ< ǫ whenever | t−s |<

δ. The weak equicontinuity follows by setting δ = ǫ
λ

where λ = maxτ∈[s,t] | ψ2(τ) |.

Moreover let αηξ,0(·) = αηξ(·) for Ad(Ã)wac ∩ L2
loc(Ã and B(t) = {v(t) : v ∈ B},

then αηξ,0(B) = maxI αηξ(B(t)) for B ⊆⊆ K̂. Let K0 = K̂, K̂n+1 = convG(K̂n) for

n ≥ 0 and K̂∞ =
⋂

n≥0 K̂n. Then
(
K̂n

)
is a decreasing sequence of closed convex sets.

To show that K̂∞ is compact. Let ρηξ,n(t) = αηξ(K̂n(t)) and γηξ,n(t) = αηξ(G(K̂n)(t)).

γηξ,n is absolutely continuous with γηξ,n(0) = 0 and for 0 < t− τ < t ≤ T , we have

γηξ,n(t) − γηξ,n(t− τ) ≤ αηξ

(
{

∫ t

t−τ

ωηξ(s)ds; 〈η, ω(·)ξ〉 ∈ P(·, v(·))(η, ξ), v ∈ K̂n

)
.

Using ∫ t

t−τ

ωηξ(s)ds ∈ τconvP(It,τ ×∪It,τ0
Kn(s))(η, ξ) for τ ≤ τ0,

we obtain
d

dt
γηξ,n(t) ≤ K(t)αηξ(

⋃

It,τ0

K̂n(s))

almost everywhere, from condition (c) and therefore

d

dt
γηξ(t) ≤ K(t)ρn a.e.

by letting τ0 → 0+, since K̂n is equicontinuous. But (convA)(t) = convA(t), then

ρn+1(t) ≤

∫ t

0

K(s)ρn(s)ds

hence ρn(t) → 0 uniformly, since (ρn) is decreasing. Consequently, αηξ,0(K∞) =

maxI αηξ(K∞(t)) = 0 that is K̂∞ is compact with respect to τwac and convex. We

also have K̂∞ 6= ∅, since we may pick vn ∈ K̂n and proceed in the same way to

get vm → v0 for some subsequence, hence v0 ∈ K̂∞. Now, G : K̂∞ → 2
bK∞ \ ∅

and has convex values. If (un) ⊂ G(v) then the corresponding (ωn) has a weakly

convergent subsequence. Hence G(v) is also compact, moreover G |K∞
has closed
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graph, hence G |K∞
is Upper semicontinuous and therefore G has a fixed point in K∞

by Kakutani-Fan fixed point theorem (Theorem 3.1).

Let ϕ ∈ K̂∞ be a fixed point of G. Then ϕ ∈ Ad(Ã)wac ∩ L2
loc(Ã) and

〈η, ϕ(t)ξ〉 = 〈η, x0ξ〉 +

∫ t

0

ωηξ(s)ds

But, ωηξ(·) ∈ P(·, ϕ(·))(η, ξ). Therefore,

d

dt
〈η, ϕ(t)ξ〉 = 〈η, ω(t)ξ〉 ∈ P(t, ϕ(t))(η, ξ)

and ϕ(t0) = x0, a.e. t ∈ I. Hence the fixed point of G is a solution of the problem
d
dt
〈η,X(t)ξ〉 ∈ P(t, X(t))(η, ξ) X(t0) = x0 a.e. on I.
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Abstract. Several one-step schemes for computing weak solutions of Lipschitzian quantum stochas-
tic differential equations (QSDE) driven by certain operator-valued stochastic processes associated
with creation, annihilation and gauge operators of quantum field theory are introduced and studied.
This is accomplished within the framework of the Hudson–Parthasarathy formulation of quantum
stochastic calculus and subject to the matrix elements of solution being sufficiently differentiable.
Results concerning convergence of these schemes in the topology of the locally convex space of so-
lution are presented. It is shown that the Euler–Maruyama scheme,with respect to weak convergence
criteria for Itô stochastic differential equation is a special case of Euler schemes in this framework.
Numerical examples are given.

Mathematics Subject Classifications (2000): 60H10, 60H20, 65L05, 65Cxx, 81S25.

Key words: QSDE, Fock spaces, exponential vectors, Euler, Runge–Kutta, noncommutative
stochastic processes.

1. Introduction

This paper is concerned with the development, analysis, and applications of several
types of one step schemes for solving the following quantum stochastic differential
equation introduced by Hudson and Parthasarathy in [10]

dX(t) = E(t,X(t)) d∧π (t)+ F(t,X(t)) dA+
f (t)+

+G(t,X(t)) dAg(t)+H(t,X(t)) dt, (1.1)

X(t0) = X0, almost all t ∈ [t0, T ].

In Equation (1.1), the coefficients E,F,G,H lie in a certain class of stochas-
tic processes for which quantum stochastic integrals against the gauge, creation,
and annihilation processes ∧π , A+

f , Ag and the Lebesgue measure are defined.
Equation (1.1) involves unbounded linear operators on a Hilbert space and it is
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a noncommutative quantum generalization of the classical stochastic differential
equations of the form

dX(t,w) = H(t,X) dt + F(t,X) dQ(t),
X(t0) = X0, t ∈ [t0, T ], (1.2)

where the driving process Q(t) is a martingale and H , F are sufficiently smooth
ordinary functions. Unlike Equation (1.1), numerical schemes for solving Equa-
tion (1.2) are fairly well developed. Each of the schemes exhibits specific features
depending on the driving process and the solution space of Equation (1.2) (see
[11, 16, 19–23]).

However in [3], Equation (1.1) has been reformulated in the following equiva-
lent form:

d

dt
〈η,X(t)ξ 〉 = P(t,X(t))(η, ξ),

X(t0) = X0, t ∈ [t0, T ],
(1.3)

which is an ordinary differential equation of nonclassical type.
The solution stochastic process X(t) is a densely defined linear operator on

some tensor product of two Hilbert spaces, one of which is the Boson Fock space;
η, ξ lie in a dense subset of the tensor product Hilbert space and the map (η, ξ)→
P(t,X)(η, ξ) is a sesquilinear form for fixed (t, X). The explicit form of this map
is given by Equation (2.3) below.

Although the general theory of quantum stochastic differential equations and
inclusions has recently undergone rapid developments [2–5, 7–10, 14, 24], there
have not been corresponding developments in their numerical solutions. Unique
and unitary analytical solutions of some of these equations are known to exist but
are difficult to come by and generally are not in a readily usable forms.

The results of this paper are accomplished subject to some smoothness condi-
tions on the map t → 〈η,X(t)ξ 〉, Lipschitz and continuity conditions on the map
(t, x)→ P(t, x)(η, ξ). Linear multistep and quadrature schemes will be addressed
elsewhere. We examine the questions of convergence and consistency in respect of
discrete schemes that approximate matrix elements of solutions of QSDE. We are
able to introduce these schemes since the matrix elements 〈η,X(t)ξ 〉 of solution
X(t) of problem (1.1) have the advantage of being differentiable and their deriv-
atives are sesquilinear form-valued maps given by Equation (1.3). Moreover the
schemes here are independent of any feature of the integrator processes and do not
depend on some approximation procedures based on stochastic Taylor expansions
as in the classical case for real valued processes. They involve less complicated
analysis and their order of convergence are independent of such approximation
procedures.

Another important feature of the schemes concerns implementations. Com-
putations of the discrete values of the matrix elements of solution are carried
out directly as obtained in the implementations of discrete schemes for solving
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ABSTRACT. We establish further results concerning the existence and non-uniqueness of solu-

tions of quantum stochastic differential inclusions in the framework of Hudson and Parthasarathy

formulation of quantum stochastic calculus. Our results are established by considering a general Lip-

schitz condition on the coefficients of the inclusion. We present examples of continuous multivalued

maps satisfying the general Lipschitz condition in the sense of this paper.
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1. INTRODUCTION

Some very important preoccupations of classical analysis are the numerical and

analytical characterizations of solutions of classical differential inclusions defined in

finite dimensional Euclidean spaces. Indeed the existence and non uniqueness of

solutions of such inclusions have been thoroughly investigated (see, for example, [1,

11, 13, 16]). Indeed, many features of reachable sets, the solution sets and their

selection theorems have been studied to a great extent [6, 7, 11, 13, 15, 16].

However, in the non commutative quantum setting, the situation is different.

The analysis of quantum stochastic differential inclusions (QSDI) concerns quantum

stochastic processes as solutions that live in certain infinite dimensional locally convex

spaces. In addition, there are several locally convex operator topologies that may be

defined on the space of such processes arising from several theories of noncommutative

stochastic integration. There are several variants of topological conditions depending

on the underlying properties of the locally convex spaces of the integrands that may

be required of the coefficients of the quantum stochastic differential inclusions. The

objective of this paper is to further investigate the existence and non-uniqueness of
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solutions of quantum stochastic differential inclusions of the form:

X(t) ∈ X0 +

∫ t

0

(E(s, X(s))d ∧π (s) + F (s, X(s))dAf(s)(1.1)

+ G(s, X(s))dA+
g (s) +H(s, X(s))ds) , t ∈ [0, T ],

under a Lipschitz condition that generalizes similar condition employed in [8]. In

the framework of the Hudson and Parthasarathy [12, 14] formulation of quantum

stochastic calculus, we consider a more general class of Lipschitzian coefficients E,

F , G, H appearing in (1.1). The Lipschiz condition in [8] is a special case of the

present formulation. The integral in (1.1) is understood in the sense of Hudson and

Parthasarathy [12] and the maps f , g, π belong to appropriate function spaces as

described in [8]. The integrator processes ∧π, A+
f , Ag are the gauge, creation and

annihilation processes associated with the basic field operators of quantum field the-

ory. In [8], under the Lipschitz condition of that paper, the existence of solutions

and the equivalent form of QSDI (1.1) have been established. We establish a wider

class of Lipschitzian QSDI (1.1) to cover some important multivalued maps that are

Lipschitzian in the general sense of this paper. This class of maps was not covered

by the notion of Lipschitz maps due to [8]. In particular, we present a class of Lip-

schitzian multivalued maps associated with the space of continuous endomorphisms

of the locally convex space of our quantum stochastic processes as an important ex-

ample of multivalued maps satisfying the Lipschitz condition in our sense. This work

therefore extends the class of QSDI investigated in [2, 3, 4, 5, 8]. We remark that

a very strong motivation for studying QSDI (1.1) among others, concerns the need

for sufficient information and knowledge about the dynamics and fluctuations of the

systems described by discontinuous quantum stochastic differential equations which

may be reformulated as regularized QSDI. QSDI of the form (1.1) plays a central role

in quantum stochastic control theory and quantum dynamical systems (see [3, 4, 8]).

The rest of the paper is organized as follows: We present in Section 2, the descrip-

tion of some very important relevant spaces, some fundamental assumptions and some

results. Our main results concerning the existence, and non-uniqueness of solutions

of QSDI (1.1) are established in Section 3.

2. PRELIMINARY RESULTS AND ASSUMPTIONS

Our framework in this paper relies largely on the formulation in [8, 9, 10]. De-

tailed definitions of various spaces that appear below can be found in [8]. In what

follows, γ is a fixed Hilbert space, D is an inner product space with R as its com-

pletion, and Γ(L2
γ(R+)) is the Boson Fock Space determined by the function space

L2
γ(R+). The set E is the subset of the Fock space generated by the exponential
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vectors. If N is a topological space, then we denote by clos(N ) (resp. comp(N )), the

family of all nonempty closed subsets of N (resp. compact members of clos(N )).

In our formulations, quantum stochastic processes are Ã-valued maps on [0, T ].

The space Ã is the completion of the linear space

A = L+
W (D⊗E,R⊗ Γ(L2

γ(R+)))

endowed with the locally convex operator topology generated by the family of semi-

norms {x → ‖x‖ηξ = |〈η, xξ〉|, η, ξ ∈ D ⊗ E}. Here, A consists of linear operators

from D ⊗ E into R⊗ Γ(L2
γ(R+)) with the property that the domain of the operator

adjoint contains D ⊗ E. We adopt the notation and the definitions of Hausdorff

topology on clos(Ã) as explained in [8, 9, 10].

For any pair of η, ξ ∈ D ⊗ E such that η = c⊗ e(α),ξ = d⊗ e(β), α, β ∈ L2
γ(R+),

we shall in what follows, employ the equivalent form of (1.1) established in [8] and

given by the nonclassical ordinary differential inclusion:

d

dt
〈η, X(t)ξ〉 ∈ P (t, X(t))(η, ξ),

X(0) = X0, t ∈ [0, T ].(2.1)

The multivalued map P appearing in (2.1) is of the form

P (t, x)(η, ξ) = 〈η, Pαβ(t, x)ξ〉

where the map Pαβ : [0, T ] × Ã → 2Ã is given by

Pαβ(t, x) = µαβ(t)E(t, x) + νβ(t)F (t, x) + σα(t)G(t, x) + H(t, x).

The complex valued functions µαβ , νβ, σα : [0, T ] → C are defined by

µαβ(t) = 〈α(t), π(t)β(t)〉γ, νβ(t) = 〈f(t), β(t)〉γ,

σα(t) = 〈α(t), g(t)〉γ, t ∈ [0, T ]

for all (t, x) ∈ [0, T ]×Ã and the coefficients E, F, G, H belong to the space L2
loc([0, T ]×

Ã)mvs of multivalued stochastic processes with closed values.

As explained in [8], the map P cannot in general be written in the form:

P (t, x)(η, ξ) = P̃ (t, < η, xξ >)

for some complex valued multifunction defined on [0, T ] × C, for t ∈ [0, T ], x ∈ Ã,

η, ξ ∈ D⊗E.

Definition 2.1. (a) Let Fin[A] denote the family of all finite subsets of a nonempty

set A. For x ∈ A, and Θ ∈ Fin[(D⊗E)2], define ‖x‖Θ by

(2.2) ‖x‖Θ = max
(η,ξ)∈Θ

‖x‖ηξ.

Then, the set {‖ · ‖Θ : Θ ∈ Fin[(D⊗E)2]} is a family of seminorms on A. We denote

by τ the topology generated by this family of seminorms and we let Ã
′

represents the
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completion of the topological space (A, τ).

(b) Let I = [0, T ] ⊆ R+. A multivalued map Φ : I × Ã → clos(Ã) will be called

Lipschitzian if for any pair (η, ξ) ∈ (D⊗E)2, the map satisfies an estimate of the type

(2.3) ρηξ (Φ(t, x), Φ(t, y)) ≤ KΦ
ηξ(t)‖x − y‖ΘΦ(η,ξ)

for all x, y ∈ Ã and almost all t ∈ I and where KΦ
ηξ : I → (0,∞) lies in L1

loc(I) and

ΘΦ is a map from (D⊗E)2 into Fin[(D⊗E)2]. Similar definition holds for a map of

the form Φ : I × Ã → clos(C) where the Hausdorff metric ρ(·, ·) on clos(C) replaces

the pseudo metric ρηξ(·, ·) on clos(Ã) (see [8]).

Remark. In [8], the map (η, ξ) → ΘΦ(η, ξ) that appears in (2.3) is just the identity

map. Let L(Ã) denote the linear space of all continuous endomorphisms of Ã. Then

the above definition enables us to exhibit a class of Lipschitzian multivalued maps

which are continuous from the space R+ × Ã to the Hausdorff topological space
(

clos(Ã), τH

)

. The multivalued maps in this class are not Lipschitzian in the sense

of [8].

Theorem 2.2. Let A : R+ → L(Ã) be a single valued map on R+. For arbitrary

η, ξ ∈ D⊗E and a fixed closed ball S ∈ comp(Ã) with centre at the origin, define for

any x ∈ Ã,

F (t, x) = ‖A(t)x‖ηξS.

Then the map (t, x) → F (t, x) is Lipschitzian.

Proof: For x, y ∈ Ã, t ∈ R+, we employ some basic results similar to Lemma (II.1.5)

and Corollary (II.1.2) in [13] as follows:

ρηξ (F (t, x), F (t, y)) = ρηξ (‖A(t)x‖ηξS, ‖A(t)y‖ηξS)

≤ |‖A(t)x‖ηξ − ‖A(t)y‖ηξ|ρηξ (S, {0})

≤ ‖A(t)x − A(t)y‖ηξρηξ (S, {0})

= ‖A(t)(x − y)‖ηξρηξ (S, {0})

≤ ‖S‖ηξC
A
ηξ(t)‖x − y‖ΘA(η,ξ)

= KF
ηξ(t)‖x − y‖ΘA(η,ξ),

where ‖S‖ηξ = ρηξ (S, {0}), KF
ηξ(t) = ‖S‖ηξC

A
ηξ(t), ΘA is a map from (D⊗E)2 into

Fin(D⊗E)2 and CA
ηξ(t) is a positive function depending on the map A(t) and elements

η, ξ ∈ D⊗E.

The continuity of the multivalued map (t, x) → F (t, x) follows from the last

inequality.

Remark. (a) Since Θ is a finite set, we see that ‖x‖Θ = ‖x‖η′ξ′, for some (η′, ξ′) ∈ Θ.

Thus, in what follows, we employ in the proof of our main results the fact that a map

Φ : I ×Ã → clos(Ã) is Lipschitzian if given any (η, ξ) ∈ (D⊗E)2, there corresponds
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(η′, ξ′) ∈ (D⊗E)2 such that

(2.4) ρηξ(Φ(t, x), Φ(t, y)) ≤ KΦ
ηξ(t)‖x − y‖η′ξ′

for all x, y ∈ Ã and t ∈ I.

(b) By the definition of the map (t, x) → P (t, x)(η, ξ) that appears in (2.1), and by

the remark above, it is straightforward to show that if the coefficients of (1.1) are

Lipschitzian in the sense of (2.4), then the complex valued multifunction (t, x) →

P (t, x)(η, ξ) is also Lipschitzian. That is, there exists (η′, ξ′) ∈ (D⊗E)2 such that for

all x, y ∈ Ã,

(2.5) ρ(P (t, x)(η, ξ), P (t, y)(η, ξ)) ≤ KP
ηξ(t)‖x − y‖η

′
ξ
′

where the map KP
ηξ : [0, T ] → R+ lies in L1

loc([0, T ]) and ρ(·, ·) is the Hausdorf distance

function on clos(C).

(c) Using the definition in (a), we see that if P : R+ → comp(Ã) such that P (t) is a

closed ball with centre at the origin and (η′, ξ′) ∈ (D⊗E)2 is a fixed point, then the

multivalued map F defined by

F (t, x) = |〈η′, xξ′〉|P (t)

is Lipschitzian. This follows, since for any t ∈ R+, x, y,∈ Ã,

ρηξ(F (t, x), F (t, y)) = ρηξ (〈η′, xξ′〉P (t), 〈η′, yξ′〉P (t))

≤ | ‖x‖η′ξ′ − ‖y‖η′ξ′ |ρηξ (P (t), {0}) ≤ ‖P (t)‖ηξ‖x − y‖η′ξ′,

where

‖P (t)‖ηξ = ρηξ(P (t), {0}).

3. EXISTENCE AND NON UNIQUENESS OF SOLUTIONS

Subject to the conditions below, we shall establish the existence and non-unique-

ness of solutions of QSDI (1.1) in this section. By a solution of (1.1) we mean a

quantum stochastic process Φ : [0, T ] → Ã lying in Ad(Ã)wac

⋂

L2
loc(Ã) satisfying

QSDI (1.1).

In what follows, we consider, without loss of generality, quantum stochastic pro-

cesses and the related inclusions defined on the interval [0, 1]. We employ the notion

of adaptedness of quantum stochastic processes as explained in [8]. In connection

with the subsequent results, we list the following statements and assumptions.

(S(1)) Z : [0, 1] → Ã is a stochastic process in Ad(Ã)wac with the property that for

each pair η, ξ ∈ D⊗E, and almost all t ∈ [0, 1], there exists a positive function Wηξ(t)

lying in L1
loc([0, 1]) such that

d

(

d

dt
〈η, Z(t)ξ〉, P (t, Z(t))(η, ξ)

)

≤ Wηξ(t)
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(S(2)) γ > 0 is an arbitrary but fixed number and QZ,γ is the set

QZ,γ = {(t, x) ∈ [0, 1] × Ã : ‖x − Z(t)‖ηξ ≤ γ, ∀η, ξ ∈ D⊗E}.

(S(3)) Each of the coefficients E, F, G, H appearing in (1.1) is Lipschitzian from QZ,γ

to the Hausdorf topological space (clos(Ã), τH), i.e, for each M ∈ {E, F, G, H} there

exists a positive map KM
ηξ : [0, 1] → R+ lying in L1

loc([0, 1]) corresponding to each pair

η, ξ such that

ρηξ (M(t, x), M(t, y)) ≤ KM
ηξ (t)‖x − y‖ΘM (η,ξ)

for some map

ΘM : (D⊗E)2 → Fin[(D⊗E)2].

(S(4)) For each pair η, ξ ∈ D⊗E,

δηξ ≡ ‖x0 − Z(0)‖ηξ and δηξ ≤ γ.

(S(5))

Rηξ := max(δηξ, Wηξ)

for all η, ξ ∈ D⊗E where

Wηξ = ess sup
[0,1]

Wηξ(t).

(S(6)) For any countably infinite sequence of points {(ηn, ξn) ⊆ (D⊗E)2, n = 1, 2, . . .},

sup
n∈N

{

ess sup
t∈[0,1]

KP
ηnξn

(t)

}

< ∞.

(S(7)) {Lηjξj
}j=∞

j=1 is a sequence of positive real numbers indexed by a countably infinite

sequence of elements {(ηj, ξj)}∞j=1 ⊆ (D⊗E)2 that depends on an arbitrary pair (η, ξ) ∈

D⊗E and defined as follows:

Lη1ξ1 = Rη1ξ1

and

Lηjξj
:= ess sup

[0,1]

KP
ηjξj

(t), j ≥ 2.

(S(8)) From (S(7)) above, we set

Lηξ,n = max
j=1,2,...,n

{Lηjξj
} and Lηξ = sup

n∈N

{Lηξ,n}.

(S(9)) For arbitrary η, ξ ∈ D⊗E and t ∈ [0, 1], we define

Eηξ(t) = 2Lηξ + 2Lηξ

∫ t

0

(

KP
ηξ(s)e

Lηξs
)

ds,

where the constant Lηξ is given by S(8) above.

(S(10)) J is the subset of the interval [0, 1] defined by

J = {t ∈ [0, 1] : Eηξ(t) ≤ γ, ∀η, ξ ∈ D⊗E}.



QUANTUM STOCHASTIC DIFFERENTIAL INCLUSIONS 493

Next we present a proposition which is useful for the proof of the existence result

that follows.

Proposition 3.1. Let {Φi}
∞
i=1 be a sequence of weakly absolutely continuous maps

from [0, 1] to Ã which satisfy the following conditions:

(i) (t, Φi(t)) ∈ QZ,γ, i ≥ 1, for almost all t ∈ J.

(ii) There exists a sequence {Vi}∞i=1 such that for arbitrary η, ξ ∈ D⊗E and a constant

Lηξ > 0,

(a) Φi(t) = X0 +
∫ t

0
Vi−1(s)ds, i ≥ 1

(b) | d
dt
〈η, Φi(t)ξ〉 −

d
dt
〈η, Φi−1(t)ξ〉| ≤ 2Li−1

ηξ KP
ηξ(t)

ti−2

(i−2)!
, for almost all t ∈ J . Then,

(c) ‖Φi(t) − Φi−1(t)‖ηξ ≤ 2Lηξ

∫ t

0
KP

ηξ(s)
(Lηξs)i−2

(i−2)!
ds, t ∈ J , i ≥ 2.

Proof. Let (i) and (ii) hold. Then

‖Φi(t) − Φi−1(t)‖ηξ = |

∫ t

0

〈η, (Vi−1(s) − Vi−2(s))ξ〉ds|, by (ii)(a)

= |

∫ t

0

{
d

ds
〈η, Φi(s)ξ〉 −

d

ds
〈η, Φi−1(s)ξ〉}ds|, by (ii)(a)

≤

∫ t

0

|
d

ds
〈η, Φi(s)ξ〉 −

d

ds
〈η, Φi−1(s)ξ〉|ds

≤ 2Li−1
ηξ

∫ t

0

KP
ηξ(s)

si−2

(i − 2)!
ds

= 2Lηξ

∫ t

0

KP
ηξ(s)

(Lηξs)
i−2

(i − 2)!
ds, t ∈ J, i ≥ 2, by (ii)(b).

This concludes the proof.

Next, we present our result on the existence of solution of QSDI (1.1) subject to

the conditions (S(1)) − (S(10)) above. The result shall be established by employing a

similar line of argument as in the proof of Theorem (8.2) in [8].

Theorem 3.2. Suppose that the conditions S(1) − S(10) hold and the coefficients

E, F, G, H are continuous from [0, 1] × Ã to
(

clos(Ã), τH

)

.

Then there exists a solution Φ of (1.1) such that

(3.1) ‖Φ(t) − Z(t)‖ηξ ≤ Eηξ(t), t ∈ J,

and

(3.2) |
d

dt
〈η, Φ(t)ξ〉 −

d

dt
〈η, Z(t)ξ〉| ≤ Lηξ

(

1 + 2KP
ηξ(t)e

Lηξt
)

.

Proof. In what follows, η, ξ ∈ D⊗E are arbitrary elements. Our proof will be estab-

lished by constructing a Cauchy sequence {Φn}n≥0 in Ã of successive approximations

of Φ in such a way that the sequence { d
dt
〈η, Φn(t)ξ〉} is also Cauchy in the field of

complex numbers.
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Define Φ0(t) = Z, then Φ0 is adapted. By Theorem (1.14.2) in [1] (See also [8]),

there exists a measurable selection V0(·)(η, ξ) ∈ P (·, Φ0(·))(η, ξ) such that

|V0(t)(η, ξ) −
d

dt
〈η, Φ0(t)ξ〉|

= d

(

d

dt
〈η, Φ0(t)〉, P (t, Φ0(t))(η, ξ)

)

≤ Wηξ(t).(3.3)

As the map (η, ξ) → V0(t)(η, ξ) is a sesquilinear form on D⊗E, for almost all t ∈ J ,

then there exists V0(t) ∈ Ã such that V0(t)(η, ξ) = 〈η, V0(t)ξ〉. Since V0(·)(η, ξ) is

locally absolutely integrable, then V0 ∈ L1
loc(Ã).

Next we define

Φ1(t) = X0 +

∫ t

0

V0(s)ds, t ∈ J.

As V0(t) ∈ Ã for almost all t ∈ J , it follows that Φ1(t) ∈ Ãt, i.e Φ1 is adapted.

Furthermore, for t ∈ J,

‖Φ1(t) − Φ0(t)‖ηξ ≤ ‖X0 − Φ0(t0)‖ηξ +

∫ t

0

|V0(s)(η, ξ) −
d

ds
〈η, Φ0(s)ξ〉|ds

≤ δηξ +

∫ t

0

Wηξ(s)ds(3.4)

Notice that by (3.3),

(3.5) |
d

dt
〈η, Φ1(t)ξ〉 −

d

dt
〈η, Φ0(t)ξ〉| ≤ Wηξ(t).

Again there exists a measurable selection V1(·)(η, ξ) ∈ P (·, Φ1(·))(η, ξ) such that

|V1(t)(η, ξ) −
d

dt
〈η, Φ1(t)ξ〉| = d

(

d

dt
〈η, Φ1(t)ξ〉, P (t, Φ1(t))(η, ξ)

)

≤ ρ (P (t, Φ0(t))(η, ξ), P (t, Φ1(t))(η, ξ))

≤ KP
ηξ(t)‖Φ0(t) − Φ1(t)‖η1ξ1

≤ KP
ηξ(t)

(

δη1ξ1 +

∫ t

0

Wη1ξ1(s)ds

)

,(3.6)

for some η1, ξ1 ∈ D⊗E that depend on η, ξ.

By a similar argument as for the existence of V0(·), there exists V1 ∈ L1
loc(Ã) such

that for almost all t ∈ J ,

V1(t)(η, ξ) = 〈η, V1(t)ξ〉.

Next we define,

Φ2(t) = X0 +

∫ t

0

V1(s)ds, t ∈ J.

Again, Φ2(t) ∈ Ãt since V1(t) ∈ Ã for almost all t ∈ J , i.e. Φ2 is adapted.

Furthermore, for t ∈ J ,

‖Φ2(t) − Φ1(t)‖ηξ = ‖

∫ t

0

(V1(s) − V0(s)) ds‖ηξ
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= |

∫ t

0

〈η, (V1(s) − V0(s)) ξ〉ds|

≤

∫ t

0

|〈η, V1(s)ξ〉 − 〈η, V0(s)ξ〉|ds

≤

∫ t

0

ρ (P (s, Φ1(s))(η, ξ), P (s, Φ0(s))(η, ξ))ds

≤

∫ t

0

KP
ηξ(s)‖Φ1(s) − Φ0(s)‖η1ξ1ds

By applying (3.4), we have the estimate

(3.7) ‖Φ2(t) − Φ1(t)‖ηξ ≤

∫ t

0

(

KP
ηξ(s)

[

δη1ξ1 +

∫ s

0

Wη1ξ1(r)dr

])

ds.

We may write (3.6) as

(3.8) |
d

dt
〈η, Φ2(t)ξ〉 −

d

dt
〈η, Φ1(t)ξ〉| ≤ KP

ηξ(t)

(

δη1ξ1 +

∫ t

0

Wη1ξ1(r)dr

)

.

Continuing the procedure, there exists a measurable selection V2(·)(η, ξ) ∈

P (·, Φ2(·))(η, ξ) and a pair of elements η2, ξ2 ∈ D⊗E depending on η, ξ such that

|V2(t)(η, ξ) −
d

dt
〈η, Φ2(t)ξ〉| = d

(

d

dt
〈η, Φ2(t)ξ〉, P (t, Φ2(t))(η, ξ)

)

≤ ρ (P (t, Φ1(t))(η, ξ), P (t, Φ2(t))(η, ξ))

≤ KP
ηξ(t)‖Φ1(t) − Φ2(t)‖η2ξ2

≤ KP
ηξ(t)

∫ t

0

(

KP
η2ξ2

(s)

[

δη1ξ1 +

∫ s

0

Wη1ξ1(r)dr

])

ds,(3.9)

on account of (3.7).

Again, (3.9) may be written as

|
d

dt
〈η, Φ3(t)ξ〉 −

d

dt
〈η, Φ2(t)ξ〉|

≤ KP
ηξ(t)δη1ξ1

∫ t

0

KP
η2ξ2

(s)ds + KP
ηξ(t)

∫ t

0

KP
η2ξ2

(s)

∫ s

0

Wη1ξ1(r)dr ds(3.10)

As before, it is straightforward to show that there exist V3, V2 ∈ L1
loc(Ã) defining

adapted processes Φ3, Φ4 for t ∈ J by

Φ3(t) = X0 +

∫ t

0

V2(s)ds, t ∈ J

Φ4(t) = X0 +

∫ t

0

V3(s)ds, t ∈ J(3.11)
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and satisfy the following inequalities

‖Φ3(t) − Φ2(t)‖ηξ

≤

∫ t

0

(

KP
ηξ(s)

[

∫ s

0

KP
η2ξ2

(s
′

)

[

δη1ξ1 +

∫ s
′

0

Wη1ξ1(r)dr

]

ds
′

])

ds

=

∫ t

0

KP
ηξ(s)

∫ s

0

δη1ξ1K
P
η2ξ2

(s
′

)ds
′

ds

+

∫ t

0

KP
ηξ(s)

∫ s

0

KP
η2ξ2

(s′)

∫ s′

0

Wη1ξ1(r)dr ds′ds.(3.12)

and

‖Φ4(t) − Φ3(t)‖ηξ

≤

∫ t

0

KP
ηξ(s)

∫ s

0

KP
η3ξ3

(s′)

∫ s′

0

δη1ξ1K
P
η2ξ2

(s′′)ds′′ds′ds

+

∫ t

0

KP
ηξ(s)

∫ s

0

KP
η3ξ3

(s′)

∫ s′

0

KP
η2ξ2

(s′′)

∫ s′′

0

Wη1ξ1(r)drds
′′

ds
′

ds.(3.13)

Furthermore

|
d

dt
〈η, Φ4(t)ξ〉 −

d

dt
〈η, Φ3(t)ξ〉| ≤ KP

ηξ(t)

∫ t

0

KP
η3ξ3

(s)

∫ s

0

δη1ξ1K
P
η2ξ2

(s′)ds′ds

+ KP
ηξ(t)

∫ t

0

KP
η3ξ3

(s)

∫ s

0

KP
η2ξ2

(s′)

∫ s′

0

Wη1ξ1(r)drds′ds(3.14)

so that from (3.13) and (3.14)

‖Φ4(t) − Φ3(t)‖ηξ ≤

∫ t

0

KP
ηξ(s)

∫ s

0

Lη3ξ3

∫ s′

0

δη1ξ1Lη2ξ2ds′′ds′ds

+

∫ t

0

KP
ηξ(s)

∫ s

0

Lη3ξ3

∫ s′

0

Lη2ξ2

∫ s′′

t0

Wη1ξ1dr ds′′ds′ds

≤ 2L3
ηξ

∫ t

0

KP
ηξ(s)

s2

2
ds,

and

|
d

dt
〈η, Φ4(t)ξ〉 −

d

dt
〈η, Φ3(t)ξ〉|

≤ KP
ηξ(t)

[

δη1ξ1Lη2ξ2Lη3ξ3

∫ t

0

∫ s

0

ds′ds

+ Wη1ξ1Lη2ξ2Lη3ξ3

∫ t

0

∫ s

0

∫ s′

0

dr ds′ds

]

= KP
ηξ(t)

[

δη1ξ1Lη2ξ2Lη3ξ3

t2

2
+ Wη1ξ1Lη2ξ2Lη3ξ3

t3

6

]

≤ KP
ηξ(t)

[

L3
ηξ,3

t2

2
+ L3

ηξ,3

t3

6

]

≤ 2KP
ηξ(t)L

3
ηξ

t2

2
, t ∈ [0, 1].(3.15)
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Indeed, there exists a sequence {Φi}i≥0 of weakly absolutely continuous processes

from [0, 1] to Ã satisfying the hypothesis (i) and (ii) of Proposition (3.1) and hence

its conclusion.

To prove this claim, we assume that the sequence {Φi} has already been defined

and satisfies the hypothesis (i) and (ii) of the proposition for i = 0, 1, 2 . . . , n. We shall

show that there exists a map Φn+1 : J → Ã for which (i) and (ii) of the proposition

also hold.

Again by Theorem (1.14.2) in [1], there exists

Vn(·)(η, ξ) ∈ P (·, Φn(·))(η, ξ)

such that

|
d

dt
〈η, Φn(t)ξ〉 − Vn(t)(η, ξ)| = d

(

d

dt
〈η, Φn(t)ξ〉, P (t, Φn(t))(η, ξ)

)

, a.e. on J.

As (η, ξ) → Vn(t)(η, ξ) is a sesquilinear form on D⊗E, for almost all t ∈ J , there exist

Vn ∈ L1
loc(Ã) such that

Vn(t)(η, ξ) = 〈η, Vn(t)ξ〉, a.e on J

Define

Φn+1(t) = X0 +

∫ t

0

Vn(s)ds, t ∈ J.

Then, for some pair of elements ηn, ξn ∈ D⊗E depending on η, ξ, we have the

following estimates:

|
d

dt
〈η, Φn+1(t)ξ〉 −

d

dt
〈η, Φn(t)ξ〉| = |〈η, Vn(t)ξ〉 − 〈η, Vn−1(t)ξ〉|

≤ ρ (P (t, Φn(t))(η, ξ), P (t, Φn−1(t))(η, ξ))

≤ KP
ηξ(t)‖Φn(t) − Φn−1(t)‖ηnξn

≤ KP
ηξ(t)

[

2Lηξ

∫ t

0

KP
ηnξn

(s)
(Lηξs)

n−2

(n − 2)!
ds

]

≤ 2Ln
ηξK

P
ηξ(t)

tn−1

(n − 1)!
,

which proves (ii)(b) of Proposition (3.1).

Furthermore, for t ∈ J ,

‖Φn+1(t) − Φ0(t)‖ηξ ≤ ‖Φ1(t) − Φ0(t)‖ηξ + ‖Φ2(t) − Φ1(t)‖ηξ

+ · · ·+ ‖Φn+1(t) − Φn(t)‖ηξ

≤ 2Lηξ + 2Lηξ

n−1
∑

k=0

∫ t

0

KP
ηξ(s)

(Lηξs)
k

k!
ds

≤ 2Lηξ

(

1 +

∫ t

0

KP
ηξ(s)e

Lηξsds

)

≤ γ.(3.16)
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This shows that (t, Φn+1(t)) ∈ QZ,γ and therefore proves (ii)(c) of Proposition 3.1. It

follows that the sequence {Φn(t)} is a τω-Cauchy sequence and therefore converges to

some Φ(t) ∈ Ã. We conclude that Φ(t) is a solution of (1.1) for almost all t ∈ J in

the same way as in the proof of Theorem 8.2 in [8].

Finally, by using (ii)(b) of Proposition 3.1, we have the following:

|
d

dt
〈η, Φn+1(t)ξ〉 −

d

dt
〈η, Φ0(t)ξ〉| ≤ |

d

dt
〈η, Φ1(t)ξ〉 −

d

dt
〈η, Φ0(t)ξ〉|

+

n−1
∑

k=0

2LηξK
P
ηξ(t)

[Lηξt]
k

k!
≤ Lηξ + 2LηξK

P
ηξ(t)e

Lηξt.

Taking the limit as n → ∞, we obtain inequality (3.2). Similarly, inequality (3.1)

follows from (3.16) above.

Corollary 3.3. Suppose that the conditions S(1) − S(10) hold in the region

QX0,γ = {(t, x) ∈ [0, 1] × Ã : ‖x − X0‖ηξ ≤ γ},

then the solution X(t) of (1.1) exists on the segment.

Proof. The conditions of Theorem (3.2) will be satisfied if we set Z(t) ≡ X0, a

trivially adapted quasi solution, and the function

Wηξ(t) = d (0, P (t, X0)(η, ξ))

is continuous, by the continuity of the map (t, x) → P (t, x)(η, ξ).

Our next result shows that new solutions of QSDI (1.1) exist in some neighbour-

hoods of a solution. This establishes the nonuniqueness of solutions as in the case of

Lipschitz differential inclusions in finite dimensional Euclidean spaces (see [1]).

Theorem 3.4. Let Φ0(t) be a solution of problem (1.1). Suppose that in the region

QΦ0,ǫ0, the conditions of Theorem (3.2) are satisfied with Lipschitz constant Kηξ that

depends only on arbitrary elements η, ξ ∈ D⊗E, for some constant ǫ0 > 0.

Then for any

(3.17) ǫ > 2Lηξ + 2Kηξ(e
Lηξ − 1)

valid for all η, ξ ∈ D⊗E, a solution Φ(t) of QSDI (1.1) exists such that

‖Φ(t) − Φ0(t)‖ηξ < ǫ, on [0, 1].

Suppose in addition that the map t → d
dt
〈η, Φ0(t)ξ〉 is continuous on the interval [0, 1],

then there exists a constant Mηξ > 0 depending on η, ξ such that

(3.18) |
d

dt
〈η, Φ(t)ξ〉| < Mηξ, almost all t ∈ [0, 1].

Proof. We employ an adaptation of the argument in the proof of Theorem 2 in [11]

as follows:
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We consider the region QΦ0,ǫ for ǫ0 big enough such that 0 < ǫ < ǫ0 in view of

the constraint (3.17). By the continuity of the map (t, x) → d (0, P (t, x)(η, ξ)) on the

region QΦ0,ǫ0, we have

sup
QΦ0,ǫ0

d (0, P (t, x)(η, ξ)) = Sηξ < ∞.

Define the number

Aηξ =
2ǫ

ǫ − 2Lηξ − 2Kηξ(eLηξ − 1)
.

Then in view of (3.17), Aηξ > 0. Thus, by a similar reason as in [11], we can find

numbers b ≥ Kηξǫ, b ≥ Sηξ such that

(3.19)

∫

B

|
d

dt
〈η, Φ0(t)ξ〉|dt <

ǫ

Aηξ

where

B = {t ∈ [0, 1] : |
d

dt
〈η, Φ0(t)ξ〉| > b}.

By the argument in the proof of Theorem 3.2, since Φ0(t) is a solution of (1.1), there

exists an element V0 ∈ L1
loc(Ã) such that

Φ0(t) = X0 +

∫ t

0

V0(s)ds

and
d

dt
〈η, Φ0(t)ξ〉 = 〈η, V0(t)ξ〉, almost all t ∈ [0, 1].

Next we define

V (t) = V0(t), t ∈ ([0, 1]\B)

= 0, t ∈ B.

and

Y (t) = X0 +

∫ t

0

V (s)ds.

We note here that the process Y lies in Ad(Ã)wac.

For t ∈ ([0, 1]\B),

〈η, Y (t)ξ〉 = 〈η, X0ξ〉 +

∫ t

0

〈η, V (s)ξ〉ds = 〈η, Φ0(t)ξ〉.

For t ∈ B,

〈η, Y (t)ξ〉 = 〈η, X0ξ〉.

Therefore we have for both cases using (3.19)

|〈η, Y (t)ξ〉 − 〈η, Φ0(t)ξ〉| = ‖Y (t) − Φ0(t)‖ηξ ≤
ǫ

Aηξ

,

and

d

(

d

dt
〈η, Y (t)ξ〉, P (t, Y (t))(η, ξ)

)

= Wηξ(t),
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almost everywhere on [0, 1].

Furthermore,

(3.20) Wηξ(t) ≤ Sηξ < b, for t ∈ B,

For t ∈ ([0, 1]\B), we have

d

dt
〈η, Y (t)ξ〉 =

d

dt
〈η, Φ0(t)ξ〉 ∈ P (t, Φ0(t))(η, ξ).

Thus

(3.21) Wηξ(t) = d

(

d

dt
〈η, Φ0(t)ξ〉, P (t, Y (t))(η, ξ)

)

= 0 ≤ Kηξǫ.

Hence by Theorem 3.2, there exists a solution Φ of (1.1) satisfying

‖Φ(t) − Y (t)‖ηξ ≤ Eηξ(t), t ∈ J,

and where Eηξ(t) is given by S(9).

By the definition of the set B ⊆ [0, 1], and the estimate (3.19) above, we have

(3.22)

∫

B

bds <

∫

B

|
d

ds
〈η, Φ0(s)ξ〉|ds ≤

ǫ

Aηξ

.

By (3.19), (3.22) and S(9), we have,

Eηξ(t) <

∫

B

Sηξds + 2Lηξ + 2Lηξ

∫ t

0

(

Kηξe
Lηξs
)

ds

<
ǫ

Aηξ

+ 2Lηξ + 2Kηξ(e
Lηξ − 1).

Hence, we have

‖Φ(t) − Φ0(t)‖ηξ ≤ ‖Φ(t) − Y (t)‖ηξ + ‖Y (t) − Φ0(t)‖ηξ

≤
2ǫ

Aηξ

+ 2Lηξ + 2Kηξ(e
Lηξ − 1) = ǫ.

Again by Equation (3.2), Φ(t) satisfies

|
d

dt
〈η, Φ(t)ξ〉 −

d

dt
〈η, Y (t)ξ〉| ≤ Lηξ(1 + 2Kηξe

Lηξt)

≤ Lηξ(1 + 2KηξUηξ) := Nηξ,(3.23)

where

Uηξ = sup
t∈[0,1]

(eLηξt).

Thus by definition, d
dt
〈η, Y (t)ξ〉 = 0 for t ∈ B and for t ∈ ([0, 1]\B),

d

dt
〈η, Y (t)ξ〉 =

d

dt
〈η, Φ0(t)ξ〉.

Putting

sup
[0,1]

|
d

dt
〈η, Φ0(t)ξ〉| = Tηξ,
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then from (3.23)

|
d

dt
〈η, Φ(t)ξ〉| ≤ Nηξ, t ∈ B,

and

|
d

dt
〈η, Φ(t)ξ〉| ≤ Tηξ + Nηξ, t ∈ ([0, 1]\B).

Inequality (3.18) follows by defining

Mηξ = Tηξ + Nηξ.
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ABSTRACT: By employing the theory of iterated stochastic integration with respect to quantum martingale measures
taking values in a linear space A of unbounded linear operators on a Hilbert space, we present a rigorous formulation of
quantum stochastic partial differential equations (QSPDE). The solutions of certain classes of these equations are closable
operators and they are known to provide examples of irreversible quantum dynamics which have found applications as
models of open quantum systems and models of electric currents in neutrons among many other applications. Existence
and uniqueness of a class of semi-linear quantum stochastic partial differential equations are studied.
AMS Subject Classification (2000): 81 S 25, 60 H 10

1 INTRODUCTION
It is well known that when modelling classical physical systems that are susceptible to noise, non-linear stochastic partial
differential equations (SPDEs) often arise. A convenient approach to analyzing nonlinear SPDE’s is to first reduce them
to stochastic integral equations. Availability of a theory of iterated stochastic integration, over time and space, with
respect to a cylindrical Wiener process (G. Da Prato 1992)or a martingale measure [Walsh 1986] subsequently becomes
central.

In analogy to the classical context, open quantum systems and other physical systems (Davies, 1976; Lindblad 1976]
are invariably subject to quantum noise. The temporal evolution of such systems maybe modelled by means of a noncom-
mutative stochastic calculus [Hudson-Parthasarathy 1984; Parthasarathy 1992]that generalises the classical Ito stochastic
calculus. To be able to take account of both the temporal and spatial variation of the observables of the quantum systems,
a framework involving iterated stochastic integration has been established (Applebaum 1995, 1998). In this paper, we
exploit the notion of a quantum martingale measure. Iterated stochastic integration with respect to quantum martingales
is finally employed to establish the existence and uniqueness of a class of quantum stochastic partial differential equations
in this work.

The organization of the paper is as follows. Section 2 highlights some of the fundamental notions and notation which
we use throughout the discussion. Our notion of martingale measures is discussed in section 3. The main results of the
paper are assembled in Sections 4 ad 5. The main results concern the existence and uniqueness of the solutions of a
semilinear quantum stochastic heat equation, which generalizes the classical semilinear heat equation.

2 PRELIMINARIES
This section is devoted to the explanation of some of the basic structures which are employed in what follows. We shall
begin by describing some relevant spaces of vector valued functions.
In the sequel, R and Υ are two fixed Hilbert spaces and ID is a dense subspace of R. The inner product and norm of Υ
will be written as 〈·, ·〉Υ and ‖ · ‖Υ respectively. We denote by

H = L2
Υ(IR+); Ht = L2

Υ([0, t)); Ht = L2
Υ([t,∞)), t ∈ IR+

the Hilbert spaces of Lebesgue square integrable, Υ-valued maps respectively on
IR+ := [0,∞); [0, t); and [t,∞), t ∈ IR+.

Similarly, SΥ (resp. SB(Υ)) denotes the linear space L∞Υ,loc(IR+) (resp.L∞B(Υ),loc(IR+)) of all measurable, locally
bounded functions from IR+ to Υ (resp. to B(Υ)), the Banach space of all bounded endormorphisms of Υ; the norm of
B(Υ) will be denoted by ‖ · ‖B(Υ).

The spaces SΥ and SB(Υ) will be equipped with the weak topologies which we define as follows: For α, β ∈ SΥ and
t ∈ IR+, define the linear forms Tαt and Tαβt respectively on SΥ and SB(Υ), as

Tαt(h) =

∫ t

0

〈α(s), h(s)〉Υds, h ∈ SΥ, Tαβt(U) =

∫ t

0

〈α(s), U(s)β(s)〉Υds, U ∈ SB(Υ).

We introduce the sets:

S
′
Υ = {Tαt : α ∈ SΥ, t ∈ IR+}, and S

′

B(Υ) = {Tαβt : α, β ∈ SΥ, t ∈ IR+}.

Dynamic Publishers, Inc.
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Then, we endow SΥ with the σ(SΥ, S
′
Υ)-topology and SB(Υ) with the σ(SB(Υ), S

′
B(Υ))-topology. With these topolo-

gies, S
′
Υ is the dual of SΥ and S

′
B(Υ) is the dual of SB(Υ).

Boson Fock Space
If D is a pre-Hilbert space with completion H, the symbol L+

w(D,H) denotes the set of all linear maps X from D to H
such that domain of the operator adjoint X∗ contains D. We shall employ the following linear spaces of operators as in
Ayoola 2001, 2008, Ekhaguere 1992.

(i) A ≡ L+
w(ID⊗IE,R⊗ Γ(H)), (ii) At ≡ L+

w(ID⊗IEt,R⊗ Γ(Ht))⊗ 1t, (iii) At ≡ 1t ⊗ L+
w(IEt,Γ(Ht)), t > 0

where ⊗ denotes algebraic tensor product and 1t (resp. 1t) denotes the identity map on

R⊗ Γ(Ht)) (resp.Γ(Ht)), t > 0.

As usual, the netA(IR+) ≡ {At : t ∈ IR+} is a filtration ofA. That isAs ⊆ At, if t ≥ s ≥ 0 and∪t∈IR+At generatesA.

Definition 2.1. (i) If t ∈ IR+, and a ∈ A, the member E(a|At) of At satisfying

〈η,E(a|At)ξ〉 = 〈η, aξ〉, ∀η ∈ R⊗ Γ(Ht), ξ ∈ ID⊗IEt,

is called the conditional expectation of a given At. In terms of the projection Pt of R ⊗ Γ(H) onto R ⊗ Γ(Ht), the
condition expectation satisfies: E(a|At) = PtaPt.

(ii). We shall employ the topology τs, called the strong topology, on A whose family of seminorms {‖ · ‖ξ, ξ ∈
ID⊗IE} defined by ‖a‖ξ = ‖aξ‖, a ∈ A, ξ ∈ ID⊗IE.
We denote the completion of the locally convex space (A, τs) by Ã. The following definition and structures concerns our
framework for stochastic processes and integration.
Definition 2.2. An Ã-valued map X on an interval j ⊂ IR+ is called a τs-stochastic process indexed by J if t →
X(t)ξ, t ∈ J is measurable for arbitrary ξ ∈ ID⊗IE, whereR⊗ Γ(H) is endowed with its natural Borel structure.
A stochastic process X indexed by J is called adapted if X(t) ∈ At for each t ∈ J .

The set of all adapted processes X on IR+ such that

‖X‖2ξ ≡
∫ t

0

‖X(s)‖2ξds <∞

for each t ∈ IR+, ξ ∈ ID⊗IE will be denoted by L2
loc(A).

To each f ∈ SΥ and π ∈ SB(Υ), we adopt the basic field operators a(f), a†(f), and λ(π) in L+
w(IE,Γ(H)) and in

terms of these operators, we introduce the following stochastic processes as in (Hudson-Parthasarathy 1984).

Af (t) = a(fχ[0,t)), A
†
f (t) = a†(fχ[0,t)), ∧π(t) = λ(πχ[0,t))

t ∈ IR+ where χI denotes the indicator function of the Borel set I ⊆ IR+. Employing the notation:

dAf (t) ≡ Af (dt), dA†f (t) ≡ A†f (dt), d ∧π (t) ≡ ∧π(dt), t ∈ IR+,

then we interpret the stochastic integral∫ t

0

(
p(s) ∧π (ds) + q(s)Af (ds) + k(s)A†g(ds) + h(s)ds

)
as in (Hudson-Parthasarathy 1984, Ekhaguere 1992) for certain admissible integrands p, q, k, h ∈ L2

loc(A).

3 MARTINGALE MEASURES
Let (X, τ) be a complex, Hausdorff, locally convex space with topology τ and dual X ′, and (Ω,B) a measurable space,
with B a σ-algebra of subsets of Ω. In the sequel, M(B, X) is the set of all X-valued additive set functions µ on B
such that B 7−→ x′(µ(B)) is σ-additive and regular on B, for all x′ ∈ X ′. Then, for each µ ∈ M(B, X) and arbitrary
x′ ∈ X ′, x′ ◦ µ is a complex, and hence automatically finite, measure on (Ω,B).

Definition 3.1 Let Ã and (Ω,B) be as above. A map W : I × B → Ã. I ⊆ IR+, will be called a τs-martingale measure
relative to the filtration A(I) provided that

(i) W (0, B) = 0, ∀ B ∈ B;

(ii) for each B ∈ B, the map t 7−→W (t, B), t ∈ I , is adapted to A(I);

(iii) for each B ∈ B, the map t 7−→W (t, B), t ∈ I , is a martingale, i.e.

E(W (t, B)|As) = W (s,B) whenever s, t ∈ I satisfy t ≥ s;

(iv) for each t ∈ I , the map B 7−→W (t, B), B ∈ B, is in M(B, Ã);
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(v) for each ξ ∈ ID⊗IE, there is a regular, σ-finite measure ωξ on (Ω,B) and a locally bounded function cξ on I such that

‖W (t, B)‖ξ ≤ cξ(t)ωξ(B), t ∈ I, B ∈ B.

Notation 3.2 The symbol MM(I,B, Ã) will denote the set of all Ã-valued, A(I)-adapted martingale measures on
(Ω,B). The set is not empty as some examples of quantum martingale measures can be found in Applebaum (1998).
Let µ, σ ∈ M(B(IRd),SΥ) and π ∈ M(B(IRd),SB(Υ)). In what follows, we shall assume the validity of the following
inequality.

max{‖µ(s,B)‖Υ, ‖σ(s,B)‖Υ, ‖π(s,B)‖B(Υ)} ≤ cµσπ(s)ωµσπ(B). (3.1)

for some nonnegative, locally bounded functions cµσπ on IR+, σ-finite measure ωµσπ on (IRd,B(IRd), and arbitrary
α, β ∈ SΥ, (s,B) ∈ IR+ × B(IRd). Next, we introduce the maps

Aµ(t, B) = a(χ[0,t)µ(B));A†σ(t, B) = a†(χ[0,t)σ(B)), Λπ(t, B) = λ(χ[0,t)π(B)) (3.2)

for arbitrary (s,B) ∈ IR+ × B(IRd), where χC denotes the indicator function of C. Then the following holds.
Proposition 3.3 The maps Aµ, A†σ , and Λπ are τs-martingale measures, i.e. {Aµ, A†σ,Λπ} is a subset of
MM(IR+,B(IRd), Ã).
Definition 3.4 The triplet {Aµ A†σ, ∧π} with µ, σ ∈ M(B(IRd),SΥ), and π ∈ M(B(IRd),SB(Υ)) will be called
quantum τs-martingale measures.

4 ITERATED STOCHASTIC INTEGRATION WITH RESPECT TO QUANTUM
MARTINGALE MEASURES

Throughout the rest of the paper, we employ the quantum τs-martingale measures as defined above. The space
L2
ucloc(IR+ × IRd, Ã) is the set of maps h : IR+ × IRd → Ã satisfying the following properties:

(i) for each x ∈ IRd, the map t→ h(t, x), t ∈ IR+, is in L2
loc(Ã),

(ii) the map h is locally uniformly continuous in the sense that given any ε > 0, there is a δ > 0 such that

sup
0≤s≤t

‖h(s, x)− h(s, y)‖ξ < ε,

whenever t ∈ IR+, ξ ∈ ID⊗IE, x, y ∈ B, a bounded member of B(IRd), and ‖x − y‖ < δ, where we write ‖z‖ for the
norm of z ∈ IRd. We endow L2

ucloc(IR+ × IRd, Ã) with the locally convex topology τucloc whose family {‖ · ‖ξt, ξ ∈
ID⊗IE, t ∈ IR+} of seminorms is defined by

‖h‖ξt =

(∫ t

0

sup
x∈I
‖h(s, x)‖2ξ

) 1
2

, h ∈ L2
ucloc(IR+ × IRd, Ã), ξ ∈ ID⊗IE, t ∈ IR+.

Remarks.(i) Let E,F,G ∈ L2
ucloc(IR+ × IRd, Ã), we define an iterated stochastic integral of the form:

M(t, B) =

∫
B

∫
[0,t]

(
E(s, x) ∧π (ds, dx) + F (s, x)Aµ(ds, dx) +G(s, x)A†σ(ds, dx)

)
, (4.1)

(t, B) ∈ [0, T ]× B(IRd), T > 0, B bounded.

(ii) The integral M(t, B) is developed as follows:
For x = (x1x2, · · · , xd), y = (y1, y2, · · · , yd) ∈ IRd, we write x ≤ y (resp. x < y) if and only if
xj ≤ yj , j = 1, 2 · · · d (resp. x ≤ y and x 6= y). Let Brec(IRd) be the subring of B(IRd) consisting of all
rectangles, i.e sets of the form: [a, b) ≡ Πd

j=1[aj , bj) for some a, b ∈ IRd. We first develop the integral for the case
where B ∈ Brec(IRd). It is well known that the extension of the formulation to the case where B is an arbitrary subset of
IRd follows a standard procedure. We have the following results on iterated quantum stochastic integration with respect
to the processes ∧π, Aµ, A†σ . The establishment of the result is similar to that of Theorem 3.1 in Applebaum (1998).

Theorem 4.1: (i). For t ∈ [0, T ], I ∈ Brec(IRd), η = v ⊗ e(α), ξ = u⊗ e(β) ∈ ID⊗IE, we have:

〈η,M(t, I)ξ〉 =

∫
I

∫
[0,t]

{〈α(s), π(s, dx)β(s)〉Υ〈η,E(s, x)ξ〉

+ 〈µ(s, dx), β(s)〉Υ〈η, F (s, x)ξ〉+ 〈α(s), σ(s, dx)β(s)〉Υ〈η,G(s, x)ξ〉} .

(ii) The order of integration may be changed. Defining the integral:

M̃(t, I) =

∫
[0,t]

∫
I

(
E(s, x) ∧π (ds, dx) + F (s, x)Aµ(ds, dx) +G(s, x)A†σ(ds, dx)

)
, (4.2)

then M̃(t, I) = M(t, I) on ID⊗IE, for arbitrary t ∈ [0, T ].
(iii) The map M : [0, T ]× B(IRd)→ Ã is in MM([0, T ]× B, Ã).
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5 QUANTUM STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS
An equation of the form

∂X

∂t
(t, x) = H

(
t, x,X,

∂X

∂x
, · · · , ∂

lX

∂xl

)
+ E

(
t, x,X,

∂X

∂x
, · · · , ∂

kX

∂xk

)
∧̇π(t, x)

+F

(
t, x,X,

∂X

∂k
, · · · , ∂

mX

∂xm

)
Ȧµ(t, x) +G

(
t, x,X,

∂X

∂x′
, · · · , ∂

nX

∂xn

)
Ȧ†σ(t, x)(5.1)

t ∈ [0, T ], x ∈ B, a bounded subset of IRd where
∂aX

∂xa
denotes

∂a1 · · · adX
∂xa1∂xa2 · · · ∂xad with a = a1 + · · · + ad for

some nonnegative integers a1, . . . , ad will be called a quantum stochastic partial differential equation (qspde) of order
max{l, k,m, n}. Furnished with appropriate constraints on E,F,G,H and some boundary conditions, the first problem
is to make sense of this relation, after which one must tackle the issue of the existence and uniqueness of its solutions.
As an application of the theory of martingale measures formulated above, we search for a solution, in the τs-topology,
onA, of the following semilinear quantum stochastic heat equation in one space dimension, associated with the quantum
martingale measures, Aµ, A†σ,Λπ , where E,F,G lie in L2

ucloc(IR+, Ã) and satisfy some Lipschitz conditions

(∂tX)(t, x) = (∂xxX)(t, x) + E(t,X(t, x)∧̇π(t, x) + F (t,X(t, x))Ȧµ(t, x) +G(t,X(t, x))Ȧ+
σ (t, x) (5.2)

X(0, t) = X0(x), x ∈ [0, L]; ∂xX(t, 0) = 0 = (∂xX)(t, L), t > 0 (5.3)

To this end, we will need the following well known (Walsh 1986) properties of the Green’s function G(t;x, y) of equation
(5.2).

G(i)
∫ t

0

G(s, x, y)G(t; y, z)dy = G(s+ t;x, z);

G(ii) G(t;x, y) = G(t; y, x);

G(iii) G(t;x, y) ≤ CT√
t

exp

(
− (x− y)2

4t
− t
)
, x, y ∈ [0, L], t ∈ (0, T ], where CT is some positive constant.

Proceeding formally and using (5.3) as well as some of the properties of the Green’s function cited above, the QSPDE(5.2)
may be re-written in the form∫ t

0

X(t, x)ϕ(x)dx−
∫ L

0

X0(x)ϕ(x)dx

=

∫ t

0

∫ L

0

X(s, x)ϕ′′(x)dsdX +

∫ t

0

∫ L

0

ϕ(x)[E(s,X(s, x)) ∧π (ds, dX)

+F (s,X(s, x))Aµ(ds, dx) +G(s,X(s, x))A†a(ds, dx)] (5.4)

valid for all ϕ ∈ C∞[(0, L]) such that ϕ′(0) = 0 = ϕ′(L). It follows that (5.4) holds whenever X solves (5.2) and
(5.3). Moreover, adapting the reasoning in (Walsh, 1986), one checks that X solves (5.4) if and only if X is a solution of
the stochastic integral equation

X(t, x) =

∫ L

0

X0(y)G(t;x, y)dy +

∫ t

0

∫ L

0

G(t− s;x, y)([E(s,X(s, x)) ∧π (ds, dx)

+F (s,X(s, x))Aµ(ds, dx) +G(s,X(s, x))A†σ(ds, dx)] (5.5)

In what follows, L, T > 0 and E,F,G ∈ L2
ucloc(IR+, Ã) are Lipschitzian, that is, for each ξ ∈ ID⊗IE, there is a locally

bounded function Kξ : [0, T ]→ IR+ such that

max{‖E(t, z1)− E(t, z2)‖ξ, ‖F (t, z1)− F (t, z2)‖ξ, ‖G(t, z1)−G(t, z2)‖ξ}

≤ Kξ(t)‖z1 − z2‖ε(ξ), z1, z2 ∈ A, t ∈ [0, T ],

for some self map ε : ID⊗IE → ID⊗IE.

Notation 5.1. We will require the following notation.
If ε : ID⊗IE → ID⊗IE, write εn, n ≥ 1, for the n-fold composition of ε with itself, i.e. εn(ξ) = ε(εn−1(ξ)), ξ ∈
ID⊗IE, n = 1, 2, . . . ,, with ε0 the identity map on ID⊗IE.

For each ξ ∈ ID⊗IE, let (ID⊗IE)ε,ξ be the orbit of ξ under ε, i.e.

(ID⊗IE)ε,ξ = {εn(ξ) : n = 0, 1, 2, . . . }
Definition 5.2: By a solution of (5.2) and (5.3) in the τs-topology, we shall refer to a solution of the stochastic integral
equation (5.5) that satisfies the following condition:

sup
ϑ∈(ID⊗IE)ε,ξ

sup
x∈[0,L]

sup
s∈[0,t]

‖X(t,X)‖2ϑ <∞, ξ ∈ ID⊗IE (5.6)
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5.1 Solutions in the τs-Topology

Theorem 5.3: Suppose that the following conditions are satisfied:

max{‖µ(s,B)‖Υ, ‖σ(s,B)‖Υ, ‖π(s,B)‖B(Υ)} ≤ cµσπ(s)ωµσπ(B). (5.7)

for some nonnegative, locally bounded functions cµσπ on IR+, σ-finite measure ωµσπ on (IR,B(IR), is absolutely
continuous with respect to the Lebesgue measure on (IR, B(IR)), with locally bounded Radon-Nikodym derivative ωµσπ
and arbitrary α, β ∈ SΥ, (s,B) ∈ IR+ × B(IRd).
Then the QSPDE(5.2), equipped with conditions (5.3) and (5.6) possesses a unique solution in the τs-topology.

Proof. Existence: This will be proved by means of a Picard’s iteration process. Let X0(t, x) = X0(x), x ∈ [0, L],
t ∈ [0, T ]. Then, t 7−→ X0(t, x), t ∈ [0, T ] is adapted, for each x ∈ [0, L]. Introduce the iterative scheme

Xn+1(t, x) =

∫ L

0

X0(y)G(t;x, y)dy +

∫ t

0

∫ L

0

G(t− s;x, y)[E(Xn(s, x), s) ∧π (ds, dx)

+F (Xn(s, x), s)Aµ(ds, dx) +G(Xn(s, x), s)A†σ(ds, dx)], n = 0, 1, 2, . . .

From the adaptedness of X0, it follows that {Xn(·, x) : n = 1, 2, . . . } is a sequence of adapted stochastic processes, for
each x ∈ [0, L]. Define Zn(t, x) = Xn+1(t, x)−Xn(t, x), n = 0, 1, 2, . . . . Then

Zn(t, x) =

∫ t

0

∫ L

0

G(t− s, x, y)[(E(s,Xn(s, x))− E(s,Xn−1(s, x))) ∧π (ds, dx)

+(F (s,Xn(s, x))− F (s,Xn−1(s, x)))Aµ(ds, dx) + (G(s,Xn(s, x))−G(s,Xn−1(s, x)))A†σ(ds, dx)],

n = 1, 2, . . . ; whence for arbitrary ξ = u⊗ e(β) ∈ ID⊗IE, we have

‖Zn(t, x)‖2ξ ≤ 3

∫ t

0

∫ L

0

G(t− s;x, y)2[‖(E(s,Xn(s, x))− E(s,Xn−1(s, x)))‖2ξ ×

|〈β(s), π(s, dx)β(s)〉|
+‖(F (s,Xn(s, x))− F (s,Xn−1(s, x)))‖2ξ|〈β(s), µ(s, dx)〉|
+‖(G(s,Xn(s, x))−G(s,Xn−1(s, x)))‖2ξ|〈β(s), σ(s, dx)〉|]ds,

≤ CTξ

∫ t

0

∫ L

0

G(t− s;x, y)2‖Zn−1(s, y)‖2ε(ξ)ωµσπ(dy)ds,

where CTξ = 9

(
sup

0≤s≤T
[kξ(s)Cµσπ(s) max(‖β(s)‖2, ‖β(s)‖)]

)
. Let

Z(t)2
ξ = sup

r∈(ID⊗IE)ε,ξ

sup
x∈[0,L]

sup
s∈[0,t]

‖Zn(t, x)‖2r, t ∈ [0, T ], ξ ∈ ID⊗IE

Then, from G(i), G(iii) above, whence
∫ ∞
∞

G(t;x, y)2dy ≤ cT /
√
t, for all x ∈ [0, L],

we get

Zn(t)2
ξ ≤ 3cTCTξ

(
sup

0≤s≤T
[ωµσπ(s)]

)∫ t

0

1√
t− s

Zn−1(s)2
ξds, t ∈ [0, T ].

Choose any p ∈ (1, 2) and estimate the integral, using Hölder’s inequality, to obtain

Zn(t)2q
ξ ≤ KTξ

∫ t

0

Zn−1(s)2q
ξ ds, q =

p

p− 1
, with p ∈ (1, 2), t ∈ [0, T ]

where KTξ is some positive constant. Applying a form of Gronwall’s Lemma we get

Zn(t)2q
ξ ≤ Z0(t)2q

ξ (KTξt)
n/(n)!, n = 0, 1, 2, . . . , t ∈ [0, T ].

Hence as
(

2q
√
KTηξt

)n
/ 2q
√

(n!) is the general term of a convergent infinite series of nonnegative numbers, the last

inequality implies
∞∑
n=1

Zn(t)ξ < ∞, t ∈ [0, T ]. From the definition of Zn(t)ξ it follows that the sequence Xn(t, x) is

τs-convergent in A to some X(t, x) for arbitrary (t, x) ∈ [0, T ]× [0, L], whence the sequence∫ t

0

∫ L

0

G(t− s;x, y)[E(s,Xn(s, x)) ∧π (ds, dx) + F (s,Xn(s, x))Aµ(ds, dx)

+G(s,Xn(s, x))A†σ(ds, dx)]
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also τs-converges to∫ t

0

∫ L

0

G(t− s;x, y)[E(s,X(s, x)) ∧π (ds, dx) + F (s,X(s, x))Aµ(ds, dx)

+G(s,X(s, x))A†σ(ds, dx)],

for arbitrary (t, x) ∈ [0, T ]× [0, L], showing that X is a solution of (5.5). Finally, since each t 7−→ Xn(t, ·), t ∈ [0, T ],
is adapted for each n, it follows that t 7−→ X(t, ·), t ∈ [0, T ] is adapted. This concludes the proof of the existence of a
solution of (5.5) and hence of (5.2) and (5.3).

Uniqueness: Suppose X and Y both solve (5.5). Then, with Z = X − Y , we have

Z(t, x) =

∫ t

0

∫ L

0

G(t− s;x, y)[(E(s,X(s, x))− E(s, Y (s, x))) ∧π (ds, dx)

+(F (s,X(s, x))− F (s, Y (s, x)))Aµ(ds, dx)

+(G(s,X(s, x))−G(s, Y (s, x)))A†σ(ds, dx)].

Let ξ ∈ ID⊗IE be arbitrary and

Z(t)2
ξ = sup

ϑ∈(ID⊗IE)ε,ξ

sup
x∈[0,L]

sup
s∈[0,t]

‖Z(t, x)‖ϑ, t ∈ [0, T ].

Then arguing as above, we get

Z(t)2q
ξ ≤ KTξ

∫ t

0

Z(s)2q
ξ ds, q =

p

p− 1
, with p ∈ (1, 2), t ∈ [0, T ].

where KTξ is some positive constant. Applying Gronwall’s Lemma, it follows that Z(t)ξ = 0, for arbitrary ξ ∈ ID⊗IE
and each t ∈ [0, T ], whence X(t, x) = Y (t, x) for all (t, x) ∈ [0, T ]× [0, L]. This proves uniqueness.
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ABSTRACT: This paper provides an introduction to the main concepts and techniques necessary for someone who 

wishes to carryout numerical experiments involving Stochastic Differential Equation (SDEs). As SDEs are frictionless 

generally and the solutions are continuous stochastic process that represent diffusive dynamic especially in finance, it is 

required of us to take into account random effects and influences in real world systems which are essential in the 

accurate description of such situations. 

 

  We include a review of Stochastic Differential equations (SDE), Geometric Brownian Motion, Euler-

Maruyama, Milstein and Taylor approximate which gives a clear picture of their graphical approximate and exact 

solution. We finally compared the convergence of Euler-Maruyama and Milstein 

 

KEYWORDS: Stochastic Differential Equations, Stochastic Taylor Expansion, Euler-Maruyama, path wise 
Approximation and Strong convergence, Weak Euler Scheme and Milstein Method 
 

I.                 INTRODUCTION 

Stochastic Differential Equations(SDEs) are differential equations where stochastic process represents one or more 

terms and, as a result consequence; the resultant solution will also be stochastic [3].As more realistic, Mathematical 

Models become required to take into account random effects and influences in real world systems and SDEs have 

become essential in the accurate description of such situations [2]. The solutions are continuous-time stochastic 

processes and methods for the computational solution of stochastic differential equation are based on similar techniques 

for stochastic dynamic [3]. 

 

 Stochastic modelling has come to play an important role in many branches of science and industry. The concept has 

been initiated by Einstein in 1905 [12]. In his article, he presented a mathematical connection between microscopic 

random motion of a particles and macroscopic diffusion equation. The models have been used after with great success 

in a variety of application areas, including biology, epidemiology, mechanics, economics and finance. Various authors 

have given their contribution in these field.Kloeden and Platen[8] have discussed extensively about numerical solution 

of stochastic differential in detail. Platen [10] buttressed this with the discrete time strong and weak approximation 

methods for the numerical methods to get the solution of stochastic differential equations.Higham [4] contributed and 

solve the approximate solution of SDEs with few problems. Higham and kloeden [5] further work on nonlinear 

stochastic differential equation as they presented two explicit methods for 𝐼𝑡ô SDEs with Poisson-driven jumps. Nayak 

and Chakraverty [6] worked on numerical solution of fuzzy stochastic differential equation, where they review the 

alternative approach to solve uncertain SDE. 

As more realistic, Mathematical Models become required to take into account random effects and influences in  

real world systems, SDEs have become essential in the accurate description of such situations [2]. The solutions are 

continuous-time stochastic processes and methods for the computational solution of stochastic differential equation are 

based on similar techniques for stochastic dynamic [3]. 

  

We consider a general SDE, which when given in symbolic differential form in one dimension is  

 𝑑𝑋𝑡 = 𝑎 𝑋𝑡 𝑑𝑡 + 𝑏 𝑋𝑡 𝑑𝑊𝑡  , 𝑋 0 = 𝑋0,   0 ≤ 𝑡 ≤ 𝑇                                               (1) 
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where𝑎(𝑋𝑡) is the drift parameter, 𝑏(𝑋𝑡) is the diffusion parameter(or noise term) and 𝑊𝑡  is a Wiener process. If the 

diffusion parameter does not depend on𝑋𝑡 , we say the equation has additive noise, otherwise the equation has a 

multiplicative noise. A Wiener process 𝑊 = 𝑊𝑡 , 0 ≤ 𝑡 ≤ 𝑇  is a Gaussian process that depends continuously on time 

such that 

1.   𝑊 0 = 0(with probability one)  

2.  for0 ≤ 𝑡 ≤ 𝑇,  𝐸 𝑊 𝑡  = 0and for0 ≤ 𝑡 ≤ 𝑇,  𝑉𝑎𝑟 𝑊 𝑡 − 𝑊 𝑠  = 𝑡 − 𝑠 

3. for  0 ≤ 𝑠 < 𝑡 < 𝑢 < 𝑣 ≤ 𝑇, the increments 𝑊 𝑡 − 𝑊(𝑠)and 𝑊 𝑣 − 𝑊(𝑢) are independent. 

 The Wiener process, named after Norbert Wiener, is a mathematical construct that formalizes random 

behavior characterized by the botanist Robert Brown in 1827 commonly called Brownian motion. The Stochastic 

integral to equation (1) can be expressed as  

𝑋𝑡 = 𝑋0 +  𝑎(𝑋𝑡)𝑑𝑠
𝑡

𝑡𝑜

+  𝑏(𝑋𝑡)
𝑡

𝑡𝑜

𝑑𝑊𝑠                                                (2) 

wherethe first integral is a regular (Riemann or Lebesgue) integral and the second integral is a stochastic integral, 

usually interpreted in the 𝐼𝑡𝑜  or Stratonovich form. 

 The 𝑑𝑊𝑠 of Brownian Motion𝑊𝑠 is called White noise, a typical solution is a combination of drift and 

diffusion of Brownian motion. 

 It is important in the case of numerical analysis to have an equation with a known solution so that the accuracy 

of a numerical scheme can be determined. We there consider a stochastic differential equation which has a 

multiplicative noise and explicit solution used to model the randomness of underlying asset in financial mathematics 

often called Black-Scholes diffusion equation as in (1) and has the explicit solution[12] 

𝑋𝑡 = 𝑋0𝑒𝑥𝑝   𝑎 −
𝑏2

2
 𝑡 +  𝑏𝑊𝑡                                                               (3) 

for𝑡𝜖 0, 𝑇  and Wiener process 𝑊 = (𝑊𝑡 , 𝑡 ≥ 0) 

 

II.           STOCHASTIC TAYLOR EXPANSION 

Much of the deterministic numerical analysis for Ordinary differential equations is based on manipulating and 

truncating Taylor expansions.  

 The 𝐼𝑡ô-Taylor expansion is based on repeated iterations of 𝐼𝑡ô formula. We shall consider again the integral 

equation (2). Note that we require the terms a and b to satisfy a linear growth bound and to be sufficiently smooth. For 

any twice continuously differentiable function: ℜ → ℜ𝐼𝑡ô’s formula gives. 

𝑓 𝑋𝑡 = 𝑓 𝑋𝑡0
 +   𝑎 𝑋𝑠 𝑓

′ 𝑋𝑠 +
1

2
𝑏2 𝑋𝑠 𝑓

′′  𝑋𝑠  𝑑𝑠
𝑡

𝑡0

+ 

 𝑏 𝑋𝑠 𝑓
′ 𝑋𝑠 𝑑𝑊𝑠

𝑡

𝑡0

                                                                            (4)   

Using the operators 𝐿0 and 𝐿′  

 𝐿0𝑓 = 𝑎𝑓 ′ + 1

2
𝑏2𝑓 ′′ and 𝐿′ = 𝑏𝑓 ′                                                                                          (5) 

equation (4) gives 

𝑓 𝑋𝑡 = 𝑓 𝑋𝑡0
 +  𝐿0𝑓

𝑡

𝑡0

 𝑋𝑠 𝑑𝑠 +  𝐿′𝑓 𝑋𝑠 𝑑𝑊𝑠

𝑡

𝑡0
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If we apply the relation (5) to the functions 𝑓 = 𝑎 and  𝑓 = 𝑏, we have 

𝑋𝑡 = 𝑋𝑡0
+  (𝑎 𝑋𝑡0

 +  𝐿0𝑎 𝑋𝑠 𝑑𝑧 +  𝐿′𝑎 𝑋𝑧 𝑑𝑊𝑧)𝑑𝑠
𝑠

𝑡0

𝑠

𝑡0

𝑡

𝑡0

 

+  (𝑏 𝑋𝑡0
 +  𝐿0𝑏 𝑋𝑠 𝑑𝑧 +  𝐿′𝑏 𝑋𝑧 𝑑𝑊𝑧)𝑑𝑠

𝑠

𝑡0

𝑠

𝑡0

𝑡

𝑡0

 

= 𝑋𝑡0
+ 𝑎 𝑋𝑡0

  𝑑𝑠
𝑡

𝑡0

+ 𝑏 𝑋𝑡0
  𝑑𝑊𝑠

𝑡

𝑡0

+ 𝑅1                                                                (6) 

Where 𝑅1is the remainder term. 

𝑅1 =    𝐿0𝑎 𝑋𝑧 𝑑𝑧
𝑠

𝑡0

𝑡

𝑡0

𝑑𝑠 +   𝐿′𝑎 𝑋𝑧 𝑑𝑊𝑧𝑑𝑠
𝑠

𝑡0

𝑡

𝑡0

+ 

  𝐿0𝑏 𝑋𝑧 𝑑𝑧
𝑠

𝑡0

𝑑𝑊𝑠

𝑡

𝑡0

+   𝐿′𝑏 𝑋𝑧 𝑑𝑊𝑧𝑑𝑊𝑠

𝑠

𝑡0

𝑡

𝑡0

                                           (7) 

Using𝑓 = 𝐿′𝑏 in (6) 

𝑋𝑡 = 𝑋𝑡0
+ 𝑎 𝑋𝑡0

  𝑑𝑠
𝑡

𝑡0

+ 𝑏 𝑋𝑡0
  𝑑𝑊𝑠

𝑡

𝑡0

+ 𝐿′𝑏 𝑋𝑡0
 +   𝑑𝑊𝑧𝑑𝑊𝑠

𝑠

𝑡0

𝑡

𝑡0

+ 𝑅2 

= 𝑋𝑡0
+ 𝑎 𝑋𝑡0

  𝑑𝑠
𝑡

𝑡0

+ 𝑏 𝑋𝑡0
  𝑑𝑊𝑠

𝑡

𝑡0

+ 𝑏 𝑋𝑡0
 𝑏′(𝑋𝑡0

)   𝑑𝑊𝑧𝑑𝑊𝑠

𝑠

𝑡0

𝑡

𝑡0

+ 𝑅3  

with remainder 

𝑅3 =   𝐿0𝑎 𝑋𝑧 𝑑𝑧
𝑠

𝑡0

𝑡

𝑡0

𝑑𝑠 +   𝐿′𝑎 𝑋𝑧 𝑑𝑊𝑧𝑑𝑠
𝑠

𝑡0

𝑡

𝑡0

+   𝐿0𝑏 𝑋𝑧 𝑑𝑧
𝑠

𝑡0

𝑑𝑊𝑠

𝑡

𝑡0

 

+    𝐿𝑜𝐿′𝑏 𝑋𝑢 𝑑𝑢𝑑𝑊𝑧𝑑𝑊𝑠

𝑧

𝑡𝑜

𝑠

𝑡𝑜

𝑡

𝑡𝑜

+    𝐿′𝐿′𝑏 𝑋𝑢 𝑑𝑊𝑢𝑑𝑊𝑧𝑑𝑊𝑠

𝑧

𝑡𝑜

𝑠

𝑡𝑜

𝑡

𝑡𝑜

 

It can further be expressed with the multiple 𝐼𝑡ô integral holding on already apparent in the preceding example as 

 𝑑𝑠
𝑡

𝑡𝑜

,    𝑑𝑊
𝑡

𝑡𝑜

,     𝑑𝑊𝑧𝑑𝑊𝑠

𝑠

𝑡0

𝑡

𝑡0

 

This has proven to be a very useful tool in both theoretical and practical investigations, particularly in numerical 

analysis. It allows the approximation of a sufficiently smoothfunction in a neighborhoods of a given point to any 

desired order of accuracy. [3][8]  
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             III.STRONG ORDER 1.5 TAYLOR SCHEME 

The Euler-Maruyama and Milstein Scheme can be considered to be specific cases of a more general class of methods 

know as strong Taylor schemes or approximations form by including approximately many terms from stochastic-Taylor 

expansions.  

 We consider the Taylor order 1.5 scheme for SDE (1) as 

𝑌𝑛+1 = 𝑌𝑛 + 𝑎 𝑌𝑛 ∆ + 𝑏 𝑌𝑛 ∆𝑊 +
1

2
𝑏 𝑌𝑛 𝑏′(𝑌𝑛)( ∆𝑊)2 − ∆ + 𝑏 𝑌𝑛 𝑎′(𝑌𝑛)∆𝑍 

 +1

2
∆2  𝑎 𝑌𝑛 𝑎

′ 𝑌𝑛 + 1

2
𝑏2 𝑌𝑛 𝑎

′′  𝑌𝑛  +  𝑎 𝑌𝑛 𝑏
′ 𝑌𝑛 + 1

2
𝑏2 𝑌𝑛 𝑏

′′  𝑌𝑛   

  ∆𝑊∆ − ∆𝑍 + 𝑏(𝑏 𝑌𝑛 𝑏
′′  𝑌𝑛 +  𝑏 𝑌𝑛 )2 +  1

3
 ∆𝑊 2 − ∆ ∆𝑊                                (8) 

It becomes clear whether the higher-order methods are needed in a given application depends on how the resulting 

approximate solutions are to be used. we consider a particular Brownian path and compute for successively ∆= 2−2,
2−4 produces the plots below. 

 
Figure 1.The comparison of the Taylor scheme with the exact solution where 𝑎 = 2, 𝑏 = 1 at ∆= 2−2 , 2−6. 
 

IV.EULER-MARUYAMA 

One of the simplest examples of strong approximations is the Euler or Euler-Maruyama method. We consideranItô 

process      

𝑋 = {  𝑋𝑡  , 𝑡0 ≤ 𝑡 ≤ 𝑇}Satisfying the scalar stochastic differential equation (1) 

     𝑑𝑋𝑡 = 𝑎 𝑋𝑡 𝑑𝑡 + 𝑏 𝑋𝑡 𝑑𝑊𝑡(9) 

on𝑡0 ≤ 𝑡 ≤ 𝑇 with the initial value  𝑋𝑡0
= 𝑋0 for a given discretization   𝑡0 ≤ 𝜏0 < 𝜏1 <.  .  . < 𝜏𝑛 = 𝑇  of the time 

interval [𝑡0, 𝑇], the Euler or Euler-Maruyama approximation is a continuous time stochastic process 𝑌 = {𝑌 𝑡 , 𝑡0 ≤
𝑡 ≤ 𝑇} satisfying the iterative scheme. 
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𝑌𝑛+1 = 𝑌𝑛 + 𝑎 𝑌𝑛 ∆ + 𝑏 𝑌𝑛 ∆𝑊                                                                                  (10) 

for𝑛 = 0,1,2, . . . , 𝑁 − 1  with initial  𝑌0 = 𝑋0 for ∆𝑊𝑛 = 𝑊𝜏𝑛+1
− 𝑊𝜏𝑛 . From the definition of Wiener process, it is 

follows that these increments are independent Gaussian random variable with mean 𝐸(∆𝑊𝑛) = 0 and variance 

𝐸 ∆𝑊𝑛)2 = ∆. 

In examine the first terms of stochastic Taylor expansion, we see that these form a basis of the Euler-

Maruyama scheme upon evaluating the integrals, forming ∆ and ∆𝑊 respectively. When the diffusion parameter 

≡ 0 , it reduces to ordinary deterministic Euler Scheme. The Euler-Maruyama converges with strong order 𝑘 = 1

2
  

while Euler converges with strong order 𝑘 = 1. [8][11] 

V.PATHWISE APPROXIMATION AND STRONG CONVERGENCE 

The concept of strong convergence uses the concept of the absolute error, which is the expectation of the absolute value 

of the difference between the approximation and the 𝐼𝑡ô process at the time T, that is 

∈= (𝐸 𝑋𝑇 − 𝑌 𝑇  𝑞)
1
𝑞                                                                                   (11) 

for some 𝑞 ≥ 1 and gives a measure of the pathwise closeness at the end of the time interval  0, 𝑇 . We say that a 

discrete time approximation Ywith step size 𝛿 converges strongly to X at time T if  

  lim
𝛿↓0

𝐸  𝑋𝑇 − 𝑌 𝑇   = 0                                                                               (12) 

Where Y is the approximate solution computed with constant stepsize𝛿 and E denotes expected value. For strongly 

convergent approximations, we further quantify the rate of convergent by the concept of order. An SDE convergence in 

the stepsize with order 𝑘 > 0 at time T if there exist positive constant C, which does not depend on 𝛿 and a 𝛿0 > 0 such 

that 

  𝐶 𝛿 = 𝐸  𝑋𝑇 − 𝑌 𝑇   ≤ 𝐶𝛿𝑘                                                                  (13) 

for sufficiently stepsize 𝛿 . This definition generalizes the standard convergence caterionfor ordinary differential 

equations. Although the Euler method for ordinary differential equations has order 1, while the strong order of Euler-

Murayama method for SDE is 1 2 . This fact was proved in Giklman and Skorokhod(1972)[9] 

Now that we have the necessary conditions in place, from equation (1), using the same parameter as in figure 1, we also 

consider a  

Brownian path and compute the Euler-Maruyama solution for two step size, taking successively ∆= 2−2, 2−4 produces 

the plots below. As we expect, the solution become less accurate as we increase the step size 𝛿𝑡 of the method 

http://www.ijarset.com/


      
         

                   ISSN: 2350-0328 
 

International Journal of Advanced Research in Science, 

Engineering and Technology 

Vol. 2, Issue 5 , May 2015 

 

Copyright to IJARSET                                                           www.ijarset.com                                                                          613 

 

 

 

Figure 2.The comparison of the Euler-Maruyama scheme with the exact solution where 𝑎 = 2, 𝑏 = 1 at ∆= 2−2,
2−6 

                          VI.WEAK EULER SCHEME 

Strong convergence allows accurate approximations to be compute on an individual realization basis. If, for example 

one only requires to compute a moment of solution X, we are not required to approximate individual path of X which 

leads to the concept of weak convergence. We say that a discrete time approximation Y of a solution X of an SDE 

converges in the weak sense as 𝛿 ↓ 0 with respect to a class C of test function 𝑔: ℜ𝑑 → ℜ if we have 

lim
𝛿↓0

|𝐸(𝑔( 𝑋𝑇) − 𝐸(𝑔 𝑌 𝑇  )| = 0                                                  (14) 

for all 𝑔𝜖𝐶. If C contains all polynomials, this definition implies the convergence of all moments which will involve the 

investigation of all moments. We shall say that a time discrete approximation Y converges weakly with order 𝑘 > 0 to 

X at time T as 𝛿 ↓ 0 if for each polynomial 𝑔, there exists a positive constant C, which does not depend on 𝛿 and a 

finite 𝛿 > 0 such that  

 |𝐸(𝑔(𝑋𝑇) − 𝐸(𝑔 𝑌 𝑇  )| ≤ 𝐶𝛿𝑘                                                                     (15) 

for each 𝛿𝜖(0, 𝛿0). The Euler approximation usually converges with weak order 𝑘 > 0 in contrast with the strong 

order 𝑘 = 1 2 . [3][8][12] 

VII.MILSTEIN METHOD 

Applying the Stochastic 𝐼𝑡ô-Taylor expansion  

𝑏 𝑋𝑡0
 𝑏′ 𝑋𝑡0

   𝑑𝑊𝑧𝑑𝑠
𝑠

𝑡𝑜

𝑡

𝑡𝑜

=   𝑏 𝑋𝑡0
 𝑏′ 𝑋𝑡0

 𝐼(1,1) 

     =  𝑏 𝑋𝑡0
 𝑏′ 𝑋𝑡0

 
1

2
((∆𝑊)2 − ∆) 

We obtain the Milstein scheme. 
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𝑌𝑛+1 = 𝑌𝑛 + 𝑎 𝑌𝑛 ∆𝑛 + 𝑏 𝑌𝑛 ∆𝑊𝑛 +  𝑏 𝑋𝑡0
 𝑏′ 𝑋𝑡0

 
1

2
( ∆𝑊)2 − ∆                  (17) 

which has strong order of convergence one (1). Note that the Milstein method is identical to the Euler- Maruyama 

method if 𝑋 ≡ 0 in the diffusion part 𝑏(𝑋, 𝑡) of the equation. Under this condition, Milstein will in general converges 

to the correct Stochastic Solution process faster than Euler-Maruyama as the step size 𝛿𝑡 goes to zero.[11s]. From 

equation (1), applying the same parameters used in figure 1, gives the graphical solution of Milstein approximation 

against exact solution 

 

Figure 2.The comparison of the Milstein scheme with the exact solution where 𝑎 = 2, 𝑏 = 1 at ∆= 2−2, 2−6 

We therefore consider the solution of the convergence for Euler-Murayama and Milstein as we infer the value of the 

constant 𝑘 in (14) above by plotting the log of mean error of a series of experiments of the log of the step size, 𝛿𝑡. The 

value of 𝑘 will be the slope at  ∆𝑡 = 2−8  of approximate solution of (1) for the error scales∆𝑡
1
2  and ∆𝑡  for Euler- 

Maruyama and Milstein respectively 

 

∆𝑡 Euler-Maruyama Milstein 

2−1 0.15825 0.05275 

2−2 0.12555 0.02478 

2−3 0.07507 0.00685 

2−4 0.05950 0.00725 

2−5 0.03771 0.00304 

2−6 0.02458 0.00104 

2−7 0.01316 0.00087 
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2−8 0.01528 0.00036 

2−9 0.01078 0.00013 

2−10  0.00680 0.00002 

                               

Figure 4.Error in the Euler- Maruyama and Milstein methods 

VIII. SUMMARY AND CONCLUSION 

This paper has discussed two three techniques for exploring the behavior of stochastic differential equation, taking 

into consideration the Brownian Motion which served as a basis in finance for computing the expected path of a 

function of  stochastic process.  

 We developed some numerical techniques for solving stochastic differential equation (SDEs) such as the 

Euler-Maruyama, Milstein Taylor methods.  

 We finally performed some convergences analysis and found that Milstein was the better performer in this 

respect, especially while considering strong convergence. 

     REFERENCES 

 
[1]Burrage K, Burrage PM, Milsui T (2000) Numerical solutions of stochastic differential equations-implementation and stability issues. J 

Comp Appl Math 125:171-182s 
[2]   Burrage K, Burrage PM, Tian T (2004) Numerical methods for strong solution of stochastics differential equations: an overview. Proc Roy 

Soc London A 460:373-402 

[3] Cian O Mahony (2006) Numerical analysis of stochastic differential equations. Springer 
[4] DJHigham, An algorithmic introduction to numerical solution of stochastic differential equations, SIAM Review, 2001, volume 43, pages 

525-546 

[5] DJHigham, platen, Numerical methods for nonlinear stochastic differential equations with jumps, NumerischeMathematik, 2005, volume 
101, page 101-119. 

[6] J. H. kim, on Fuzzy stochastic differential equations, Journal of Korean Mathematical Society, 2005, volume 42, pages 153-169  

[7] Klebaner F (1998) introduction to stochastic calculus with applications.  Imperial College Press, London 
[8]Kloeden P, Platen E (1992) numerical solution of stochastic differential equations. Springer, Berlin 

http://www.ijarset.com/


      
         

                   ISSN: 2350-0328 
 

International Journal of Advanced Research in Science, 

Engineering and Technology 

Vol. 2, Issue 5 , May 2015 

 

Copyright to IJARSET                                                           www.ijarset.com                                                                          616 

 

 

[9]   Lamba H, Mattingly JC, Stuart A (2007) An adaptive Euler- maruyama scheme for SDE:convergence and stability. IMA J Num Anal 

27:479-506  
[10] E. Platen, An introduction to numerical methods for stochastic differential equation, ActaNumerica, 1999, volume 8, page197-246 

[11]Seokhyun Han (2005) Numerical solutions of stochastic differential equations, Springer 

[12] Saver T (2006) Numerical solution of Stochastic Differential Equations in Finance. Handbook of computational finance, Springer (2012) 

 

 

 

 

 
 

 

http://www.ijarset.com/


TRANSACTIONS OF THE NIGERIAN ASSOCIATION OF MATHEMATICAL 

PHYSICS, Vol. 6 (Special Issue), Jan., 2018 

 

 

Professor G.O.S. EKHAGUERE, PhD, DIC, FNMS, FAAS 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



TRANSACTIONS OF THE NIGERIAN ASSOCIATION OF MATHEMATICAL 

PHYSICS, Vol. 6, Jan., 2018 

CONTENTS 

Review of academic research works of Professor G.O.S. Ekhaguere: 1976—2017 

E. O. Ayoola 

1 

On M-loop as a special class of G-loops 

D. A. Afariogun and J. B. Omosowon 

5 

A review of some recent results on quantum stochastic differential equations and inclusions 

E. O. Ayoola 

10 

The effect of financial crisis in an investment portfolio with jump models: instigators and way 

forward 

C. I. Nkeki 

23 

A novel method for solving time dependent functional differential equations 

A. K. Adio 

42 

Some isomorphisms in K-theory 

O.S. Olusa 

50 

On some properties of locally convex partial *-algebraic modules 

F.A. Tsav and G.O.S. Ekhaguere 

53 

On the analysis of priority scheduling and its applications in the M/G/1 queueing system 

S. O. Agboola 

63 

Non-commutative generalizations of some classical fixed point and selection results 

L. A. Abimbola and E. O. Ayoola 

71 

A robust Broyden-like method for systems of nonlinear equations 

I. A. Osinuga and S. O. Yusuff 

81 

Existence of solution of impulsive quantum stochastic differential inclusion 

L. A. Abimbola and E. O. Ayoola 

87 

On seminorms  on quasi *-algebras associated with  multiplier algebras 

Y. Ibrahim 

97 

On specification, stationarity and estimation of parameters of mixed one-dimensional seasonal 

autoregressive integrated moving average bilinear time series models 

J.F. Ojo and L.O. Adekola 

103 

Mellin transforms and its applications in perpetual American power put options valuation 

S. E. Fadugba and C. R. Nwozo 

110 

Forecasting Nigeria inflation: application of Bayesian model averaging 

O. E. Olubusoye, O. B. Akanbi and O. J. Akintande 

126 

Certain subclass of univalent functions using generalised Salagean differential operator 

involving modified sigmoid function 

O.A. Fadipe-Joseph and M. O. Oluwayemi 

140 



Two factors exponential type estimator for population mean under single phase sampling 

scheme 

O. O. Ishaq and A. Audu 

147 

On the solvability of a second order boundary value problem at resonance with integral 

boundary condition 

S.A. Iyase and S.O. Edeki 

153 

Estimators of finite population mean in two-phase sampling under transformation of sample 

means 

O. O. Ishaq, A. Audu and I. Abubakar 

161 

A new equivalence relation for the classification of fuzzy subgroups of symmetric group S4 

M. E. Ogiugo and M. EniOluwafe 

168 

On fixed point theorems for sums of certain mappings in locally convex spaces 

U. D. Chukwuedo and G. O. S. Ekhaguere 

173 

Extension of information cases on mixture ratio estimators using multi-auxiliary variables and 

attributes in two-phase sampling 

P. I. Ogunyinka and A. A. Sodipo 

179 

Autoregressive time series modeling with asymmetric error innovations 

O. I. Shittu, A. Oyinloye and O. S. Yaya 

190 

The asymptotic behaviour of malaria dynamics equilibrium solution with non-drug compliant 

human compartment 

V. F. Payne and T. S. Faniran 

200 

Convergence of a finite element solution for a  nonlinear parabolic equation with discontinuous 

coefficient 

M. O. Adewole and V. F. Payne 

213 

Mixed optimal stopping and singular stochastic control model for investment in oil field 

project: identifying thresholds 

C. P. Ogbogbo 

228 

3-step block hybrid linear multistep methods for solution of special second order ordinary 

differential equations 

S. D. Yakubu, Y. A. Yahaya and K. O. Lawal 

238 

Estimating tree growth parameters from existing height-diameter models 

K.O. Obisesan and O.J Odewole 

247 

Irreversible investment-scape in Nigeria 

E. Enoyoze, I. Omosigho and S. E. Omosigho 

263 

Efficient portfolio selection of some assets in the Nigeria market 

E. A. Adeleke, I. Adinya, M.E. Adeosun and S. O. Edeki 

273 

Secrets of the masters: model-based hyper-performance in the corporate-academic business of 

life  

P. O. Ezepue 

280 

A materclass on stochastic modelling in finance and economics with a focus on current and 

emerging research directions 

P. O. Ezepue 

308 



On the choice of two Lomax-based continuous probability distributions  

T. G. Ieren and A. Yahaya 

335 

Unidimensionality and local independence assumptions of item response theory of the WAEC 

and NECO standardised Mathematics tests  

P. O. Olonade and J. G. Adewale 

344 

Effects of English Language proficiency on junior secondary school students’ performance in 

Mathematics in Bauchi State, Nigeria  

P. Dogo, O. Miheso and S. R. Ondigi 

355 

On the magic squares census problem 

L. U. Uko 

368 

 

 

 



Australian Journal of Basic and Applied Sciences, 7(7): 787-798, 2013 
ISSN 1991-8178 

Corresponding Author: S.A. Bishop, Department of Mathematics, Covenant University, Ota, Ogun Sate, Nigeria. 
787 

 

Variational Stability for Kurzweil Equations associated with Quantum Stochastic 
Differential Equations} 

 
1S.A. Bishop, 2E.O. Ayoola 

 
1Department of Mathematics, Covenant University, Ota, Ogun Sate, Nigeria. 

2Department of Mathematics, University of Ibadan, Ibadan, Nigeria. 
 

Abstract: In this work, The Lyapunov's method is used to establish all kinds of variational stability of 
solution of quantum stochastic differential equations associated with the Kurzweil equations. The 
results here generalize analogous results for classical initial value problems to the noncummutative 
quantum setting involving unbounded linear operators on a Hilbert space. The theory of Kurzweil 
equations associated with quantum stochastic differential equations provides a basis for subsequent 
application of the technique of topological dynamics to the study of quantum stochastic differential 
equations as in the classical cases. 
 
Key words: Non classical ODE; Kurzweil equations; Noncommutative stochastic processes; 

Variational stability; Asymptotic variational stability. 
 

INTRODUCTION 
 
 Most differential equations, deterministic or stochastic, cannot be solved explicitly as given in the following 
references, Ekhaguere (1992), Milman and Myskis (1960), Ayoola (2001(a)). Nevertheless we can often deduce 
a lot of useful information by qualitative analysis about the behavior of their solutions from the functional form 
of their coefficients. The long term asymptotic behaviour and sensitivity of the solutions to small changes is of 
great interest. This is very important especially in measurement errors, initial values and many more. Variational 
stability is a generalized concept which is suitable for the class of generalized nonclassical ordinary differential 
equations studied here because of the local finiteness of the variation of a solution.  
 The theory of qualitative properties of solutions of ordinary differential equations and generalized ordinary 
differential equations such as stability, convergence, boundedness, etc. have received series of attention in 
recent years Bacciotti and Rosier (2005), Luis (1949), Pandit (1977), Ping and Yuan (2001), Rama and Hari 
(1977), Samojilenko (1977, 1981) and Schwabik (1984). 
 It is worth noting that this is the first time variational stability of quantum stochastic differential equation 
(QSDE) is considered here. Existence and uniqueness of solution of the Kurzweil equation associated with 
QSDEs have been established in Bishop (2012) under a more general Lipschitz condition. 
 In this paper, we investigate all kinds of variational stability of solution of Kurzweil equations associated 
with QSDE introduced by Hudson and Parthasarathy Hudson and Parthasarathy (1984). We employ the 
Kurzweil equation associated with this class of QSDE to establish results on stability. This research is strongly 
motivated by the need to create a framework for the application of the techniques of topological dynamics to the 
study of quantum stochastic differential equations as obtained in the case of ordinary differential equations 
Artstein (1977), Henstock (1972), Schwabik (1989, 1992). The space of Kurzweil equations (1.4) associated 
with QSDEs will then be a completion of the space of the equivalent non classical first order ordinary 
differential equations (1.3) as observed by Ayoola (2001(b)). 
 The rest of this paper is organized as follows. Section 2 will be devoted to some fundamental concepts, 
notations, definitions and structures that will be employed in subsequent sections. In section 3, we shall discuss 
the concept of variational stability of the Kurzweil equation associated with QSDE. Here, results on variational 
stability, variational attracting, relationship between variational attracting and asymptotic variational stability 
will be established using their definitions and the converse method. Some preliminary results which will be used 
to establish the major results will be established in section 4. Our major results will be established in section 5. 
This section will be devoted to variational stability and asymptotic variational stability using the method of 
Lyapunov.  
 In what follows, as in Ayoola (2001(b)), Bishop (2012) and Ekhaguere (1992), we employ the locally 
convex topological state space Ad(Ã), Ad(Ã)wac ,  ,  , BV(Ã ) and the integrator processes 

 for f , g  ∈  L ∞
γ, loc(ℝ+),   ∈ L ∞

B(γ) ,  loc(ℝ+),   and E, F, G, H lying in . We consider 
the quantum stochastic differential equation given by 
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 In equation (1.1), the coefficients E, F, G, and H lie in a certain class of stochastic processes for which 
quantum stochastic integrals against the gauge, creation, annihilation processes  and the Lebesgue 
measure t are defined in Ekhaguere (1992). Equation (1.1) is understood in integral form as 
 

 
 
 In the work of Ekhaguere (1992), the Hudson and Parthasarathy (1984) quantum stochastic calculus was 
employed to establish the equivalent form of quantum stochastic differential equation (1.1) given by 
 

                                                                      
                                                                         (1.3)                                                
 
where lie in some dense subspaces of some Hilbert spaces which has been defined in Ekhaguere (1992). 
For the explicit form of the map   appearing in equation (1.3), see Bishop (2012). 
Equation (1.3) is a first order non-classical ordinary differential equation with a sesquilinear form valued map P 
as the right hand side. 
 In Ayoola (2001(b)), the equivalence of the non-classical ordinary differential equation (1.3) with the 
associated Kurzweil equation 
 
            ,                                   (1.4) 
 
was established along with some numerical approximations. The map F in (1.4) is given by 
 
                             
 
Fundamental Concepts and Notations: 
 We shall employ certain spaces of maps (introduced above) whose values are sesquilinear forms on   

.   
 
2.1 Definition:  A member  is: 

i. absolutely continuous if the map t→   is absolutely continuous for arbitrary   
ii.  of bounded variation if over all partition   of  I, 

 . 
iii. of essentially bounded variation if z is equal almost everywhere to some member of   of 

bounded variation. 
iv. A stochastic process  is of bounded variation if 

              Sup ( . 
for arbitrary   and where supremum is taken over all  partitions  
               of I. 
 
1.2 Notation: We denote by BV(Ã)  the set of all stochastic processes of bounded variation on I. 
2.3 Definition: For x ∈ BV(Ã), define for arbitrary  , 
                   . 
              where τ is the collection of all partitions of the interval [a, b] ⊂ I.  If   [a, b] = I, we                           
              simply write   .  Then   ,   is a family of       
              seminorms which generates a locally convex topology on BV(Ã). 
 
2.4 Notation:  
i. We denote by  the completion of BV(Ã) in the said topology. 



Aust. J. Basic & Appl. Sci., 7(7): 7887-798, 2013 

789 
 

ii. For any member Z of   of bounded variation, we write   for its variation on [a, b] ⊆ I. 
iii. for any arbitrary complex valued map f : I → ℂ  of bounded variation we write 

 

                      For [a, b] ⊆ I , where τ is the collection of all partitions of [a, b]. 
 
2.5 Definition: For each   let   be a family of non decreasing function defined on  
[to, T] and  be a continuous and increasing function such that (0) = 0. Then we say that the 
map       belongs to the class   for each  if 
for all 
  
(i).                                           (2.1)              
(ii).  
              ≤                                                                 (2.2)     
 Next we introduce the concept of variational stability of quantum stochastic differential equations (1.1). In 
Ayoola (2001(b)), it has been shown that the map (x, t) → F(x, t)(η, ξ) is of class    and 
the map (x, t) → P(x, t)(η, ξ) is of class C . Existence of solution of equation (1.3) and the 
associated Kurzweil equation (1.4) has been established in Ayoola (2001(b)) and Bishop (2012). This takes care 
of both the Lipschitz case and the general case respectively. Consequently, existence results enable one to 
investigate variational stability of solutions. This investigation is made possible since solutions of equation (1.3) 
are quantum stochastic processes of bounded variations. Variational stability deals with the measurement of the 
distance between solutions in the space of stochastic processes of bounded variation using the seminorms 
defined by their bounded variations.   
 Since the solution x ∈ Ad(Ã)wac of equation (1.3) are stochastic processes of bounded variations, we 
introduce and study the issue of variational stability of (1.3) in analogy to the case of generalized ordinary 
differential equation of classical type Schwabik (1992). In addition to other assumptions, assume that the map 
(x, t) → F(x, t)(η, ξ) satisfies  
                                                                   (2.3) 
For every  and for arbitrary  . This assumption evidently implies that 

 

 

and therefore the trivial process given by x(s) ≡ 0, for s ∈ [0,T] is a solution of the Kurzweil equation (1.4).  
 Next we introduce some concepts of stability of the trivial solution x(s) ≡ 0, s ∈ [0, T] of equation (1.4). All 
through the remaining sections we take    to be arbitrary. 
 
2.6 Definition: The trivial solution x ≡ 0 of equation (1.4) is said to be variationally stable if for every ε > 0, 
there exists δ(η, ξ, ε) := δηξ > 0 such that if y : [0, T] → Ã  is a stochastic process lying in Ad(Ã) wac ∩ BV (Ã) 
with 
                            ||Y(0)||ηξ < δηξ 
and 
        δηξ 

then we have 
                           ||y(t)||ηξ < ε 
For all t ∈ [0, T]  and for all   . 
 
2.7 Definition: The trivial solution x ≡ 0 of equation (1.4) is said to be variationally attracting if there exists δ0 > 
0 and for every ε > 0, there exists A = A(ε) ≥ 0,  
 0 ≤ A(ε) < T and B(η, ξ, ε) = B > 0 such that if  y ∈ Ad(Ã)wac ∩ BV (Ã) with ||y(0)||ηξ < δ0               and   
                      
Then  
                                          ||y(t)||ηξ < ε   for all  t ∈ [A, T]. 
 
2.8 Definition: The trivial solution x ≡ 0 of equation (1.4) is called variationally 
asymptotically stable if it is variationally stable and variationally attracting. 
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Together with (1.1) we consider the perturbed QSDE 
  dx(t) = E(x(t), t)d  + F(x(t), t)d  +G(x(t), t)d (t) +( H(x(t), t) + p(t))dt 
       x(t0) = x0 , t ∈  [0, T]                                                                                               (2.4) 
where p ∈ Ad(Ã)wac ∩ BV (Ã).  The perturbed equivalent form of (2.4) is given by 
                  
The Kurzweil equation associated with the perturbed QSDE (2.5) then becomes 
                      
Where Q : [0,T] → Ã belongs to Ad(Ã)wac ∩ BV (Ã) as well. 
We remark here that the map P given by equation (2.5) is of class C(Ã×[a, b], W) while (1.5) becomes 
                                F(x, t)( , )+Q(t)( , )  =          (2.7) 
where the left hand side  of  (2.7) is of class  

(Ã × [a, b], , W) ,   and   
                                                                      (2.8) 
          In [4], it has been shown that the map   in equation (1.5) is of class  
           (Ã × [a, b], , W) where  . Hence in similar   
manner, it can be shown that (2.8) is class (Ã × [a, b], , W)  and all fundamental results in [4, 5] (e.g. the 
existence of solution) hold for equation (2.5) and hence (2.6). 
 
2.9 Definition: The trivial solution x ≡ 0 of equation (1.4) is said to be variationally stable with respect to 
perturbations if for every ε > 0 there exists a  δ = δηξ > 0 such that if ||y0||ηξ < δηξ  , y0 ∈ Ã and the stochastic 
process Q belongs to the set  
Ad(Ã)wac ∩ BV(Ã) such that   
                                           Var(  then  ||y(t)||ηξ < ε    
for t ∈ [0, T] where y(t) is a solution of (2.6) with y(0) = y0. 
 
2.10 Definition: The solution x ≡ 0 of (1.4) is called attracting with respect to perturbations if there exists δ0  > 
0 and for every ε > 0, there is a 
A = A(ε) ≥ 0 and B(η, ξ, ε) = B > 0 such that if 
                   ||y0||ηξ < δ0 , y0 ∈  Ã 
and Q ∈ Ad(Ã)wac ∩ BV(Ã), satisfying Var(  
then 
                          ||y(t)||ηξ < ε ,    
for all t ∈ [A, T], where y(t) is a solution of (2.6). 
 
2. 11 Definition: The trivial solution x ≡ 0 of equation (1.3) is called asymptotically stable with respect to 
perturbations if it is stable and attracting with respect to perturbations. 
 
2.12 Notation: Denote by Ad(Ã)wac ∩ BV(Ã) := Å  the set of all adapted stochastic processes  : [0; T] → Ã 
that are weakly absolutely continuous and of bounded variation on [t0, T]. 
 In the next section, we show the equivalence of the concepts of stability defined above. All through the 
remaining sections, except otherwise stated take  to be arbitrary.  
 
3.Equivalence of the Concepts of Stabilities: 
3.1 Theorem: 
(a) The trivial solution x ≡ 0 of the Kurzweil equation (1.4) associated with the equivalent form (1.3) of QSDE 
(1.1) is variationally stable if and only if it is stable with respect to perturbation.   
(b) The trivial solution x ≡ 0 of (1.4) is variationally attracting if and only if it is attracting with respect to 
perturbations. 
 
Proof (a)(i)  Assume that the trivial solution of x ≡ 0 (1.4) is variationally stable. For a given ε > 0, let  

 be given by Definition 2.6. Assume that Y0 ∈ Ã,            and 
 ∀   and Y(t),   t ∈ [0,T]  is a solution of (2.6) satisfying Y(0) = Y0 .  Since Y is a solution of 

(2.5) and hence of (2.6), then Y∈ Å and satisfies for any  
  

Hence, by the additivity of the Kurzweil integrals 
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for any  . 
Consequently, 

 

By the assumption of variational stability of the trivial solution, we have 
                                   
This implies that the trivial solution x ≡ 0 of (1.4) is stable with respect to perturbations. 
(ii) Assume that the trivial solution of (1.4) is stable with respect to perturbations. For ε > 0, let δ > 0 be given 
by definition (2.9). Suppose that the process Y : [0,T] → Ã  lying in the set  Å, is a solution of (2.6) such that  

  and 

 

for , we have 

 

 

 

where  

 

Since Q ∈ Å and (3.1) shows that the stochastic process Y is a solution of equation (2.6) on [0,T] with this Q and 
.  Moreover 

 

 Hence by the assumption of stability with respect to perturbations we get        for t ∈ [0, T] 
and x ≡ 0 is variationally stable. 
 (b)(i) Assume that the trivial solution of (1.4) is variationally attracting. Then there exists a   and for a 
given ε > 0 also A > 0 and B > 0, by the Definition 2.7. If now Y0 ∈ Ã is such that  ,  Q  belong 
to the set Å  where   and Y(t)  is a solution of (1.4) on [0,T]  then 

 

 Hence by Definition 2.7 we have  for all t ∈ [A, T] and x ≡ 0 is variationally attracting with 
respect to perturbations. 
(ii)  If x ≡ 0 is attracting with respect to perturbations, for ε > 0, let  > 0, A = A(ε) ≥ 0, 
 B = B(ε) > 0 be given by Definition 2.10 such that    Assume that  
Y : [0,T] → Ã  lies in the set Å such that  , Y0 ∈ Ã and 

 

s ∈ [0,T], then for , we have 
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Hence, we can set 
                                                 (3.2) 
for s ∈ [0, T]. So that from Definition 2.10, since Y is a solution of (2.6) on [0,T] with this Q and  

 such that  then from (3.2) we get 
          
and by the assumption of attracting with respect to perturbation we get 
                             
 and x ≡ 0 is variationally attracting. 
The following result is a consequence of Theorem 3.1, Definitions 2.8 and 2.11. 
 
3.2 Theorem: The trivial solution x ≡ 0 of equation (1.4) is variationally asymptotically stable if and only if it is 
asymptotically stable with respect to perturbations. 
 
4. Auxiliary Results: 
 The following auxiliary results will be used to establish the major results in the next section. 
 
4.1 Proposition: Assume that [a, b] ⊂ [0, T] and that there exists family of functions  
defined and continuous on [a, b].  If for every  there exists          such that for every  

  the inequality 
 

holds, then 
 

for all s ∈ [a, b]. 
Proof:  Let us denote  
  
 and set   Since  

 
for  and , the set  is non-empty,  > a and 
                                for every s < . 
Using the continuity of   and we have also that    
                                       . 
If    then by assumption we have 
                                   . 
for every  and  and therefore also 

 
                  . 
This implies that   for   ,   i.e.  and this contradiction yields    and 

  and the proof is complete. 
 
4.2 Lemma: Since   we assume the following: 
(i) the map    is real-valued such that for every  , the real-valued map 

    is continuous on [0,T]. 
 (ii)                                             (4.1) 
for every x, y Ã, t ∈  [0,T] with a constant  
(iii) there is a real valued map  such that for every solution x : [0,T] → Ã of equation (1.4), we 
have 

 

for  t ∈ [0,T]. 
(iv) If    belongs to Å then the inequality 

 

                                                                                                     (4.3)    
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holds, where   
 
Proof:  Let      belong to Å be given and let  be an arbitrary point. Hence the 
real-valued function   is continuous on  
Assume that  is a solution of (1.4) on the interval  

,    with the initial condition  the existence of such a solution is 
guaranteed by the existence results established in Ayoola (2001(b)) and Bishop (2012). By the assumption (4.1) 
we then have 

 
 

 

for every   
 
Remark: the last inequality is obtained from the following 

 

 
Where   and 

 

By the inequality (4.4) and by (4.2) we obtain 
 

 
 

 

 

where  is arbitrary and    with   ,   is sufficiently small. Setting 

 

for    
 As    is a sesquilinear form, there exists    lying in Å such that 

  The last inequality can be used to derive the following estimates 
 

 

 

 

 

 

 

for every . Considering the last term in (4.5), since the map 
 is of class  , we obtain by Theorems 1.9.4 and 1.9.5 (iii) in Bishop 

(2012), the estimate 
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because   and hence   
For   we have 

 

and therefore 
 

 

 
 

and also 
 

For every  we define 
 

and assume that  is such that    Further, we choose 
   Since (4.7) holds, there is an  such that 

                             (4.9) 
for    and also 
                     (4.10) 
Setting: 
                 
since Q lies in Å,  the set  is finite and we denote by    the number of elements of  If  

  and   then by (4.10) we have 
                                  
                                                               
and by (4.6) also 

 

whenever   
If     then there exists 
   such that for    we set 

 

 

  Hence (4.6) and (4.10) yield 

 

 

                                                                                                                     (4.12) 
for every    Since the function    is non-decreasing and 
continuous on [0,T], we set 
                       
for every  and from (4.8) and (4.13)  we have 
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and by (4.11), (4.12) and by the definition of   we obtain the inequality 

 

 
for    and (4.5) gives 

 
 

 
for all   and   where  

 
The function   is of bounded variation on [0, T] and continuous on [0, T]. 
From (4.14) and Proposition 4.1 we obtain by (4.15) the inequality 

 
 

 
for   since  can be arbitrary, we obtain from this inequality the result in (4.3) and the proof 
is completed. 
The following definition will be useful in establishing our major results in the next section. 
 
4.1 Definition:  The real valued map   is said to be positive definite if 
(i) There exists a continuous nondecreasing function     such that b(0) = 0 and 
(ii)   for all   
(iii)   for all  
 Next we establish the major results on the variational stability of solution of equation (1.4) using 
Lyapunov's method applied in Schwabik (1992).  
 
5. Variational Stability and Asymptotic Variational Stability: 
Theorem 5.1: 
(i) the real valued map  is continuous on [0,T] for every  
(ii) the map is positive definite in the sense of definition (4.1) above. 
(iii)  and for all  ,  being a 
constant. 
(iv) the map   is non-increasing along every solution x(t) of equation (1.4).                                                                                                                                       
Then the trivial solution x ≡ 0 of (1.4) is variationally stable. 
 
Proof: Since we assumed that the map  is non-increasing whenever , is a 
solution of (1.4) we have from equation (4.2) in Lemma 4.2 

 

 To establish the theorem, we show that the conditions of variational stability according to definition (2.6) 
are fulfilled under these assumptions. 
by lemma 4.2 the map , satisfies the following; 
(i) Let  and let y   lie in Å be given. Then we have  

 

for every  t ∈ [0,T], by replacing   in (4.2) with     
 (ii) Again since the map  is continuous, we obtain the relation 
                                                                        for every x, y ∈ Ã, t 
∈  [0,T] with a constant K > 0.  Hence we obtain by (4.3) in Lemma 4.2, (iii) in definition (4.1) and hypothesis 
(iii) above the inequality 
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which holds for every    Setting  Then  for  and 
  Further, choose  such that  

If in this situation the function y is such that   and 

 

then by (5.2) we obtain the inequality 
                                                 
provided           
  If there exists a such that   then by (ii) of definition (4.1) we get the inequality 
                           
which contradicts (5.3).  Hence   for all  and by Definition (2.6) the solution x ≡ 0 of 
equation (1.4) is variationally stable. 
 
5.2 Theorem:  Suppose that the following conditions hold: 
(i) The map   satisfies the hypothesis of Theorem 5.1. 

 

holds for every solution     of equation (1.4) 
(iii)    is continuous  with for  .   
Then the trivial solution x ≡ 0 of (1.4) is variationally asymptotically stable. 
 
Proof:  From hypothesis (ii) above, the map  is non-increasing along every solution x(t) of (1.4) 
and therefore by Theorem 5.1 the trivial solution x ≡ 0  of (1.4) is variationally stable. By Definition (2.8) it 
remains to show that the solution x ≡ 0 of equation (1.4) is variationally attracting in the sense of Definition 
(2.7).                                           From the variational stability of the trivial solution x ≡ 0 of equation (1.4) there 
is a             such that if   and such that    

 

then set   for t ∈ [0,T],  i.e.  is continuous on [0,T].      Let  be 
arbitrary. From the variational stability of the trivial solution we obtain that there is a   such that for 
every   ⊂  Å  on [0, T] and such that 
                                                                                             (5.4) 
and 

 

we have 
                                    for t ∈  [0,T] .                                            (5.6)   

Again set   and 

 

where 
 

Assume that ⊂ Å such that 
                                                              , 
                   
Assume that 0 < A(ε) < T.  We show that there exists a    such that 

 
Assume the contrary i.e.,   for every s ∈ [0, A].  Lemma 4.2 yields 
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Hence, 
 

and this contradicts the inequality 
 

Hence necessarily there is a  such that 
 

and by (5.7) we have    for   because (5.4) and (5.5) hold in view of the choice 
of B(ε) and (5.6) is satisfied for the case  Consequently, also   

 for t ∈ [0,T], T > A, because  and therefore the trivial solution x ≡ 0 is a variationally 
attracting solution of (1.4).  Therefore, by Definition 2.8, the trivial solution of (1.4) is variationally 
asymptotically stable and thus the result is established. 
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